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ADVERTISEMENT. 

The first principles, as well ad the more diffioult parts of 
Mathematics, have, it is thought, heen more fully and clearly ex- 
plained by the French elementary writers, than by the En|3;lish ; 
and among these, Lacroix has held a very distinguished place. 
\ His treatises have been considered as the most complete, and the 
^ best suited to those who are destined for a public education. They 
^ have received the sanction of the government, and have been adopt- 
^ ed in the principal schools, of France. The following translation is 
n) from the thirteenth Paris edition. The original being written with 
t^ reference to the new system of weights and measures, in which 
^ tiie different denominations proceed in a decimal ratio, it was 
found necessary to make considerable alterations and additions, to 
adapt it to the measures in use in the United States. The several 
articles relating to the reduction, addition, subtraction, multiplica- 
tion, and division of compound numbers, have been written anew ; 
a change has been made in many of the examples and questions, 
and new ones have been introduced after most of the rules^ as an 
exercise for the leatner. 

JOHN FARRAR, 

Professor of Mathematies and Natural Pluloso- 
phy in d&e Unir^ty at Camhndse* 

Cambridge, Jug. 1818. 
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Bii^pknuttion of the Raman JCumeruU^ 

Oue I 

Two H* 

Tkre« III 

Four IVt 

Five V 

Six yu 

Seven VII 

Bigbt VIII 

Nine IX 

Ten X 

Twenty XX 

TMrty XXX 

Forty XL 

Fifty L 

Sixty LX 

Seventy LXX 

Eighty LXXX 

Ninety XC 

Hundred G 

Two hundred GC 

Three hundred CCC 

Four hundred CGCC 

* As often as any character is repeated^ so many times its value is re- 
peated; 
* j- A less character before a grreater diminishes its value, 
t A less character after a greater increases its value. 
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Five huBdred 
Six hundred 
Seven hundred 
Eight hundred 
Nine hundred 
Thousand 
Eleven hundred 
Twelve hundred 
Thirteen hundred 
Fourteen hundred 
Fifteen hundred 
Two thousand 
Five thousand 
Six thousand 
Ten thousand 
Fifty thousand 
Sixty thousand 
Hundred thousand 
Million 
Two millions 



D or 13* 

DC 

DCC 

DCCC 

DCCCC 

MorCI3t 

MC 

MCC 

MCCC 

MGCGC 

MD 

MM 

100 : or Vt 

VI 

X or CCIOO 

1000 

iix 

C or CCCIOOO 
M or CCCCioOOO 
MM 



* For every O affixed this becomes ten times as manj. 

f For every C and O put one at each end^ it is increased ten times. 

^ A line over any number increases it 1000 fold. 
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NUMERATION. 

f 1. A ooHPABisoN of the different objects^ that come within the 
reficd of our aenscsjt soon leads, us to perceivOf^ that^ in all these 
ot^jectsy there i9 aa attribute, or quality, by which thay can be 
^apposed susceptive of increase or diminution ; this attribute is 
magvitude. It generally appears in two different forvis. Some- 
times as a collection of several similar things, or separate parts, 
and is then designated by the word nmnber. ) 
/ Sometimes it presents itself as a whole, without distinction of 
parts ; it is thus, that we consider the distance between two 
points, or the length of a line extending from one to the other, 
as als6 the outlines anj surfaces of bodies, which determifie 
their figure and extenU and finally this extent itself. 

The proper characterisdc of this last kind of magnitude is 
the connexion or union of the parts, or their continuity ; whilst 
in number we consider how many parts there are ; a circuni'^ 
stance to which the word quantity at first had relation, though 
afterwards it was applied to magnitude in general, magnitude con- 
sidered as a whole being called c(mlimed qtumtity^ to distinguish 
it from number, which is called discrete,, or discontinued quantity* 
/ £. All that relates to magnitude is the object of mathematics ; 
numbers, in particular, are the object of arithmetic. , 

Continued magnitude belongs to geometry, which treats of the 
properties presented by the forms of bodiei^ considered with 
l^gard to their extent. *. 

' 3. Number, being a collection of many similar things, or many 
^ Arith. I 



2 Jhithmetic. 

distinct parts, supposes the existence of one of tliese things^ or 
parts, taken as a term of comparison, and this is called unity. ) 

The most natural mode of forming numbers is, to begin with 
joining one unity to another, then, to this sum another ; and 
continuing in this manner, we obtain collections of units, which 
are expressed hj particular names ; the whole of these names, 
which yaries in different languages, composes the spcken numeral 
turn. 

4. As there are no limits to the extention of numbers, since 
however great a number may be, it is always possible to add an 
unit to it, we may easUy conceive that there is an infinity of 
different numbers, and, consequently, that it woAld be impossible^ 
to express them in any language whatever, by names, that should 
be independent of each other. 

Hence have arisen nomenclatures, in which the object has 
been, by the combinations of a small number of woeds, subject 
to regular forms, and therefore easily remembered, to give a 
great number of distinct expressions. 

Those, which are in use in the [English language,] with few 
exceptions, are derived from the names assigned to the nine first 
numbers and those afterwards given to the collections of ten, a 
hundrtdf and a thousand units. . 

The units are expressed by 

one, two, three, four, Jive, six, 4eroen, eight, nine. 

The collections of ten units, or tens, by 

ten, twenty, thirty ^ firt/y, fifty, sixty, setfenty, eighty, ninety. 

The collections of ten tens, or hundreds, are expressed by 
names borrowed from the units ; thus we say, 

hundred^ two hundred, three hundred, . . . . nine hundred. 
' The collections of ten hundreds, or thousands, receive their 
denominations from the nine first numbers and from the collec- 
tions of tens and hundreds ; thus we say 

thousand, two thousand nine thousand, 

ten thousand, twenty thousands ^c. 
hundred thousand, two hundred thousand, ^c. 

The collections of ten hundred thousands, or of thousands 
of thousands, take the name of millions, and are distinguished, 
like the collections of thousands* 



MinieraHoL S- 

The collections of ten hundreds of millions^ or of fhonsands of 
millions, are called biUions, and are distinguished, lilce the collect 
tions of millions*! 

t The idea of number is the latest and most difficult to form. Be* 
fore the mind can arrive at such an abstract conception, it mast bo 
familiar with that process of classification, bj which we successively 
remount from individuals to species, from species to ;;,ouera, and from 
genera to orders. The savage is lost in his attempts at numeration, 
and significantly expresses his inability to proceed by holding up his 
expanded fingers, or pdnting to the hairs of his head. 

Nature has furnislied the great and universal standard for compu- 
tation in the fingers of the hand. All nations have accordingly 
reckoned by fives ; and some barbarous tribes have scarcely advanc* 
ed any furtiier. After the fingers of one hand had been counted once^ 
it was a second and perhaps a distant step to proceed to those of the 
other. The primitive words, expressing numbers, did nbt probably 
exceed five. To denote six, seven, dght^bXiA nine^ the North Amer- 
ican Indians repeat the five with the successive addition of one, two, 
three, and four $ could we safely trace the descent and affinity of the 
abbreviated terms denoting the numbers from five to ten, it seems 
highly probable, that we should discover a similar process to have 
taken place in the formation of the most refined languages. 

The ten digits of both hands being reckoned up, it then became 
necessary to repeat the operation. Such is the foundation of our deci- 
mal scpe of arithmetic. Language still betrays by its structure the 
originjil mode of proceeding. To express the numbers beyond ten, 
the Laplanders combine an ordinal with a cardinal d^t. Thus, 
eleven, twelve, &c. they denominate second ten and one, second ten 
and twO| &c. and in like manner they call twenty one, twenty two, 
te. third ten and one, third ten and two, &c. Our term eletmi is 
supposed to be derived from sin or one, and liJben^ to remain^ and 
to ngnify one^ have or set aside ten* Twelve is of the like de- 
rivation, and means two^ laying aside the ten. The same idea is sug* 
gested by our termination ty in the words twenty^ thirty^ &c. This 
syllable, altogether distinct from ten^ is derived from xiehenjto drawj 
and the meaning of twenty is, strickly speaking, tivo drawings^ that 
is, the hands have been twice closed and the fingers counted over. 

After ten was flrmljr established, as the standard of numeration, it 
seemed the most easy and consbtent to proceed by the. same repeated 
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4 JknfhmOis^ 

Eacb of the iHunes just menltaned 19 considered as farming a 
ttnit of an order mere elerated accor^Iing as it is removed frona 
simple anit The names ten and kundred are continually re- 
peatedy and we have no occasion for new names, such as thousand^ 
miUumf bUtum^ except at every fourth order. The same law be- 
ing obBe4*ved« to biHioiis succeed trUlums^ quadrilUonSp quUiiiUionSf 
kc. each, like bSlions, having its tens and hundreds* 

Numbers expressed in this manner* when more tlmn one word 
enters into the enunciattoh of them^ are separated into their 
respective orders of units, mentioned above ; for instance, cho 
number expressed by Jive hundred thousand three hundred and twOf 
is separated into i\\vee parts, \iz.jivt hundreds qfthmisandSf three 
hundreds of simple units f and two of these units* 

5. The length of the expression, written in words, when the 
humbers were large, occasioned the invention of characters, ex- 
clusively adapted to a shorter representation, and hence origi- 
nated the art of expressing numbers in writing by these charac 
ters, called ^^res, or written nwneratien. 

The laws of the written numeration, now used, are very anal- 
ogous to those of the spoken numeration. In it the nine first 
numbers are each represented by a particular character, viss. 

lSd4S6 789 

one, two, three, four, five, six, seven, ei^t, nine. 
When a number consists of tens and units, the characters repre- 
senting the number of each are written in order froin left to 
right, beginning with the tens. The number forty-seven, for 
instance, is written 47 ; the first figure on the left, 4, denotes the 
four tens, and consequently a value ten times greater than it 
Would have standing alone ; while the figure 7, placed on the 
right, expressing seven units, possesses only its original value. 

M ■■ ■ !■! II — — ^ II I III I I ll.!. I II II .11 ■ 

composition. Both hands being closed ten times would carry the 
reckoning up to a hundred* This word, originally hund^ is of uncer« 
tain derivation ; but the term thousand^ which occurs at the next stage 
of the progress, or the hundred added ten times, is clearly traced out, 
being only a contraction of duis hundj or twice hundred^ that is, the 
repetitionf or collection of hundreds* Bee Edinbargh Review^ vol. 
XVIII. art. VII* 



In the number thirty-three, which is written 33^ we see Hie 
fi^re 3 repeated, but each time with a different value ; the value 
of the 3 on the left is ten times greater than the value of that on 
the right. 

This is the fundamental law of our written numeration, that 
a renuoroalf of one place, towards the left increases the value of a 
figure ten times. 

If it were required to express fifty, or five tens, as there are 
no units in this number^ there would be nothing to write but the 
figure 5, and consequently it would be necessary co show, by 
some particular mark, that in the expression of this number, the 
figure ought to occupy the first place on the left To do this we 
place on the right the character 0,. cipher or noughtf which of 
itself has no value, and serves only to fill the place of the units^ 
which are wanting in the enunciation of the proposed num- 
ber. 

6. Thus with ten characters, by means of the rule before laid 
down concerning the value which figures assume, according to 
the places they occupy, we can express all possible numbers. 

With two figures only, we can write all, as far as to nine tens 
and nine units, making 99, or ninety nine. After this comes the ' 
hundred, which is expressed by the figure 1, put one place far- 
ther towards the left;, than it would be, if used to express tens 
only ; and to denote this place, two ciphers are placed on the 
lights making 100. 

The units and tens, afterwards added to form numbers greater 
than 100, take their proper places ; thus a hundred and one will 
be written in figures 101 ; a hundred and eleven, UK Here the 
same figure is three times repeated, and with a different value 
each time ; in the first place on the right it expresses an unit, 
in the second, a ten^ in the third, a hundred. It is the same 
with the number 222, 333, 444, &c. Thus, in consequence of 
the rule laid down before when speaking of units and tens, ihe 
same figure expresses units ten times greater, in prt^ortion as it is 
removed from right to left, and by a simple change of place, acquires 
the power of representing^ successivdyf all the different colleetions rf 
wAts, which can eHter into the expressioii of a nunlber. 

/ 
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7* A number dictated^ or enunciated^ is written then^ by plac- 
ing one after the other, beginning at the ieft> the figures which 
express the number of units of each collection ; but it is neces- 
sary to keep in mind the order in which the collections succeed 
each other, that no one may be omitted, and to put ciphers in the 
room of those, which are wanting in the enunciation of the num- 
ber to be written. If, for example, the number were three hufi' 
dred and twenty-four ihousandf nine hundred and four, we should 
put 3 for the hundreds of thousands, 2 for the twenty thousand, 
or the two tens of thousands, 4 for the thousands, 9 for the hun- 
dreds ; and as the tens come immediately after the hundreds, 
and are wanting in the given number, we should put a cipher in 
the room of them, and then write the figure 4 for the units ; we 
should thus have 3^904. 

In the same way, writing ciphers in the place of tens of thou- 
sands, thousands and tens, which are wanting in the number five 
hundred thousand three hundred and two. We should have 500303. 

8. When a number is written in figures, in enunciating it, or 
expressing it in language, it is necessary to substitute for each 
of the figures the word which it represent!^ and then to mention 
the collection of units, to which it belongs according to the place 
it occupies. The following example will illustrate this ; 

2 4, 8 9 7, 3 2 1, 5 8 0, 3 4 6, 
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The figures of this number are divided by commas, into portions 
of three figures each, beginning at the right ; but the last divis- 
ion on the left, which in the present instance has but twofigures^ 
may sometimes have but one. Each of Ihese divisions corres- 
ponds to the collections designated by the words unit, thousand. 



mtUanf frittion^ triUim, and their figures express Buecessiyely 
the units, tens> and hundreds of each. ConsequenUyp the expression 
(f the whole number given is made in words, fty reading each dms* 
ion of figures as if it stood alone, and adding, after its units, the 
luime tf their placem 

The above example is read, twenty four triUions, eight hundred 
and ninety seven IriUions, three hundred and twenty one millions, 
five hundred and eighty thousand, three hundred and forty six units^ 

9. Numbers admit of lieing considered in two ways ; one i% 
when no particular denomination is mentioned, to which their 
units belong, and they are then called abstract numbers ; the 
other when the denomination of their units is specified, as when 
we say, two men, five years, three hours, &c. these are called 
concrete numbers. 

It is evident, that the formation of numbers, by the successive 
union of units, is independent of the nature of these units, and 
that this must also be the case with the properties resulting from 
this formation ; by which properties we are enabled to compound 
and decompound numbers, which is called calculation, ^e shall 
now explain the principal rules for the calculation of numbers^ 
without regard to th^ nature of their units. 
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ADDITION. 



10. Tiois tiperation, which has for its object the uniting of 
several numbers in one, is only an abbreviation of the formation 
•f numbers by the successive union of units. 1 If, for instance, it 
were required to add five to seven, it would be necessary, in the 
series of the names of numbers, one, two, three, four, five, six, 
seven, &c. to ascend five places above seven, and we should then 
come to the word twelve, which is consequently the amount of 
seven units added to five. It is upon this process that the ad- 
dition of all small numbers depends, the results of which are 
comniitted to memory ; its Immediate application to larger num- 
bers would be impossible, but in this case, we suppose these 
numbers divided into the different collections of units contained 
in them, and we may add together those of the same name. For 
instance, to add 27 to 82, we add the 7 units of the first number 



to the 2 of tKe second, making 9 ; then the % teas of the firat wtth 
the 3 of the second, making 5 tens. The t^o resalts, taken to- 
gether, form a total of 5 tens and 9 units, or 59, which is the sum 
of the numbers proposed. 

What is here said applies to all numbers, howevMr large, that 
are to be added together ; hut it te necessary to observe, that the 
partial sums, resulting from the addition of two numbers, each 
expressed by a single figure, often contain tens, or units of the 
next higher collection, and these ought consequently to be joined 
to their proper collection. 

In the addition of the numbers 49 and 78, the sum of the units 9 
and 8 is 17, of which we should reserve 10, or ten, to be added to 
the sum of the tens in the given numbers ; next we say that 4 
and 7 make 11, and joining to this the ten we reserved, we have 
12 for the number of tens contained in tiie sum of the given 
numbers ; which sum, therefore, contains 1 hundred, 2 tens and 
7 units, that is, 127. 

11. By proceeding on these principles, a method has been de- 
vised of placing numbers, that are to be added, which facilitates 
the uniting of their collections of units, and a rule has been form* 
ed, which the following example will illustrate. 

Let the numbers be ^52T9 2519, 9812, 73 and 8; in order ta 
add them together, we begin by writing them under each other^ 
placing the units of the same order in the same column ; then 
we dr»w a line to separate them from the result^ which is to be 

written underneath it. 

527 

2519 

9812 

73 

8 



Sum 12939 
We at first find the sum of the numbers contained in the column 
of units to be 29, we write down only the nine units, and reserve 
the 2 tens, to be joined to those which are contained in the nextxol- 
umn, which, thus increased, contains 13 units of its own order; 
we write down here only the three units, and carry the ten to 
the next column* Proceeding with this column as with the 



viB fiM ito mm to ba 19 ; We write down the 9 units and 
cafTjr the toH to the next Colfunii» the sum of which we then find 
to be 12 $ we write down the 2 units under this column and 
place the ten on the left of it ; that i», we write down the sum of 
Ihia eolan^ a$ it isfound« 

Bjr thia maana we obtain 13909 for the sum of the given nuia* 
bers. 

lii« The role for peiforniiog this operation may be given thus^ 

WntttiiB mniiij^ to ie added uMer each other f 9o that all the 
iMifb qf the same hmd may stand in the same cdulnn, and draw a 
line Minder theAk 

B^nrni^ at Ae right, add up suecessitely the numbers in each 
eohunn ; if the wm does not exceed 9, write it beneath its column, 
asitisfmnd^ if it contains one or more tehs. Carry them to the 
next oMumn i lasUy^ wnder the last column wrUe the whole of its 
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l^xdmiji^ for praetiee. 

f MSA together 8635^ 2194^ 7421, 5063» 2196 and 1225. 

M$. 26rS4. 

Add together 643n» 62^0, 10, 3842 and 631* Jtns. 95104. 

Add together 3004, 523, 8710, 634^ and 784. Ang. 19366. 

Add together 7861, 345, 8023. ' Ans4 16229. 

Add together 66947^ 46742 and 132684. Jhu. 246375. 



SUBTRACTION. 

13. Aftbs having learned to compose a number by the addi- 
tion of several others, the first question, that presents itself, is, 
how to take one number from another that is greater, or which 
amounts to the same thing, to separate this last into two parts, one 
of which shall be the given number. If, for instance, we have the 

.^.^i^fc^^jlMaj— J^|>MaJ<M»**— fcM*«>*«*Mfc-*^*— *«*l M l ■ II III*— I—— n I II «.—.—>■ II ■ I ■! ■ I tm^mtmn^taimmm^ , 

t The best method of proving addition is by means of subtraction. 
The learner may, however^ in general, satisfy himself of the correct* 
ness of his work by beginnii^ at the top of each column and adding 
down, or by separating the upper line of figures and adding up the 
rest and ttien adding tiiia sum to the upper line. 

•4rf(A;n 2 
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number 9, and we wish to take 4 from it, we should, by imiig 
tbisy separate it into two parts, which by addition would be tho 
same again. 

To take one number from another, when they are not large, 
it is necessary to pursue a course opposite to that prescribed in 
the beginning of article 10, for finding their sum ; that id, in 
the series of the names nf numbers, we ought to begin from the 
greatest of the numbers in question, and descend as many places 
as there are units in the smallest, and we shall come to the name 
given to the difference required. Thus, in descending four 
places below the number nine we come to JivCf which expresses 
the number that must be added to 4 to make 9, or which shows 
how much 9 is greater than 4. 

In this last point of view, 5 is the excess of 9 above 4. If we 
only, wished to show the inequality 61' the numbers 9 and 4* '*%ttli- 
out fixing our attention on the order of their values, we should 
say that their difference was 5. Lastly, if we were to go through 
the operation of taking 4 from 9, we should say that the re- 
mainder is 5. Thus we see that, although the words, excess^ 
remaindeff and differtnce^ are synonymous, each answers to a 
particular manner of considering the separation of the number 9 
into the parts 4 and 5, which operation is always designated by 
the name subtraction. 

14. When the numbers are large, the subtraction is perform- 
ed, part at a time, by taking successively from the units of each 
order in the greatest number, tlie corresponding units* in the 
|east. That this may be dcme conveniently, the numbers are 
placed as 9587 and 345 in the following example; 

9587 
345 

Remainder 9242 
and under each column is placed the excess of the upper number^ 
in that column, over the lower, thus ; 

5, taken from 7, leaves 2, 

4, taken from 8, leaves 4, 

5, taken from 5, leaves 2, 

■ 

and writing afterwards the figure 9, from which there is noth- 
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i^; to be takeiiji the remainder, 9242, shows how niQch 9587 ur 
gi*eater than 345. 

That the process here pui*sued gives a true result is indispa- 
taUe, because in taking from the greatest of the two numbers 
ail the parts of the least, we evidently take from it the whole of 
the least. ' 

15. The a{^Iication of this proeess requires particular atten- 
tion, when some of thf^ orders of units in the upper number are 
greater than the corresponding orders in the lower* 

If, tor instance, 397 is to be taken from 524. 

■ 524* 

397 



Remainder 127 

In performing this question we cannot at first take the units 
in the lower number from those in the upper ; but the number 
524, here represented bj 4 units* 2 tens and 5 hundreds, can bo 
expressed in a different manner by decomposing some of its col- 
lections of units, and uniting a part with the units of a lower 
order. Instead of the 2 tens and 4 units which terminate it, we 
can substitute in our minds 1 ten and 14 units, then taking from 
tfaf'se units the 7 of the lower number, we get the remainder 7. 
By this decomposition, the upper number now has but one ten^ 
from which we cannot take the 9 of the lower number, but from 
the 5 hundred of the upper number we can take 1, to join with 
the ten that is left, and we shall then have 4 hundreds and 11 
tens, taking from these tens the tens of the lower number, 2 wiU 
remain. Lastly, taking from , the 4 hundreds, that are. left in 
the upper number, the three hundreds of the lower, we obtain the 
remainder 1, and thus get 127 as the result of the operation. 

This manner of working consists, as we see, in borrowing, 
from the next higher order, an unit, and joining it according txi 
its value to those of the order, on which we are employed, ob- 
serving to count the upper figure of the order from which it was 
borrowed one unit less, wtien we shall have come to it. 

16. When any orders of }^mtn are wanting in the upper num-* 
ber^ that is, when there are ciphers between its figures, it is 



necessary to go to the finit iffure on Urn ieft^ to borrow the iO thftt 
is wanted. See an example 

roo2 

3495 



Bemainder 3507. 

As ire cannot take the 5 units of the lower number from the 2 
of the upper^ we borrow 10 units from the 7000^ denoted by the 
figure Tf which leaves 6990 ; joining the 10 we borrowed to the 
figure 2, the upper number is now decompounded into 6990 and 
12 ; taking from 12 the 5 units of the lower number^ we obtain 
7 for the units of the remainder. 

This first operation has left in the upper number 6990 units 
or 699 tens instead of the 700^ expressed by the three last figures 
on the left $ thus the places of the two ciphers are occupied by 
9s9 and the significant figure on the lelt is diminished by unit^. 
Continuing the subtraction in the other columns in the same 
manner^ no difficulty occurs^ fnd we find the remainder^ as put 
down in the examfde. 

17, Recapitulating the remarks made in the two preceding 
articles^ the rule to be obserioed in performing subtraction may 
be given thus. Place the less fiumber under the greaterf 9o thai 
tftetr vmtstf thesameorder may be in the same column, and draw 
a line under (hem ; beginning at the right, take mcoeemdy eaeh 
figure cf the tower number from the one in the same cobimn of the 
upper; if this eanmt be done, increase the upper figure bjf ten unitSf 
eounting the next significant figure, in the upper number, less bff 
^mity, andifctphers come between, r^ard them as 9s. 

18. For greater convenience^ when it is necessary to decrease 
the upper figure by unity, we ean suflbr it to retain its value, 
and add this unit to the corresponding kiwer figure, which, thus 
increase, gives, as is wanted, a result one less tha* woidd arise 
froQft the written figures. In the fifst of file folkiwing examples, 
after hairing taken 6 units from 14, we count the next il^ure of 
the lower number 8, as 9, and so in the others. 
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JUtihod qf pporoing JidMHan and SMtracfUm. 

19* In perConning an operation^ according to a process^ the 
correctness of which is established upon fixed principles^ we may 
nevertheless sometimes commit errors in the partial additions 
l^nd subtractions^ the results of which we seek in the memory. 
T9 prevjent any mistake of this kind^ we have recourse to a me- 
thody the reverse of the first operation^ by which we ascertain 
Hf bether the results are Hght | this is called proving the operation. 

The proof of addition consists in subtracting successively from 
the sum of the numbers added, all the parts of these numbers^ 
and if the work has been correctly performed, there will be no 
remainder* We will now show by the example given in article 
11, how to perform all these subtractions at once. 

527 

^519 

9812 
73 

8 



Sum 12939 
1120 



We ftrst i4d the numbers in the left hand colamOf whieh 
hero contains thousaads^ and subtract the sum 11 from 12^ 
wbiob ji^giBS the preceding result* and write underneath the 
difference U produced by what was reserved frovi the column 
of hundreds, in performing the addition. The sum of the 
eolnmn of hundreds, taken by itself, amounts to but 18 ; if we take 
this from the 9 of the first residt, increased by borrowing the one 
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thoasand, considered as ten hundredf thai remains from the 
column preceding it on the left, the remainder 1, written beneath^ 
will show what was reserved from the column of tens. The sum 
of the last 11, taken from 13, leaves for its remainder S tens^ 
the number reserved from the column of units. Joining these 
£ tens with the 9 units of the answer, we form th number £9^ 
which ought to be exactly the sum of the column of units, as this 
column is not affected by any of the others j adding again the 
numbers in thi^ column, we ought to come to the same result, and 
consequently to have no remainder. This is actually the case^ 
as is denoted by the written under the column. The process, 
just explained, may be given thus ; to prove addition^ beginning 
m the left, add again each of the several cdumnSf svhtract the sums 
respectively from the sums written above them and write down the 
remainders, which must be joined, each as so many tens to the sum 
of the next column on the right ; if the work be correct there idiU 
he no rem^ainder under the last column. 

20* The proof of subtraction is, that the remainder, added to 
the least number, exactly gives the greatest. Thus to ascertain 
the exactness of the following subtraction, 

£97 
£27 



5£4 

we add the remainder to the smallest number^ and find the sum; 
in reality, equal to the greatest. 



MULTIPLICATION. 

£1. Wheit the numbers to be added are equal to each other, 
addition takes the name of mulHplitation, because in this case the 
sum is composed of one of the numbers repeated as many times 
as thei*e are numbers to be added. Reciprocally, if we wish to 
i*epeat a number several times, we may do it, by adding the num- 
ber to itself as many times, wanting one, as it is to be repeated. 
For instance, by the following addition, 



;/ 
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16 
16 
16 
16 

64 
the number 16 is repeated four times^ and added to itself three 
times. 

To repeat a nuipber twice is to doubk it ; 3 tiines» to iripfe it ; 
4 timeSf to quadruple it, and so on, 

£2. Multiplication implies three numbers, namely, that, which 
is to be repeated* and which is called the multipliaind ; the num- 
ber which shows how many times it is to be repeated, which is 
called the mtUtiplier ; and lastiy the result of the operation, 
which is called the praducU The muUiplicand and multiplier, 
considered as concurring to form the product, are called factors 
of the product. In the example given above, 16 is the mvltipii' 
cand^ 4 the multiptierf and 64 the product ,* and we see thfit 4 and 
16 are the/acior« of 64. 

23. When the multiplicand and multiplier are large numbers, 
the formation of the product, by the repeated addition of the 
multiplicand, would be very tedious. In consequence of this, 
means have been sought of abridging it, by separating it into a 
certain number of partial operations, easily performed by mem- 
ory. For instance, the number 16 would be repeated 4 times, 
by taking separately, the same number of times, the six units and 
the ten, that compose it. It is sufficient then to know the pro« 
ducts arising from the multiplication of the units of each order 
in the multiplicand by the multiplier, when the multiplier con- 
sists of a single figure, and this amounts, for all cases that can 
occur, to finding the products of each one of the 9 first numbers 
by every other of these numbers. 

£4. These products are contained in the following table, attri- 
buted to Pythagoras. 
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-i 

4 

5 
6- 
7 
8 
9 


2 
4 
6 
g 

10 
12 
14 
16 
18 


3 

6 
9 
12 

15 
18 
21 

24 
27 


4 

8 

12 

16 

20 

24 

S$ 

32 

d6 


5 

10 

15 

25 

sb 

35 

40 
45 


6 
12 
18 
24 

30 

;S6 

42 

48 
54 


7 
14 
2i 
28 


8 

16 

24 

32 


9 ^ 

18 
27 
36 
45 
54 
63 
72 
81 


35 
42 
49 
56 
63 


40 
48 
56 
64 
72 



25. To form tfak tM», the nmnbeis If 9^ $9 4» 5^ 6^ 7, B, 9, 
are written fifBt on the ^anie Uno. £ach one of these numbers 
is then added to itself and the sum ivritteo in the second Iine> 
which thus contains, each number of the first doubled, or the 
product of each number by 2. Each number of the second line 
is then added to the number over it in the first, and their sums 
are written in the third line, which thus contains the triple of 
each number in the first, or their products by 3* By adding the 
numbers of the third line to those of the first, a fourth is formed, 
containing the quadruple of each number of the firsts or their 
products by 4 ; and so on, to the ninth line, which contains the 
products of each number of the fit'st line by 9. 

It may not be amiss to remaric, that the different products of 
any number whatever by the numbers 2, 3, 4, 5> &c. are called 
muUipks of that number ; thus 6, 9, 12, 15, &c. are multiples of 3. 

26« When the formatiim of this table is well understood, the 
mode of using it may be easily conceived. If, for instance, the 
product of 7 by 5 were required ; looking to the fifth line, which 
contains the diflferent products of the 9 first numbers by 5, we 
should take the one directly under the 7, which is 35 ; the same 
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method should be pursued in every other iostancef and f&e pro- 
iuet vriU always be fom^i in the Urn cf the multiplier and imd^' 
the multiplicawL 

SL7. If we seek in the table of Pjrthagoras the product of 5 hj 
Tf we shall fitid, as before5 35, although in this case 5 is the mul- 
tiplicand, and 7 the multiplier. This remark is applicable to each 
product in the table* ami U is possible, in any nmUiplicalian, to 
reverse ihe order of the factors $ timt is, to mal^ the multipHcand 
the muUiplier, and the muUipUer the muttiplieand. 

As the table of Pythagoras contains but a limited number of 
products^ it would not be sufficient to verify the above conclu* 
sion by this table; for a doubt might arise respecting it in the 
case of greater products^ the number of which is unlimited i 
Ihere is but one method independent of the particular value of 
the multiplicand and multiplier of showing that there is no ex- 
ception to this remark. This is one well calculated for the pur- 
pose, as it gives a good illustration of the manner, in which the 
product of two numbers is formed. To make it more easily un** 
derstood^ we will apply it first to the factors 5 and 3. 

' If we write the figure 1, 5 times oh one line, and place two 
similar lines underneath the first, in this manner^ 

1, 1, 1, 1, 1, 

1, 1, h h 1, 

h h h h h 
tibe whole number of Is will consist of as many times 5 as there are 
lines, that is, 3 times 5 ; but, by the disposition of these lines, the 
figures are ranged in columns, containing 3 each. Counting them 
in tliis manner, we find as many times 3 units as there are col- 
umns, or 5 times 3 units, and as tlie product does not depend on 
the manner of counting, it follows that 3 times 5 and 5 times S 
give the same product. It is easy to extend this reasoning to 
any numbers, if we conceive each line to contain as many units 
as there are in the multiplicand, and the number of lines, plac- 
ed one under the other, to be equal to the multiplier. In count- 
ing tlie product by lines, it arises from the multiplicand repeated 
as many times as there are units in the multiplier ; but the as- 
semblage of figures written presents as many columns as ther« 

drilh. 3 
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are units in si liiie^ and each column contains as many units as 
tiiere are lines ; i{, then^ we choose to count by columns, the 
number of lines, or the multiplier, will be repeated as many 
tiiiies as there are units in a line, that is> in the multiplicand. We 
may therefore, in inding the product of any two numbers, take 
either of th<em at pleasure, for the multiplier. 

28. The reasoning, just given to prove the truth of the pre- 
ceding proposition, is the demonstration of it,, and it maybe 
remarked, that the essential distinction of pure mathematics is^ 
that no proposition, or process, is admitted, which is not the 
necessary consequence of the primary notions, on which it is 
fbundiBd, or the truth of which is not generally established by 
reasoning independent of particular examples, which can never 
constitute a proof, but serve only to facilitate the reader's under- 
standing the reasoning, or the practice of the rules. 

S9. Knowing all the products given by the nine first numbers^ 
combined with each other^ we can, according to the remark in 
article 23, multiply any number by a number consisting of a 
single figure, by forming successively the product of each order 
of units in the multiplicand, by the multiplier ; the work is as 
follows; 

7 

3682 

The product of the units of the multiplicand, 6, by the multi- 
plier^ 7, being 4£,^e write down only the 2 units, reserving the 
4 tens to be joined with those> that will be found in the next 
higher place. 

The product of the tens of the multiplicand, 2, by the multi- 
plier^ 7, is 14, and adding the 4 tens we reserved, we make it 
18, of which number we write only the units, and reserve the 
ten for the next operation. 

The product of tiie hundred of the multiplicand, 5, by the 
multiplier, 7, is 35 ; when increased by the 1 we reserved, it be- 
comes 36, the whole of which is written, because there are no 
more figures in the multiplicand. 

SO. This process may be given thus } To multiply a number 
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of several Jigtires by a single Jignret place the muUiflierwnd^' the 
units of themultiplieafidf'and draw a tirie ben^ath^ to separate them 
from the product. Beginning at the right, multiply successively, by 
the muUiplierf the units of each order in the mvitiplicand, and 
torite the whde produd of eadij when it does not exceed 9 ; hit, if 
it contains tens, reserve them to be added to the next product. Con- 
Hnue thus to the last Hgure of the mvUipHcandi on the kftf the 
whole result of which must be written down. 

Examples. d4d by 6. Ans. 1458. 894S by 9. Jlns. 80487. 

It is evkletit that, when the multiplicand is terminated by 0, 
the operation can commence only with its first significant figure ; 
but to give the product its proper value, it is necessary to put, 
on the right of it, as many Os as thei*e are in the multiplicand. 
As for the Os, which may occur between the figures of the muK 
tiplicand, they give no product, and a must be written down 
when no number has been reserved from the preceding product, 
as is shown by the following examples : 

956 8200 7012 80970 

6 9 5 4 



5736 73800 35060 323880 

Multiply 

730 by 3. Jlns. 2190. 8104 by 4. w?tw. 32416. 

20508 by 5. Jns. 102540. 360500 by 6. dns. 2163000. 

297000 by 7. Jins. 2079000. 9097030 by 9. Jins, 81873270. 

31. The most simple number, expressed by several figureSf 
being 10, 100, 1000, &c. it seems necessary to inquire how we 
can multiply any number by one of these. Now if we recollect 
the principle mentioned iti article 6, by which the same figure is 
increased in value 10 times, by every remove towards the left. 
We shall soon perceive, that to multiply any number by 10, we 
must make each of its orders of units ten times greater ; that 
is, we must change its units into tens, its tens into hundreds, and 
80 on, and that this isefiected by placing a on the right of the 
number proposed, because then all its significant figures will he 
advanced one place towards the left. 

For the same reason, to multiply any number by 100, we 
jshoold place two ciphers on the right ', for, since it becomes ten 



Hmes greateir liy the first cipher, the second will make it ten 
limes greater still » and consequently it will be 10 times 10» or 
100 times, greater than it was at first. 

ConMnning this reasoning, it will be perceived that, accord- 
ing to our system of numeration, a number is multiplied by 1€, 
100, IQOO, &c. by writing on the right of the multipltcand as 
many ciptiers as there are on the right of the unit in the nmlti- 
plier. 

52. When the significant figure of the multiplier di8lei*s from 
unity, as, for instance, when it is required to multiply by SO, or 
SOO, or $000, which are only 10 times 3, or 100 times 3, or lOOD 
times S, &c. the operation is made to consist of two parts, we at 
first multi^y by the s^ificant figure* S, according to the rok 
in article 30, and then multiply the product by 10, 100, or tOOO^ 
&c. (as was stated in the preceding article) by writing one, twe^ 
tbree, &c. ciphers on the right of this product. 

Let it be required, for instance, to multiply 764 by SOO. 

764 

300 

SS9S00 

The four significant figures of this product result from the 
multiplication o^ 764 by 3, and are placed two places towards 
the left to admit the two ciphers, which terminate the multiplier. 

In general, when the mvttiplier is termiTUited by a number of 
dpherSf first multijAy the mtiUiplicand by the significant Jigure of 
the multiplier f and place, after theprodMCt, as many ciphers as there 
are in the mtdtiplier. . 

Examples. 
Multiply 
35012 by 100. Ans. 3501S00. 63S4£rby500. Jins. 319£1S50Q. 
2l07900by 70. .5ns. 147553000. 9120400 by 90. Jns. 820836000. 

33. The preceding rules apply to the case, in which the multi- 
plier is any number whatever, by considering separately each 
of the collections of units of which it is composed. To multiply, 
for instance, 793 by 345, or, which is the same thing, to repeat 
793, 345 times, is to take 793, 5 times, added to 40 tiiqes, added to 



SM tiiDesy and tfae operation to be perfirmed is resolved into 3 
others, in each of which the midtiplieray 5, 4^ amd 300, have bat 
one significant figure. 
To add the reaaU of Oiese three operatioBS eamly, the caloila- 

tioB is disposed )hus | 

79S 
345 

3965 

sirso 

237900 



273585 

The multiplicand is multiplied successively by the units, tens, 
hundreds, &c. of the multiplier, observing to place a cipher on 
the right of the partial product, given by the tens in the multi- 
plier, and two on the right of the product given by hundreds, 
which advances the first of these products one place towards the 
left, and the second, two. The three partial products are then 
added together, to obtain the total product of the given numbers. 

As the ciphers, placed at the end of these partial products, are 
of wo value in the addition, we may dispense with writing them, 
provided we take care to put in its proper place the first figure 
of the product given by each significant figure of the multiplier ; 
that is, to put in the place of tens the first figure of the product 
given by the tens in the multiplier ; in the place of hundreds the 
first figure of the product given by the hundreds in the multiplier, 

and so on. 

34. According to what has been said, the rule is as follows. 
To multiply any tp)o numhersy me by the other, fomi suecessivdy 
Caec&rding to the nde in ariide 30, J the products of the midtipli' 
candf by the different (n'ders of units in the multiplier ; observing io 
place the first figure oj each partuA product under the units cf the 
same order with the figure of the muUipUer, by which the product is 
given ; and then add together (dl the partial products. 

35. When the multiplicand is terminated by ciphers, they may 
at first be neglected, and all the partial multiplications begin 
with flie first significant figure of the multiplicand j but after- 
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viaviSf to piit in their proper rank the figures of the total pro*- 
ductf as many ciphers^ as there are in the roultipticand, must be 
written on the right of this product. 

If the multiplier is terminated by ciphers, we may, according 
to the remark in article 31, neglect these also, provided we write 
an equal number en tiie right of the product. 

Hence it results that, when bath muttiplkand and mutUplier are 
terminated by cipherSf these ciphers may atjirst be neglected, and 
after the other figures of the product are obtavnedf the same nuniber 
may be written on the right of the prodvct. 

When there at*e ciplict*s between the significant figures of the 
multiplier^ as they give no product, tliey may bo passed over, 
observing to put in its proi^er place the unit of the product, giv- 
en by the figure on the left of these ciphers. 

Examples. 

SOO 526 Multiply 9648 by 5137* Ans. 49561776. 

40 307 7854 by 350. Ans. 27489000. 

, 17204774 by 125. Ans. 2150596750. 

12000 3682 * 62500 by 520. Ans. 32500000. 

157800 25980762 by 40. An^. 1039^30480- 

161482 



DIVISION. 

36. The product of two numbers being formed by repeating one 
of these numbers as many times as there are units in the other, 
we can, from the product, find one of the factors, by ascertaining 
how many times it contains the other ; subtraction alone is neces- 
sary for this. Thus, if it be required to ascertain the number 
of times 64 contains 16, we need only subtract 16 from 64 as 
many times as it can be done ; and since, after 4 subtractions, 
nothing is left, we conclude, that 16 is contained 4 times in 64. 
This manner of decomposing one number by another, in order 
to know how many times the last is contained in the first, is 
called divisium, because it serves to divide, or portion out, a 
given number into equal parts, of which the number or value is 
given. 



IKvisianm 23 

It, for instanoe, it were required to divide 64 into 4 equal 
parts ; to find the.Talu» of tliese parts, it would be necessary to 
ascertain the number, that is contained 4 times in 64, and conse^ 
quently to regard 64 as a product, having for its factors 4 and 
one of the required parts, which is here 16. 

If it were asked how many parts, of 16 each, 64 is composed of^ 
it would be necessary, in order to ascertain the number of these 
parts, to find how many times 64 contains 16, and consequently > 
64 must be regarded as a product, of which one of the factors is 
16, and the other the number sought, which is 4. 

Whatever then may be the object in view, division consists in 
findif^ one of, the factors of a given product, when the other is 
known. 

37. The number to be divided is called the dividend, the fac- 
tor, that is known, and by which we must divide, is called the 
divisor, the factor found by the division is called the quoiientr 
and always shows how many times the divisor is contained in the 
dividend. 

It follows then, from what has been said, that the divisor mvl^ 
Uplied by the quotient ought to reproduce the dividend. 

SB. When the dividend can contain the divisor a great many 
times, it would be inconvenient in practice to make use of repeated 
subtraction for finding the quotient; it then becomes necessary 
to have recourse to an abbreviation . analogous to that which is 
given fdr multiplication. If the dividend is not ten times larger 
than the divisor, which may be easily perceived by the inspec- 
tion of the numbers, and if the divisor consists of only one figure^ 
the quotient may be found by the table of Pythagoras, since that 
contains all the products of factors that consist of only one 
figure each. If it were asked, for instance, how many times 8 is 
contained in 56, it would be necessary to go down the 8th column> 
to the line in which 56 is found ; the figure 7, at the beginning 
of this line, shows the second factor of the number 56^ or how 
many times 8 is contained in this number. 

We see by the same table, that there are numbers,.which can- 
not be exactly divided by others. For instance, as the seventh 
line, which contains all the multiples of 7, has not 40 in it, it 
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follows that 40 is not divittble by r ; but as it coiiie» betwenti 
35 and 4^9 we see that the greatest multiple of 7» it can contain^ 
is 35, the fkctors of which are 5 and 7. By means of this ele- 
mentary information^ and the considerations* which wiU now be 
offered, any division whatever may be performed. 

99. Let it be required* for example, to divide 1656 by 3 ; this 
qnestbn may be changed into anotlwr form, namely ; To find 9uck 
a number, that maUiiflying^ its uniis, tens^ hundreds, S^c. by S, the 
product cf these units, ^ns^ htmdreds, ^c nutif hethedhndend, 1656. 

It is plain, that this number will not have units of a higher 
order than thousands, for, if it had tens of thousands, there 
would be tens of thousands in the product^ which is not the case. 
Neither can it have units of as high an order as thousands, for if 
it had but one of this order, tlie product would contain at least 3^ 
which is not the case. It appears then, that the thousand in the 
dividend is a number reserved^ when the hundreds of the quo- 
Uent were multiplied by 3, the divisor. 

This premised, the figure occupying the place of hundreds, in. 
the required quotient, ought to be such, that, when multiplied by 
3, its product may be 16, or the greatest multiple of 3 less than 
16. This restriction is necessary, on account of the reserved 
numbers, which the other figures of the quotient may furnish^ 
when multiplied by the divisor, and which should be united to 
the product of the hundreds. 

The number, which fulfils this condition, is 5 ; but 5 hundreds,^ 
multiplied by 3, gives 15 hundreds, and the dividend, 1656, con« 
tains 16 hundreds ; the difference, 1 hundred, must have come then 
from the reserved number, arising from the multiplication of the 
other figures of the quotient by the divisor. If we now subtract 
the partial product, 15 hundreds^ or 1500, from the total product, 
1656, the remainder, 156, wilt contain the product of the units 
and tens of the quotient by the divisor, and the question will be 
reduced to finding a number, which, mult^lied by 3, gives 156^ 
a question simHar to that, which presented itself above. Thus 
when the first figure of the quotient shall have been found in 
this last question, as it was in the first, let it be multiplied by the 
divisor, then subtracting this partial product from the whole 
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j^roAlct^.tlie result will be a new divideiiilf which may be treated 
in tbe same oianner as tbej^rec^i^gy and so on, until the origi- 
nal dividend is exhausted. 
40« The opieration just described is; disposed of thus ; 



dividend 1656 


3 


divisor 


15 

■ 




quotient 


15 


■' 


15^ 




V 


06 






6 









The dividend and divisoi* are separated by a line, and another 
Hne is drawn under the divisort to mark the place of tbe quotient. 
This being done, we take on the left of tbe dividend the part I65 
capable of containing the dtvisory S, and dividing it by this num- 
ber, we get 5 for the first figure of tbe quotient on the left ; then 
taking tlie'ppoduct of tbe divisdr by the number just found, and 
subtracting it fnim 16, tbe partial dividend^ we write, under- 
neath, the retnalnder, l,by the side of which wc bringdown the , 
5 tend of the dividends Considering the number, as it now 
standi, a second partial dividend, we divide it also by the divi- 
sor, S, and obtain 5 for the second figure of the quotient ; we 
then take the product of this number by tbe divisor, and subtract- 
f fig it from the partial dividend, get for tbe remainder. We 
then bringdown the last figure of the dividend, 6, and divide, 
this third partial dividend by the divisor, S, and get Q fur the 
last figure of the quotient* 

41. It is manifest that, if we find a partial dividend, which can- 
not contain the divisor, it must be because the quotient has no 
unitd of the order of that dividend, and that those which it con- 
tains arise from the products of the divisor by the units of the 
lower orders in the quotient ; it is necessary, therefore, when- 
ever this is the case, to put a in the quotient, to occupy the 
place of the order of units that is wanting. 

^rtth. 4 
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For instunce, let 1 535 be divided by 5. 

5 



1555 
15 



S07 



035 
35 

00 

The division of the 15 hundreds of the dividend^ by the divisor^ 
leaving no remainder, the 3 tens, which form the second partial 
dividend, do not contain the divisor. Hence it appeal's, that the 
quotient ought to have no tens | consequently this place must be 
filled with a cipher, in order to give to the first figure of the 
quotient the value, it ougiit to have, compared with the others ; 
then bringing down the last figure of the dividend, we form a 
third partial dividend, which, divided by 5, gives 7 for the units 
of the quotient, the whole of which is now 307. 

42. The considerations, presented in article 40, apply equally 
to the case, in which the divisot* consists of any number of 
figures. 

If* for instance, it were required to divide 57981 by 251, it 
would easily be seen^ that the quotient can have no figures of a 
higher order than hundreds, because, if it had thousands, the divi- 
dend would contain hundreds of thousands, which is not the case; 
further, the number of hundreds should be such, that, multiplied 
by 251, the product would be 579, or the multiple of 251 next 
less than 579 ; this restriction is necessary on account of the 
reserved numbers which may have been furnished by the multi- 
plication of the other figures of the quotient by the divisor. The 
number, w hich answers to this condition, is 2 ; but 2 hundreds^ 
multiplied by 251, give 502 hundreds, and the divisor contains 
579 ; the difference, 77 hundreds, arises from the . reserved 
numbers resulting from the multiplication of the units and tens 
of the quotient, by the divisor. 

If we now subtract the partial product, 502 hundreds, or 50200, 
from the total product, 57981, the remainder, 7781, will contain 
the products of the units and tens of the quotient by the divisor. 
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and the operation will be reduced to finding a number, which, 
multiplied by 251» wiU give for a product f78h 

Thus, when the first figure of the quotient shall have been de- 
termined, it must be multiplied by the divisor, the product being 
subtracted from the whole dividend, a new dividend will be the 
result, which must be operated upon like the preceding ; and so 
on, till the whole dividend is exhausted. 

It is always necessary, for obtaining the first figure of the 
quotient, to separate, on the left of the dividend, so many figures^ 
as, considered as simple units, will contain the divisor, and ad- 
mit of this partial division. 

43. Disposing of the operation as before, the calculation, just 
explained^ is performed in the following order ; 



57981 


251 


502 


231 


778 




75B 




£51 




251 





000 

The 3 first figures, on the left of the dividend, are taken to 
form the partial dividend ; they are divided by the divisor, and 
the number 2, thence resulting, is written in the quotient ; the 
divisor is then multiplied by this number, and the product, 502, 
is written under the partial dividend, 579. Subtraction being 
performed, the 8 tens of the dividend are brought down to the 
side of the remainder, 77 ; this new partial dividend is then 
divided by the divisor, and S is obtained for the second figure of 
the quotient ; the divisor is multiplied by this, the product sub- 
tracted from the corresponding partial dividend, and to the 
remainder, 25, is brought down the last figure of the dividend, 1 ; 
this last partial dividend, 251, being equal to the divisor, gives 1 
for the units of the quotient. 

44. When the divisor contains many figures, some difficulty 
may be found in ascertaining how many times it is contained in 



) partial divideRdfl^ Th« foUowiiig exasipli 
sUow how it may be knowii. 
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It fs necessary at first to take four figures on the left of the 
dividend, to form a number which wiH contain the divksor; and 
then it cannot be immediately perceived how many times 485 ia 
contained in 4£34. To aid us in this inquiry, we shall observe^ 
that this divisor is between 400 and 500 ; and if it were exactly 
one or the other of these numbers* the question would be reduced 
to finding how many times 4 hundred or 5 hundred is contained 
in the4::e hundreds of the number 4284, or^ which amounts to the 
same thing, how many times 4 or 5 is contained in 42. For the 
first of these numbers we get 10, and for the second 8 ; the quo« 
tient must now be sought between these two. We see at first 
that we cannot employ 10, because this wouhi imply, that the 
order of units in the dividend above hundreds contained the 
divisor^ which is not the case. It only remains' then^ to try 
which of the two numbers 9 or 8, used as ttie maltiplier <^ 48£^ 
gives a product that can be subtracted from 4234^ and 8 is<fouB4 
to be the one. Subtracting from the partial dividend the pr»* 
duct of the divisor multiplied by 8, we g'et, for the remainder^ 
354 ; bringing down then the tens in Ihe dividend, we- form a 
second partial dividend, on which we operate as on the pre* 
ceding ; and so with the others. 

45. The recapitulation of the preceding articles gives us thia 
rule, To divide one number by anothtff place the divisor 09i the 
right of the dividend, separate ihem by a line, and draw another 
line under the divisor, to make the place for the quotient. Taker on 
the left of the dividend, as naniffigi'res a« are necessary to cot^in 
the divisor ; find how ma/ny iims the nnmber expressed by the first 



two Jirstf Jigures (f the partial dividmd ; muUiplif this qwiUetit^ 
wlAch is only an approximaUoHf by the divisor, andf if the product 
is greater than the partial irridend^ lafce units from the quotieni 
eontiMuaUifp tiU it will give a product that can be subtracted from 
the partial, dividend ; subtract this product, and if the remainder 
be greater than the dividend f U iviil be a proof that the quotient has 
ken too much diminished ; and, eonsequently, it muH be increased^ 
By the side of the remainder bring down the next figure qf the 
dividend^ andjind, as before, how many times this partiai dividend 
eoniains the divisor ; continue thus, wUil all thefigaares of the given 
dimdtnd are bnn^hi down. When a partial dimd^id occurst v>hick 
does not contain the dvirisoTf it is neoessary, before bringing down 
another figure af the dixidMd, to put a cipher in the quotient. 

46. The operations required in division majr ba made to oo 
cupy a less space* by perforoiing mentally the subtraction of the 
products given by the divisor and each figure of the quotient^ as. 
is exhibited in the following example ; 
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After having found that the first partial dividend contains 4 
times the divisor, 69» we multiply at first the 9 units by 4, which 
ipives S6 ; and* in order to subtract this prodttct from the partial 
dividend* we add to the 5 units in the ^dividend 4 tens* malting 
their suin 45* from which taking 36, 9 remains. We then re- 
serve 4 tens to join them* in the mind* to 12* the product o&the 
quotient by the teiis in the di% isor, making the sum 16 ; in taking 
this nam from 17* we take away the 4 tens^ with which we iiad 
augmented the milts of the dividend* in order to perform tha 
preceding subtraction* We t))en operate in the same manner on 
the second partial dividend^ 195, saying; 9 times 5 make 45, 
taken from 45* nought remains* then 5 times 3 make 15, and 4 
tens* reserved* make 19* taken from 19* nought remains. 

We see sufficiently by this in what manner we are to perform 
any other example* however complicated. 

47. Division is also abbreviated w hen the dividend and divi- 
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sor are tenftinated by ciphers, because we can strike out, from 
the end of each, as many ciphers as are contained in the one that 
has the least number. 

If, for instance, 84000 were to be divided by 400, these num« 
bei*s may be reduced to 840 and 4, and the quotient would not be 
altered ; for we should only have to change the name of the 
units, since, instead of 84000, or 840 hundreds, and 400, or 4 
hundreds, we should have 840 units and 4 linits, and the quotient 
of the numbers 840 and 4 is always the same, whatever may be 
the denomination of their units. 

It may also be remarked that, in striking out two ciphers at 
the end of the given numbers, they have been, at the same time> 
both of them divided by 100 ; for it follows from article d^, that 
in striking out 1, 2, or S ciphers on the right of any number^ the 
number is divided by 10, or 100, or 1000, &c. 

Examples in Division. 



144 


$ 


£4 


48 


00 





1651S 
0000 



344 



48 



3049164 
53056 
37644 
00000 
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Divide 49561776 by 5137. 
S7489000 by 350. 
2150596750 by 125. 
32500000 by 520. 
10392304800 by 20. 



Jins. 9648. 
Ms. 7854. 
Ms. 17204774. 
Ms. 62500. 
JIns. 25980762. 



2598076 



48. Division and multiplication mutually prove each other^ 
like subtraction and addition, for according to the definition of 
division, (36), we ought, by dividing the product by one of the 
factors, to find the other ; and multiplying the divisor by the 
quotient^ we ought to reproduce the dividend (37). 



FRACTIONS- 

49. Division cannot always be exactly performed, because 
any number whatever of units taken a certain number of times, 
does not always compose any other number whatever. Exam- 
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pies of this have already been seen in the table of Pythagoras; 
which contains only the product of the 9 first nambers multiplied 
two and two, but does not contain all the numbers between 1 
and 8U the first and last numbers in it. The method hitherto 
given shows then, only how to find the greatest multiple of the 
dirisor, that can be contained in the dividend. 
U we divide £39 by b, according to the rule in article 46, 
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29 



we have, for the last partial dividend, the number 79, which does 
not contain 8 exactly, but which, falling between the two numbers, 
72 and 80, one of which contains the divisor, 8, nine times, and 
the other ten, shows us that the last part of the quotient Is greater 
than 9, and less than 10, and consequently, that the whole quo- 
tient is between 29 and 30. If we multiply the unit figure of 
the quotient, 9, by the divisor, 8, and subtract the product from 
the last partial dividend, 79, the remainder, 7, will evidently be 
the excess of the dividend, 239, above the product of the factors, 
29 and 8. Indeed, having, by the difi*erent parts of the operation, 
subtracted successively from the dividend, 239, the product of 
each figure of the quotient by the divisor, we have evidently sub- 
tracted the product of the whole quotient by the divisor, or 232 ; 
and the remainder, 7, less than the divisor, proves, that 232 is 
the greatest multiple of 8, that can be contained in 239* 

50. It must be perceived, after what has been said, that to 
reproduce any dividend, we must add to the product of the divi- 
sor by the quotient, the sum which remains when the division 
cannot be performed exactly. 

5h If we wished to divide into eight equal parts a sum of 
whatever nature, consisting of 239 units, we could not do it with- 
out using parts of units or fractums. Thus, when we have taken 
from the number 239 the 8 times 29 units contained in it, there 
will remain 7 units, to be divided into 8 parts ; to do this, we 
may divide each of these units, one after the other, into 8 parts, 
and then take one part out of each unit, which will give 7 parts 
to be joined to the 29 whole units, to form the eighth part of 
^39, or the exact quotient of this number, by 8. 
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"Hie sftine reasonisg^ may be a^iplied to evwy ofli«r examile 
•f diviaion in which there is a renainder^ and in tim case the 
quotient is cotnpoaod of two parts ; one^ consisting of whcde 
units* white the other cannot be obtained until the concrete or 
material units of the remainder bare been actually divided into 
the number of parts denoted by the dtTisor ; witbowt this it can 
only be indicated by supposing, a wnU of the dtoiiefid to b€ dmd- 
ed into as many parts as there are umt$, in the divisoTf and somany 
of these partSf as there are units in thB remainder^ taken to compute 
the quotient required. 

5 . In ge^neraU when we have occasion to consider quantities 
less than unity, we suppose unity dtvtde# into a certain number 
of parts, sviftcientty small to be contain^ a certain number of 
times in these quantities, or to measure them. In the idea thus 
formed of their magnitude there are two elements, namely, the 
number of times the measuring part is contained in unity, and 
the number of these parts found in the quantities. 

A nomenclature has been made for fractions, which answers 
to this manner of conceiving and representing them, 
TThat which results from the divisitm of unity 

into 2 parts is called a moiety or half, 

into 3 parts a thirdf 

into 4 parts a quarter or fiurthy 

into 5 parts ajijthf 

into 6 parts a sixthf 

and so on, adding after the two first, the termination ih to the num- 
ber, which denotes how many parts are supposed to be in unity. 

Every fraction then is exj)ressed by two numbers ; the first, 
which shows how many parts it is composed of, is called the 
numerator^ and the other, which shows how many of these parts 
are necessary to form an unit, is called the denominator^ because 
the denomination of the fraction is deduced from it. Five sixths 
of an unit is a fraction, the numerator of which is Jive, and the 
denominator six. 

The numerator and the denominator together are called the two 
terms of the fraction. 
^ Figures are used to shorten the expression of fractions5 the 



r 



L 



\ 



JVoefuMii. S3 

Senominatdr being; written linder the Biimerator> and separated 
from it by a line, 

. one third is written, ^9 
Jive sixths |-. 

*f 53. Accordin]^ to the meaning attached to the words^ numera*' 
tor and denmnifuUinr^ it is plain* that a fraction is increased, by 
increasing its numerator, without duinging its denominator; for 
this lasty as it shoves into how many parts unity is divided, deter* 
mines the magnitude of these parts, which continues the same^ 
whHe the denominator remains unchanged ; and by augmenting 
the nnmerator» the nuqiber of these parts is augmented, and con- 
sequently the fraction increased. It is thus^ for instance, that ^ 
exceeds {., and that-J| exceeds ^^. 

^ It fellows evidently from this, that by repeating the numerator 
tfSf or any' number cf Hmes, without altering the denominator, 
we repeat 9 a like nvmber of times, the quantity expressed by the 
faction, or in other wards multiply it by tJas number f for we 
make 2, 3, or any number of times, as many parts, as it had 
before, and these parts have remained each of the same value* 

The fraction 4« then, is the triple of | and |^ the double of /f. 
' Ji fraction is diminished by dimnishing its numerator, without 
changing its denominator, since, it is made to consist of a less 
number of parts than it contained before, and these parts retain 
the sa*iie value. Whence, if the mimerator.be divided by ^9 S, or 
any number^ without the denominator being altered, the fraction is 
. made a tike number of times smaller, or is divided by that number, 
for it is made to contain 2, S, or any number of times less parts 
than it contained before, and these parts remain of the same 
value. Thus | is a third of 4 and /^ is half of |^. 

54. On the contrary, a fraction is diminished, when its de- 
nominator is increased without changing its numerator; for 
. then more parts are supposed in an unit, and consequently they 
must be smaller, but, as only the same number of them are taken 
to form the fraction, the amount in this case must be a less quan- 
. tity^than in the firsi. Thus | is less than f , and ^\ than |. 

Hence it follows, that i/* tlie denominator of a fraction be myUi- 
pHed by Q, $,or any numberp without the numerator being changed, 

Jiiith. 5 V*' 
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tiufiaetian bfie&mss a like nttrnkr ff times fm^lUn, or U divide bf 
that nuwAer, for it is composed of the same number of party a9 
before, but each of then has become £» 3, or a certain number 
of times less. The fraction | is half of f » and ^y the third of ^. 

Jifractimi is increased when Us denominator is diminished with- 
mU the numerator bei^g dumged ; because^ as unity is supposed to 
be divided into fewer parts, each one becomes greater^ and their 
amount is therefore greater. , 

Whence, if the denominator of a fraciion he dhided by^Sior 
any other numberf the fraction will befnade a like number of times 
greater 9 or will be mvUipiied by that nundfer^ for the number of 
parts remains the same, and each one becomes 2, 3, or a certain 
number of times greater than it was before* * According to tbi% 
I is triple of -j-^ and f the quadruple of f'^. 

It may be remarked, that to suppress the denominator of a 
fraction is the same as to multiply the fraction by that number. 
For instance, to suitress the denjomioator 3 in the fraction { i^ to 
change it into 2 whole ones, or to multiply it by $• 

S5. The preceding propositions may be recapitulated as follows f 

56. The first consequence to be drawn from this table is, that 
the operations performed on the denominator produce effects of 
an inverse or contrary nature with respect to the value of the 
fraction. \ Hence it results, tiiat* ifbrdh the numerator and denom-^ 
inator of a fradion be mMiflied at tfte same time, by the same 
number, the value rf the fraction will not be altered ; for if^ on the 
one hand, multiplying the numerator makes the fraction 2, 3, &c. 
times greater, so on the other, by the second operation, the half 
or third part &c. of it is token ; in other words, it is divided by 
the same number5 by which it had at first been multiplied. 
TImis I is equal to ^'7, and/j. is equal to l§. 

57. It is also manifest that, if both the numerator and denomi* 
nafor of a fraction be divHsd, at the same tme^ by the same num- 
ier« the value of the fraction will not be altered ; for if, on the one 
hand, by dividing the numerator the fraction is made 2^ 3, &c* 
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times smaller ; on the oilier^ by the seciind opef Atioit, the iliNAle^ 
triple^ &c, is taken | in short it is mttlliplted b j the same nam- 
ber, by which it^was at first divided. Thus the fraction | is 
equal to |y and 4 is equal to |* 

58* It is not with CractlonB as with whole numbers^ In which a 
magnitude, so long as it is considered with relation to the same 
unity is soscepfibte of but one expression. In fractions on the 
contrary, the same magnitude can be es^pressed in an infinite 
number of ways. For instance, the fractions 

h i* h h tV* A» tV *^' 
in each of wMch the denominator is twice as great as the nume- 
rator, express, under different forms, the half of an unit. The 
fractions |, f , |, ^^, ^\, -fj, /j, &c. 

of which the denominator is three times as great as the numera- 
for, represent each tite third part of an unit. Among all the 
fbmns, which the given fraction assumes, in each instance, the 
first is the most remarkable, as being the most simple ; and, con- 
sequently, it is well to ' know how to find it from any of the 
others. It is obtained by divMing the two terms of the others 
by the same number^ which, as has already been shown, does not 
alter their value. Thus if we divide by 7 the two terms of the 
fraction ^7, we come back to ^ i and, performing the same ope- 
ration on j^^f we get 4. 

59* It is by following this process, that a fraction is reduced 
to its most simple terms ; it cannot, however, be applied, except to 
fractions, of which the numerator and denominator are divislbta 
by the same number ; in all other cases the gi<%'en fraction is the 
tnost simple of all those, that can represent the quantity it ex- 
presses. Thus the fractions f , y^, ^f , the terms of which can- 
not be divided by the same'number, or have no common dirrisor, 
are irreduciblef and, consequently, cannot express, in a more sim- 
ple manner, the magnitudes which they represent. ^ 

60. flence it follows, that to simplify a fraction, we must 
endeavour to divide its two terms by some one of the numbers^ 
S, S, &c ; but by this uncertain mode of proceeding it will not 
be always possible to come at the most simpU terms of the given 
fraction, or at least, it will often be necessary to perform a great 
number of operations. 
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If^ for iimtanee,.1^ fraction || were given^ k may be. seen at 
once, that each of its terras is a multiple of Q, an^ dividing them 
by this number^ we obtain ^f ; dividing tbeae last also by S» we 
obtain -Z^. Although much more simple now than at iirst, tlii^ 
fraction to still susceptibte of redaction^ for its two terms qan be 
divided by S, and it then becomes ^. • 

If we observe, that to divide a number by £, then the quotient 
by 3f and then the second quotient by S, is the same thing as to 
divide the original number by the product of the numbers, £» % 
and $9 which amounts to 12, we shall see that the three above 
operations can be performed at once by dividing the two tenpf 
of the given fraction by 13, and we shall again haye |, • 

The numbers S, 3, 4, and 12, each dividing the two numbers 
S4 and 84 at the same time, are the common divisors of theso 
, numbers ^ but 12 is the most worthy of attention, because it is 
the greatest, and it is by employing the i^eatest common divnor 
of the two terms. of the given fraction, that it is reduced at once 
to its most simple terms* We have then this impoitant prob* 
lem to solve, two numbers being given, to find their greatest com- 
man divism'f. 

61.' We.arrive at the knowledge of tlie common divisor of two 
numbers by a sort of trial easily made, and which has this re* 
commendation, that each step brings us nearer and nearer to 
the number sought. To explain it clearly, I will take an example* 

Let the two numbers be 6S7 and 143. It is plain, that tho 
greatest common divisor of these two numbers cannot exceed th« 
smallest of them ; il is proper then to try if the number 143^ 
which divides itself and gives 1 fiir the quotient, will also divide 
the number 63r, In which case it will be the greatest common 
divisor sought. In the given example this is not the case ; we 
obtain a quotient 4, and a remainder 65* 

Now it is plain, that every common divisor of the two num* 
bers, 143 and 637$ ought also to divide 65, the remainder result- 
ing from their division ; for the gneater, 637, is equal to the 

t What is here called the greatest common divisor y is sometimes 
called the greenest common measure^ 



kssf 1439 urattiplied by 4^ phis tbe rematsderf 65> (50) \ now in 
dividing 637 bj the common divisor sought, we shall have an 
exact quotient ; it foUows then, that we must obtain a like quo- 
tienty bj dividing the assemblage of parts, of which 637 is com- 
posed, bj the same divisor ; but the product of 143 by 4 must 
necessarily be divisible by the common divisor, which is a factor 
of 143, and consequently the other part, 65, must also be divisi* 
bie by the same divi^r ; otherwise the quotient would be a whole 
number accompanied by a fraction, and consequently could not 
be equal to the whole number, resulting from the division of 
637 by the common divisor. By the same reasoning, it may be 
proved in general/?Aa^ troer^ r.omvMmix'mm' of two numbers must 
also dMde the remainder resuUingfrom the division of the greater 
4^ the two by the less.^ 

According to this principle, we see, that the common divisor 
of the numbers 637 and 143, must also be the common divisor 
of the numbers 143 and 65 ; but as the last cannot be divided by 
a nnmber greater than itself, it is necessary to try 65 firsts 
Dividing 143 by 65, w^e find a quotient 2, and a remainder 13 ; 
65 then is not the divisor sought. By a course of reasoning, 
rimilar to that pursued with regard to the numbers, 637, 143, 
and the remainder, resulting from their division, 65, it will be seen 
that every a>mroon divisor of 143 and 65 mlist also divide 
the numbers 65 and 13; now the greatest common divisor of 
these two last cannot exceed 13 ; we must therefore try, if 13 will 
divide 65, which is the case, and the quotient is 5 ; then 13 is 
the greatest common divisor sought* 

We can make ourselves certain of its possessing this property 
by resuming the operations in an inverse order, as follows ; 

As IS divides 65 and 13, it will divide 143, which consists of 
twice 65 added to 13 | as it divides 65 and 143, it will divide 
637,^ which consists of 4 times 143 added to 65 ; 13 then is the 
common divisor of the two given numbers. It is also evident, 
by the very mode of finding it, that there can be no common 
divisor greater than 13, since 13 must be divided by it. 

It is convenient in practice, to place the successive divisions 
one after the other, and to dispose of the operation, as may be 
seen in the following example ; 
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the quotients^ 4, 2, 5^ being separated from the other figures. 

The reasonings employed in the preceding example, may be 
applied to any numbers, and thus conduct us to this general rule. 
The greatest common divisor of two numbers will he found, by 
dividing the greater by the less ; then the kss by the remairider of the 
first divinon ; then this remainder, by the remainder of the second 
division ; then this second remainder by the third, or that of the 
third division ; and so on^ tiil we arrive at an exact quotient ; th€ 
last divisor will be the common divisor sotight. 

62. See two examples of the operation. 
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75£ then is the greatest coramon divisor ef 9004 asd 3760* 
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By this last operation we see that the greatest common divi- 
sor of 937 and 47, is 1 only, that is, these two numbers, pro- 
perly speaking, have no common divisor, since all wtiole num- 
bers, like them, are divisible by 1. 

We may easily satisfy ourselves, that the rule of the preceding 
article must necessarily lead to this result, whenever the given 
numbers have no common divisor ; for the remainders, each 
being less than the corresponding divisor, become less and less 
every operation, and it is plain, that the division will continue 
as long as there is a divisor greater than unity. 

63. After these calculations, the fraction ||4 and |^f|, can 
be at once reduced to their most simple term, by dividing the 
terms of the first by their common divisor, 13, and the terms of 
the second, by their common divisor, 752 ; we thus obtain II 



• 
and ^. As to the fractioni ^Yt* ^^ ^ altogether irreducible^ 
ftince its terms have no common divisor bat unity. 

64. It is not always necessary to find the greatest common 
divisor of the given fraction ; there are^ as has before been 
remarked^ deductions, which present themselves without this 
preparatory step. 

Every number terminated by one of the figures Oj 2, 4» 6, 8^ 
is necessarily divisible by £ ; for in dividing any number by d^ 
only 1 can remain from the tens ; the last partial division can 
be performed on the numbers 0, 2, 4, 6, B, if the tens leave no 
remainder, and on the numbers 10, 12, 14, 16, 1%, if they do^ 
uid all these numbers are divisible by £• 

The numbers divisible be 2 are called erom nuwbers^ because 
they can be divided into two^equal parts. 

Also, every number terminated on the right by a cipher, or 
by 5, is divisible by 5, ft)r when the division of the tens by 5 has 
been performed, the remainder, if there be one, must necessarily 
be either 1, 2, ^, or 4, the remadniAg part of the operation will 
be performed on the numbers 0, 5, 10, 15, 20, 2d, SO, 35, 40, or 
45, all of which are divistUe^by 5. 

The numbers, 10, 100, 1000, &c. repressed by unity followed 
by a number of ciphers, can be resolved into 9 added to 1, 99 
added to 1, 999 added to 1, and so on ; and the numbers 9, 99, 
999, &c. being divisible by 3, and by 9, it follows that, if num- 
bers of the form 10, 100, 1000, &c. be divided by 3 or 9, the 
remainder of the division will be 1. 

Now every number which, like 20, 300, or 5000, is expressed 
by a bingle significant figure, followed on the right by a number 
of ciphers, can be resolved into several numbers expressed by 
unity, followed on the right by a number of ciphers ; 20 is equal 
to 10 added to 10 ; 300, to 100 added to 100 added to 100 ; 5000, to 
1000 added to 1000 added to 1000 added to 1000 added to 1000 ; 
and so with others. Hence it follows, that if 20, or 10 added to 10, 
be divided by 3 or 9, the remainder will be 1 added to 1, or 2 ; 
if 300, or 100 added to 100 added to 100, he divided by 3 or 9, 
the remainder will be 1 added to 1 added to 1, or 3. 

In general, if we resolve in the same manner a number ex- 
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pressed by one signifiraht figore, followeiU on the ri^ht, by a num- 
ber of ciphers, in older to divide it by 3 or 9 ; the remainder of 
Ais division will be equal to as many times 1^ as there are nnits 
in the significant figure, that is, it will be equal to the significant 
figureitself. Now any number being resolved into' units, tewsr, 
hundreds^ &c. is formed by the union of several numbers ex- 
pressed by a single significant figure | and, if each of these last be 
divided by 3 or 9, the remainder nill be equal to one of the t ig- 
nificant figures of the given number ; for instance, the division 
of hundreds will give, for a remainder, the figure occupying the 
place of hundreds ; that of tens, the figure occupying the pbice 
of tens ; and so of the others* If then, the sum of all these 
remainders be divisible by 3 or 9, the division of the given num- 
bet* by 3 or 9 can be performed exactly ; whence it follows, that 
if the sum of the figures, constituting any number, be divisible 
by 3 or 9, the number itself is divisible by 3 or 9. 

Thus the numbers, 423, 4£51, 15342, are divisible by 3, be- 
cause the sum of the significant figures is 9 in the first, 12 in the 
lecondy and 15 in the third* 

Also, 62 1, 8280, 934218, are divisible by 9, because the sum of 
the significant figures is 9 in the first, 18 in the second, and 27 
in the third. 

It must be observed, that every number divisible by 9 is also 
divisible by 3, although every number divisible by 3 is not also 
divisible by 9. 

Observations might be made on several other numbers analo- 
gous to those just given on 2, 3, 5, and 9 ; but this would lead mo 
too far from the subject. 

The numbers 1, 3, S^Tf 11, 13, IT, &c which can be divided 
onl)' by themselves, and by unity, are called pnme numbers; two 
numbers, as 12 and 55, having, each of them, divisors, but 
neither of them any one, that is common to it with the other, are 
called prime to each other. ' 

Consequently, the numerator and denominator of an irreduci- 
ble fraction are prime to each other. 

Examples for practice under Article 61. 
What is the greatest common divisor of 24 and 36 ? Jins. IS. 



Wbat as ike greatest common divisor of 55 ftnd 100 7 4n9» <^ 
What is tbe greatest conaon divisor of aid and S04 i 

Mxumple»/0r priidm mde^ arltcto ^r^ 5B> and 60, 

!Eteduce f f to its most simpte terms. Am. |. 

' Reduce ^VA ^^* ^^^ >^^^^ simple terms. An$* •}• 

Reduce ^y^ ^^ ^^ "^^^^ simple terms. Am^ \. 

Reduce ^|| to its most simple terms. Ans^ f^. 

' Reduce |4| to its most simple terms. Am. f • 

Reduce ||| J to its most simple terms. Ans. ^f* 

65. After this digression we will resume the examination of 
JSat table in article 55, 

that we may deduce from it some new inferences. 

We see at once» by an inspection of this table* that a fraction 
can be multiplied in two ways^ namely, by multiplying its nu* 
merator,' or dividing its denominator, and that it can also bo 
divided in two ways, namely* by dividing its numerator, or mul« 
tlplying its denominator ; hence it follows, that multiplication 
ahyVie, according as it is performed on the numerator or denomi- 
nator^ is sofScicnt for the multiplication and division of fractions 
by whole numbers. Thus r^j, multiplied by 7 units^ makes 
|, divided by 3, makes ^\. 

Examples for practice* 

Multiply I by 5. Am. y. Divide | by 3. Am.'^. 

Multiply /y by 4. Am. ||. Divide ^\ by 6. Am, ^^. 

Multiply -^-^ by 6. Am. |. Divide 4 by 10. Am. ^^^ 

Multiply « by 30. Am. i^«. Divide f by 8. Am. /j. 

Multiply ^\^ by 5. Jins.\. Divide || by 4. Am. \. 

Multiply 2-g by 9. Am. |. Divide 44 by 4. Am. |. 

6G. The doctrine of fractions enables us to generalize tbe 
definition of multiplication given in article SI . When the multi- 
Arith. 6 
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pjier is a whole namber^ it shows how many times the mQltipli- 
cand is to be repeated ; but the term muItiplicatioii> extended to 
fractional expressions5 does not always imply angmenti^oii> as 
in the case of whole nambers. To comprehend in one state* 
ment every possible case^ it may be said^ that to imdHply one 
number by another U, to form a number by meam if thejirstf tit the 
sam^ manner as the second is formed, by means of imty. In real- 
ity, when it is required to multij^y by &, by &, &c. the prodoct 
consists of twice, three times, &c. the multiplicand, Iti the Sftme 
way as the multiplier consists of two, three, &c. units ; and to 
multiply any number by a fraction, | for example, is to take the 
fifth part of it, because the multiplier |, being the fifth part of 
unity, shows that the product ought to be the fifth part of 
the multiplicand"!^. 

Also, to multiply any number by | is to take out of this num* 
her or the multiplicand, a part, which shall be four fifths of it, or 
equal to four times one fifth. 

Hence it follows, that the object in mvlMphfing by afradUnh 
rvhatever may be the midHplicand,is, to take out of the multiplicand 
a partf denoted by tlie multiplying fraction ; and that this <^ra- 
tion is composed of two others, namely, a division and a multi- 
plication, in which the divisor and multiplier are whole pumbers. 

Thus, for instance, to take | of any number, if is fik^t neces- 
sary to find the fifth part, by dividing the number by 5, and to 
repeat this fifth part four times, by multiplying it by 4. 

We see, in general, that the multiplicand mttst be divided by the 
denominator of the multiplying fraction, and the quotient be mutti" 
plied by its numerator. 

The multiplier being less than unity, the product will be small- 
er than the multiplicand, to which it would be only equal, if the 
multiplier were 1. 

67. If the multiplicand be a whole number divisible by 5, for 

* We- are led to this statement, by a question which often presents 
itself; namely, where ih^ price of any quantity of a thing is required, 
the price of the unity of the thing being known. The question evi- 
dently remains the same, whether the given quantity be greater or 
less than this unity. 
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instance^ $5, tbe fifth part wiM be r ; this result, multiplied by 4, 
will give SB for the ^ of S5» or for the product of 35 by |. If 
the iBiiUi^icaiid» always a. whole nuniber» be not exactly divisi- 
ble by 5, asy for iiistaiiGe» if it were S£, the division by 5 will 
gi?e for a quo^ent 6f ; this quotient repeated 4 times will give 24f • 
. This result presents a fraction in which the numerator exceeds 
the denominator) but this may be easily explained. The ex- 
pression |» in nsality denoting 8 parts, of which 5, taken to« 
gettierr make UUU79 it fellows, that! is equivalent to unity added 
to three fifths of unity, or 1^ ; adding this part to tbe 24 units, 
we have£5| fortbe vahieof f oC 32. 

68« It ia evident, from the preceding example, that the frac- 
timi f coatikina unity, or a ivhok one, and |, and the reasoning, 
which led to this conclusion, shows also, that every fractional 
expveseoon, of which the numerator exceeds the denominator, 
contains one or more unitsy or whole ones, and that these whole 
ones may be extracted hf dividing the munerator by the denamina- 
tar ; the quotient is the number of unUs contained in the fraction, 
and the remainder, written as a fraction, is that, which must ac- 
tomfany the whde ones. 

The expression '//, for instance, denoting S07 parts, of 
which 5S make unity, there are, in the quantity represented by 
this expression, as many whole ones, as the number of times 
53 is contained in 307 ; if the division be performed, we shall 
obtain 5 for tbe quotient, and 42 for the remainder ; these 4S are 
fifty third parts of uniiy ; thus, instead of Yt » niay be written 

Eacamjies for pracUce. 

Eeduce the frattion | to its equivalent whole number. 

Jhis. £• 
Beduce | to its equivalent whole or mixed number. Ms. 3|. 
Beduce y to its equivalent whole or mixed number. 

Jlns» 8^» 
Beduce V/ to its equivalent whole or mixed number. 

Ms. 24 j'^. 
Beduce V to its equivalent whole or mixed number. 

Jlns. 12|. 
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" BeAice V^ to its eqamilent whok or misled miiiiber. 

69. The expresmion 0|f f in wMeh thd wfaol6 ntmiber i^ ^ven, 
being cdmpoaed of two ditferent pSLVt^ we have of4M <occB6ion 
to coinv^rt it into the original expression ^-^-^ , wbioh is calledi 
reducing n whole imwher to afradion* '- > 

* To do t\A9, tte whde number is to be mult^iedby the denomii 
iMq¥ cf the accompant/ing fraction f the nufitetat&9^to be udded to th$ 
prodfictf and the denomnator of the same fraeMim to be gvee^ to Mi 

In this cftse^ the 5 whole ones mast \m tonverted into fif}^ 
thirds, which ifi> done by mnlt^yTng 93- by 5^ because each unit 
must contain 5S parts ^ the result will be y^ ; jeinilig this pwi 
with the second, ||, the answer wiU be y/. 

■« ■ • 

Example far praeHce* 

Reduce 12| to a fraction, •Bns. y . 

■ » . • , ■ » - 

Reduce 64 to a fraction. x '- ,«/Jns. '*•• 

. . . ' . . . .,' " . . 

Reduce 3 ly^^ to a fraction* •Bns. Y/, 

Reduce 45yY^ to a fraction* ^ns, Wy. 

70, We now proceed to the multiplication of one fraction by 
another. 

Iff for instanceji | were to.be multiplied by ^ ; according to arti- 
cle 669 the operation would confttst in dividing | by 5, and piulti- 
plying the r^si^lt by 4 ; according to the table in article 65» the first 
o^ieration is performed by multiplying 3, the denominator of the 
multiplicand, by 5 ; and the second, by multiplying 2, the nume- 
rator of the multiplicand, by 4 ; and the required product is thus 
found to be ^^. 

It will be the same with every other example, and it must con* 
sequently be concluded from what precedes, thfit to obtain' the 
product of twofraetions, the two numerators mnst be midfiptied, 
one by the other, and under the product must be placed the product 
of the denondnators* 

Examples* 
Maltiply } by |. •tos. ^\. Multiply i by 4. Ms. j%. 



MoitJpijr4 by I* •*»• ^v- MttiMy 4* by 44* •«««• II* 

MulUply ^ by f .iln^. ^. Multiply 4| by |^. Jim. |^|. 

71* It may ftonratinres kappeti that two vaitaA niHHbei-Sy oi" 
*9fho}e nvaibf^rs joined ^ ith fractions^ are to ber mritipiiedy one by 
die btberv atov for instance^ 5f by 4|-. The moat simple mode 
of obtaining the product is» to redoce the whole numbei^ to Grao- 
tiona Uy tfieprocees in. article 69 ; the two ftiotors wHI then be 
expressed by y and %*, and their products by *||* or l^%9 by 
extracting tUt whole ones (68). 

72. The name fractions infractions is sometimes given to th^ 
product of several fractions ; in this sense We say^ | of 4. This 
expression denotes | of the quantity represented by 4 of the 
TH*iginal unit) and taken in its stead for unity. These two frac- 
tions are reduced to one by multiplication (7a), and the re- 
sult, -fjf expresses the value of tiie quantity required, with 
relation to the original anU $ that is, | of the quantity rep- 
resented by 4 of unity is equivalent to y^ of unity. If it wer^e 
required to take ^ of this result, it would amount to taking ^ of 
I of 4, and these fractions, reduced to one. Would give ^Yt ^'^ 
the value of the quantity sought, with relation to the 'Original 
unit. 

73. The word contain^ in its strict sense, is not more proper in 
the different cases presented by division, than the word repeat in 
those presented by multiplication ; for St cannot be said that the 
dividend contains the divisor, when it is less thftn the latter ; the 
expression is generally used, but only by analogy and exten^on. 

To generalize division, the dividend must be considered as haro- 
ing the same retaitm to the fuotient, that the divisor has to nntt^g, 
because the divisor and quotient are the two factors of the 
dividend (S6). This consideration is conformable to every 
case that division can present. When, for instance, the divisor 
is 5, the dividend is equal to 5 times the quotient, and, conse- 
quently, this last is the fifth part of the dividend. If the divisor 
be a fraction, ^ for instance, the dividend cannot be but half of 
the quotient, or the latter must be double the former. 

The definition, just given^ easHy stiggests the mode of pro- 
ceeding, when the divisor is a fraction. Let us take, for ex« 
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vmflef f . In this ctee the dividend ougbt te be miy 4 of the 
quotient ; but | being | of ^ we shall have | of the quotient^ by 
takin]^ 7 of the dividend^ er dividing it by 4« Thus J^nowing | 
ef the quotientf we have only to take it 5 times^ or iiMilti|ily H 
by 5f to obtain th^ quotient. In tiiis opwation the dividend is 
divided by 4 and multiplied by 5, which is the sane as taking 
f of the.dividendf or multiplying it by 4^ which fraction is no 
other than the divijKiciQverted. 

This examp]|iBr siiowsy that^ in general^ to dMde «ny mmter b^ 
ufraetioHf it mmt b€ muUipliid by thtfradtifm wverkd. 

For instancey let it be required to divide 9 by | ; this will be 
done by multiplying it by 4» ^nd the quotient wiU be found to be 
Y or IS* Also IS divided by 4 will be the same as IS multif> 
j^ed by ^^ or V • 'I'he required quotient will be 18|, hy ej&> 
tracting the whole ones (68)« 

It is evidimt tfaat» whenever the numerator of the diviscM* in 
less than the denoniinator» the quotient wUl exceed the dividend^ 
becanse the divisor in that case^ being less than umty, must be 
contained in the dividend a greater number of times^ than unifgr 
]S» whicbf taken for » divisor, always gives a quotient exactty 
the same as the dividend. 

74« When the Mvidend u a Jiraetumf the opertUum must^bep^ 
firm^ by muUiplykig the dividend by the divisor inverted (70). 
* liBt it be Inquired to divide f by ^ ; according to the preced* 
ing article^ i must be multiplied by 1^ which gives f j^. 

It is evidentf that the above operation may be enunciated thus.; 
To divide one fradifm by another f the numerator rf the Jirst must 
be nmUipli^ by the denominator of the second, and the deaumiinator 
^ the first f by the numerator cf the second. 

If there be whole numbers joined to the given fractions, tbcgr 
must be reduced to fractions, and the above rule applied to the 
results* 

Examples. 

Divide 9 by $. Ms. V* * Divide 7^ by i. Ms. '^. 

Divide, 18 by |. Jins. 15. Divide ^ by 5^« Jtns. ||, 

Divide | by ^. Jins. ^\. Divide V hy ^. Ms. ^ . 

Divide |4 by j\. dns. ^. Divide || by 14. .Aits. 1. 



7^* It is importaiit to obaerrey that «iiy dhisien^ ivhetber it 
tan be performed in whole numbers or not, may be indicated by 
afirmctioaal expression; y^ for instance^ expresses evidently 
Ae quotient of &S by 3^ as well as l&f for ^ being contained three 
times in unity^ y will be contained 3 times in 36 anits^ as the 
quotient of % by 3 must be. 

76* It may seem preposterous to treat of the multiplication and 
division of fractions before having said any tiling of the manneK 
of adding and subtracting them ; but this order has been follow-^ 
edy because multiplication and divkion follow as the imm^ 
diate consequences of the remark given in the table of arti* 
de S5f but addition and subtraction require some previous 
preparation. It is> besides^ by no means surprising^ that it 
should be more easy to multi^y and divide fractions, than to add 
and subtract them, since they are derived fit>m 4Wision, which 
is so nearly related to multiplication^ There will be many op* 
portunities, in what follows, ot becoming conviiteed of this truth ; 
that operations to be performed on quantities are so much the 
more easy, as they approach nearer to the origin of these quw- 
tities. We will now proceed to the addition and sabtraction of 
fractions* 

77. When the fractions on which these operations are to bo 
performed have the same denominator, as they contain none but 
parts of the same denomination, and consequentiy of the same 
magnitude or value, they can be added or subtracted in the same 
manner as vrtiole numbers, care being taken to mark, in the re* 
suit, the denontnation of the parts, of which it is composed. 

It is indeed very plain, that ^\ and ^\. make -Z^, as S quan* 
tities and 3 quantities of the same kind make 5 of that kind^ 
whatever it may be* 

Also, the difference between | and f is !> as the difference be- 
tween 3 quantities and 8 quantities, of the same kind^ is 5 of that 
kind, whatever it may be. Hence it must be concluded, that, to 
add or iubtract JracHonSf having the same denomnatoTf the mm or 
Afferenee of ihdr numerators must be taken, and the common de- 
nominator written under the result. 

7%0 When the given fractions have different denominators, it 
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is impossible to add together^ or subtfaGt, mie fruni ike otber, 
tbe pails of whieh tfaey ape eomposed, tieeause these paits are 
of different oiagnitiHlrs ; but to obviate tMs difficoity^ the frac- 
tions are made to undergo a change, which brings them to parts 
of the same magntlnikif by giving tbdm a common denomi* 
iiator« 

For instance, let &e frartions bef and | ^ tf each term of the 
irst be fnultiplied by Bf tbe denominator <if tire second, the first 
will be ohftBged into \^ ; and if each term of tbe second be mid- 
liplied by $$ the denominator of the first, the second will be 
changed into 4f ; thus two new expressions will be formed, h'aT-> 
iiig tbe same Yahie as tfhe giten fraction^ (56). ' 

This operation, necessary for comparing the respective mag^ 
nitudes of two fractions, consists simply in finding, to express 
them, parts of an unis suffieientty smril to be contained exactly 
in eaob of those which form the given fraoticms. It is plain, in 
the above example, tihat the fifteenth part of an unit will exactly 
measure ^ and '^ of this unit, beeanse f contains five 15^4 and 
I contains three 15^ . The process, applied to the fractions f 
and ^, will admit of being applied to any others. 

In general, to reduce any two fractions to the same denominator, 
the two terms of eadi of them must bemuttipiied by the dewmintUor 
of the other, 

79* ^ny number of fractions are reduced to a common denomina* 
kr, by "nmttiphiii^ the two terms of eadi by the product of the denrnn^ 
inators of ail the others ; for it is plain 4hat the new denominators 
are all tbe same, since each one is the product of^ll the original 
denominators, and that the new fractions have the same value as 
the former ones, sinee nothing has been done except multiplying 
each term of these by the same number (56). 

Examfles. 

Reduce | and 4 to a common denominator. Ans. \\9\%* 
Reduce -f^ and ^ to a common denominator, ^ns. ^\^ 4v* 
Reduce |, J, and | to a common denominator, ^ns* |^, ^^, ^ J. 
Reduce ^^9 1, f , and f to a common denominator. 

Jins. -ffi-^i Sl-i^y 7TTir» TTTTT* 



The preceding nile conducts tt9» in all cases, to the proposed 
end ; but vhen the denominators of tlie fractions in question are 
not prime to each other, there is a common denominator more 
simple than that which is thus obtained, and which may be 
shown to result from considerations analogous to those given in 
the preceding articles. If, for instance, the fractions were |, |, 
|, ^, as nothing more is required, for reducing them to a com- 
mon denominator, than to divide unity into parts, which shall be 
exactly contained in those of which these fractions consist, it will 
be sufficient to find the smallest number, which can be exactly 
divided by each of their denominators, S, 4, 6, 8 ; and this will 
be discovered by tiying to divide the multiples bf 3 by 4, 6, 8 ; 
which'does not succeed until we come to £4, when we have only 
to change the given fractions into 24^ of an unit. 

To perform this operation we most ascertain successively hoW 
many times the denominators, 3^ 4, 6, and 8, are contained in 
24, and the quotients will be the numbers, by which each term 
of the respective fractions must be multiplied, to be reduced to 
the common denominator, 24. It will thus be found, that each 
term of | must be multiplied by 8, each term of | by 6, each 
term of ^ by 4, and each term of | by 3 ; the fractions will then 
become ||, ||, | J, f^. 

Algebra will furnish the means of facilitating the application 
of this process. 

80. By reducing fractions to the same denominator, they may 
be added and subtracted as in article 7T. 

81. When there are at the same time both whole numbers and 
fractions, the whole numbers, if they stand alone, must be con- 
verted into fractions of the same denomination as those which 
are to be added to them, or subtracted from them ; and if the 
whole numbei*s are accompanied with fractions, they must be 
reduced to the.same denominator with these fractions. 

■ 

It is thus, that the addition of four units and f changes itself 
into the addition of y and f, and gives for the result y*. 

To add Sf to 5^, the whole numbers must be reduced to frac- 
tions, of the same denomination as those which accompany them, 
which reduction gives y and Y ; with these results the sum is 
found to be Y^^, or 8f|. If, lastly, f were to be subtracted from 

Jtrith. 7 
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8^9 the operation would be redaced to taking ^ from Vy and the 

Examples in addition of fractions. 



remainder wouW be * ' 



Ans. 


i;, or 1. 


Jtns, 


14* 


Jins. 


4i- 


Ans. 


^TT* 


Ans. 


i%V 



Add I to |. 

Add f to 14. 

Add » to |. 

Add 4, |, and | together. 

Add 2|, 4|, and 5| together. 

Add ^f l|, and 6| together. wtf«5. 8|. 

Examples in subtraction of fractions. 

From I take -J. 4n5. 4. From 5^ take 2|. wtf«5. 2|. 
From I take |. Ans. -Z^. From 8| take 4|. .dn^. 4/^. 
From II take /^. wJn«. ^. From 3J take 24^. wtfii^, |f . 

82. The rule given^ for the reduction of fractions to a .com- 
mon denominator supposes, that a product resulting from the 
successive multiplication of several numbers into each other^ 
does not vary, in whatever order these multipiications may be 
performed ; this truth, though almost always considered as self- 
evident, needs to be proved. 

We shall begin with showing, that to multiply one number by 
the product of two others, is the same thing as to multiply it at 
first by one of them^ and then to multiply that product by the 
other. For instance, instead of multiplying S by S5f the pro- 
duct of T and 5, it will be the same thing if we multiply 3 by 5, 
and then that product by 7. The proposition will be evident, if, 
instead of 3, we take an unit ; for 1, multiplied by 5, gives 5, 
and the product of 5 by 7 is 35, as well as the product of 1 by 
35; but 3, or any other number, being* only an assemblage of 
several units, the same property will belong to it, as to each of 
the units of which it consists ; that is, the product of 3 by 5 and 
by '7, obtained, in either way, being the triple of the result 
given by unity, when multiplied by 5 and 7, must necessarily be 
the same. It may be proved in the same manner, that were it 
required to multiply 3 by the product of 5, 7, and 9, it would 
consist in multiplying 3 by 5, then, this product by 7, and the 
result by 9, and so on, whatever might be the number of factors. 
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To represent in a shorter manner several snccessive multipli- 
cationsy as of the numbers 3, 5, and 7, into each other, we shall 
write 3 by 5 by r. 

This being laid down, in the product 3 by 5, the order of the 
factors, 3 and 5 (£7)9 may be changed, and the same product ob- 
tained. H4Hice it directly follows, that 5 by 3 by r is the same 
as 3 by 5 by r« 

The order of the factors 3 and 7^ in the product 5 by 3 by 7, 
may also be changed, because this product is equivalent to 5, 
multiplied by the product of the numbers 3 and f ; thus we have 
in the expression 5 by 7 by 3, the same product as the preceding. 

By bringing together the three arrangements, 

3 by 5 by 7 
5 by 3 by 7 

5 by 7 by 3, ^ 

we see that the factor 3 is found successively, the first, the second, 
and the third, and that the same may take place with i^espect 
,to either of the others* From this example, in which the par- 
ticular value of each number has not been considered* it must 
be evident, that a product of three factors does not vary, what- 
ever may be the order in which they are multiplied. 

If the question were concerning the product of four factors, 
such as 3 by 5 by 7 by 9, we might, according to what has been 
said, arrange, as we pleased, the three first or the three last, and 
thus make any one of the factors pass through all the places. 
Considering then one of the new arrangements, for instance this, 
5 by 7 by 3 by 9, we might invert the order of the two last fac- 
torSf which would give 5 by 7 by 9 by 3, and would put 3 in the 
last place. This reasoning may be extended without difficulty 
to any number of factors whatever. 



DECIMAL FRACTIONS. 

83. AxTHOUOH we can, by the preceding rules, apply to frac- 
tions, in all cases, the four fundamental operations of arithmetic, 
yet it must have been long since perceived, that, if the different 
subdivisions of a unit, employed for measuring quantities small- 
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€v than ttnis unity imd Jbten sobjeottd to a c^mttion law oTde- 
civasey the caiontan ctf firactions would have been n/lich mere 
convenient^ on acconnt of the facility with which we might 
convert one into another. By making this law of deoreaee con« 
form- to the basis of our system of numeration^ we have given 
to the caknhis the greatest degree of Bimplkity^ ofr which it is 
capable. 

We have seeii in article 5^ that each of the collections of units 
contained in a number^ is composed of ten uiuts of the preceding 
order, as the ten consists of simple units ; hot there is nothing 
to prevent our regarding this simple unity as containing ten 
parts, of which each one shall be a teniJth ^ tho tenth as containing 
ten partSy of which each one shall be a hundredth of unity, the 
hundredth as containing ten parts, of which each one shall be a 
thmisandth of unity, and so on* 

Proceeding thus, we may form quantities as small as we 
please, by means of which it will be pesmble to measure any 
quantities, however minute. These fractions, which are caHed 
dectmob, because they are eomposed of parts of unity, that 
become continually ten times smaller^ as they depart ftirtfier 
frem unity, may be convMrted^ one into the other, in the sam0 
manner as tens, himdreds, thaysandit, he. are converted into 
units ; thus, 

the unit being equivalent to 10 tenths, 
the tenth 10 hundredths^ 

the hundredth 10 thousandths, 

it follows, that the tenth is equivalent to 10 times 10 thousandthSj: 
or 100 thousandths. 

For instance, S tenths, S hundredths, and 4 thousandths will 
he equivalent to 234 thousandths, as 2 hundreds, S tens, and 4 
units make 2S4 units ; and what is here said may be applied 
universally, since the subordination of the parts of unity is like 
that of the different orders of units. 

84. According to this remark, we can, by means of figures, 
write decimal fractions in the same manner as whole numbers, 
since by the nature of our numeration, which makes the value of 
a figure, placed on the right of another, ten times smaller, tenths 



natarafly take their ^tauoe on liM right of mat^r theYi AindmRAs 
on the rigikt of loiithsy and so xm | boil. Chat tbo igopes cftprosow 
kig decimal part£i may not be cotifennded with those e}C{>res8iiig 
^ole ttniHr m cooHBftf k plaCfId on the right of ninitB* To' ex* 
prcMy for kistancey 34 unHs and ^ handl-edthSy we write d4y3r« 
tf thiare be Ao imitey their |ilaee is supplied by a cipher^^ and the 
same is done for all the decimal parts^ which may be Wftntili|$ 
between ttose^ enonciated in the given number. 
Thus 1 9 hundredths are written 0, 1*9^ 

304 thousandths 0,304, 

S thousandths 0,/003« 

85, If the expres»ons for the above decimal fractions be com- 
pared with the following,' ^^rr, Vr/inr' tAtt' drawn teom the 
general manner of representing a ft*action^ it will be seen, thal^ 
to represent in an enUrefarm a decbMU^ fraeHxm^ written ms a vul^ 
gar fra^tionf the numerator of the JraeHon must be fatten ae U is, 
mut pkwed after the eomma tn ^ticA a manner, ^utt U mdy have as 
iMnjf Jigures as there are ciphers after the nnU in the denominator, 

Becip^caHy, to reduce a dedmal fraction^ given in the firm cf 
a whole mmber, to that of a imigar fraction, tiie figures that it 
eontamsrmnst' receive, for a denaminatorf an unit fMowed by as 
many ethers, as there are figures efter the comma. 

Thus the fractions, 0,56, 0,036> are changed into y^v ^^^ 

86. An expresmn, in figures, (^ numbers containing decimal 
parts, is read by emmoiating, first, the figures placed on the left of 
the point, then those on the right, adding to the last figure ^ the 
loiter the denomination cfthe parts, which it represents. 

The number S6,736 is read £6 and 736 thousandths ; 
the number 0,0673 is read 673 ten thousandths^ 
and 0,0000673 is read 673 ten miUionths. 



t In English books on mathematics^ and in those that have been 
written in the United States, decimals are usually denoted by a 
point, thus 0.19 ; but the comma is on the whole in the most general 
use ; it is accordingly adopted in this and the subsequent treatises 
to be published at' Cambridge. 
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W. As decimal figures tftke tfieir value entirely from fheir 
position relative to the comma^ it is of no consequence whether 
ve write or omit any number of ciphers on their right. For 
instance^ 0,5 is the same as 0,50 ; and 0#784 is the same as 
0,7^400 ; for, in the first instance, the number, which expresses 
the decimal fraction, becomes by the addition of a ten times 
greater, but the parts become hundredths, and consequently 
oh this account are ten times less than before; in the second 
instance, the number, which expresses the fraction, becomes a 
hundred times greater than before, but the parts become hun- 
dred thousandths, and, consequently, are a hundred times smaller 
than before. This transformation, then, becomes the same as 
that which takes place with respect to a vulgar fraction, when 
each of its terms is multiplied by the same number ; and if the 
ciphers be suppressed, it is the same as dividing them by the 
same number. 

88. The addition of decimal fractions and numbers accompa- 
ny ing them, needs no other rule than that given for the whole num- 
bers, since the decimal parts are made up one from the other, 
ascending from right to left, in the same manner as whole units. 

For instance, let there be the numbers . 0,56^ 0,003, 0,958 ; 
disposing them as follows^ 

0,56 

0,003 

0,958 

Sum 1,521 

we find, by the rule of article IS, that their sum is 1,521. 

Again, let there be the numbers 19,35, 0,3, 48,5, and 110,02, 
which contain also whole units, they will be disposed thus ; 

19,35 
0,3 
48,5 
110,02 / 

Sum 178,17 

and their sum will be 178,17. 

' In general, the addUian of decimal numbers is perpjiMed like 



• X 



^ 



Bedmal FracMms* 55 

that of wMe numberSf care being taken la place the comma in the 
ium, directly under the commas in the numbers to be aided. 

Examples for practice. 

Add 4,003, 54,9, 3,S1, 6,7203, Jns. 68,8333* 

Add 409,903, 107,7842, 6^1043, 10,2074. dns. 5S4,0889- >", z/^' 

Add 427, 603,04, 210,15, 3,364, ,02.1. Jtns. 1243,575. 

89* The rules prescribe^ for the subtraction of whole num- 
bers apply also, as will be seen, to decimals. For instance, let 
0,3697 be taken from 0,62 ; it must first be observed, that the 
second number, which contains only hundredths, while the . 
other contains ten thousandths, can be converted into ten thou* 
sandths by placing two ciphers on its right (87), which changes 
it iDto 0,6200. 

Tbe.operation will then be arranged thus ; 

0,6200 
0,3697 



DiflTerence 0,2503 . 
and, according to the rule of article 17, the difference will be 

0,2503. 

Again, let 7,364 be taJken from 9,1457 } llie operation being 
disposed thus ; 

9,1457 
7,3640 



Difference 1,7817 

the above difference is found. It would have been just as well if no 
cipher had been placed at the end of the number to be subtracted, 
provided its different figures had .been placed under the corres- 
ponding orders of units qv parts, in the upper line. 

In general, the subtraction of decimal numbers is performed like 
\ht of whole numberSf provided that the number of decimal figures, 
in the two given mimberst be made alike^ by writing on the right 
(jf thatf which has the least, as many ciphers as are necessary ; and 
that the comma in the difference is put directly under those of the 
given numbers. 
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MopampUs for practice. 

From SM^BW take ISSyGSS. Jtns. 145,935. 

From 215,003 take 1,1034. Ans. 213,8996. 

From 1 take ,9993. Ans. 0,0007. 

From 68,8dSS take ,00042. Jins. 68,83288. 

The methods of proving addition and subtraction of decimals 
are the same as those for the addition and subtraction of whole 
numbers. 

90. As the comma separates the collections of entire units 
finom the decimal parts, by altering its place, we necessarily 
change the yalue of the whole. By moving it towards the right, 
figures, which are contained in the fractional part, are made to 
pass into that of whole numbers, and ronseqaently the value of 
the given number is increased. On the contrary, by moving the 
comma towards the left, figures, which were contained in the part 
of whole numbers, are made to pass into that of fractions, and 
consequently the value of the given number is diminished. . 

The first change makes the given number, ten, a hundred, a 
thousand, &c. times greater than before, acconling as the comma 
is removed one, two, three, &c. placed towards the right, because 
for each place that the comma is thus removed, all the figures 
advance with respect to this comma one place towards the left, 
and consequently assume a value ten times greater than they had 
before. 

If, for example, in the number 134,28, the point be placed 
between the 2 and the 8, we shall have 1342,8^ the hundreds 
will have become thousands, the tens hundreds, the units tens^ 
the tenths units, and the hundredths tenths. Every part of the 
number having thus become ten times greater, the result is the 
same as if it had been multiplied by ten. 

The second change makes the givmi number ten, a hundred, a 
thousand, &c. times smaller than it was before, according as the 
comma is removed one, two, three, Jcc. places towards the left, 
because for each place that the comma is thus removed, all the 
figures recede, with respect to this comma, one place further to 
the right, and consequently have a value ten times less than 
they had before. 
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It, in the namber 134»dS9 the point be placed between the 3 
and 4, we shall have 1S|428; the hundreds will become tens, 
the tens units^ the units tenths^ the tenths hundredths^ and 
the hundredths thousandths ; every part of the number having 
thus become ten times smaller^ the result is the same as if a 
tenth part of it had been taken, or as if it had been divided by ten. 

91* From what has been said, it will be easy to perceive the 
advantage, which decimal fractions have over vulgar fractions ; 
all the multiplications and divisions, which are performed by 
the denominator of the latter, are performed with respect to the 
former, by the addition or suppression of a number of ciphers, or 
by simply changing the place of the comma. By adapting these 
modifications to the theory of vulgar fractions, we thence imme- 
diately deduce that of decimals, and the manner of performing 
the multiplication and division of them ; but we can also arrive 
at this theory directly by the following considerations. 

Let us first suppose only the multiplicand to have decimal 
figures. If the comma be taken away, it will become ten, a 
hundred, a thousand, &c. times greater, according to the num- 
' her of decimal figures ; and in this case the product given by 
multiplication will be a like number of times greater than the 
one required ; the latter will then be obtained by dividing the 
former by ten, a hundred, a thousand, &c. which may be done 
by separating on the right(90) as many decimal figures, as there 
are in the multiplicand. 

If, for instance, 34,137 were to bo multiplied by 9, we must 
first find the product of 34137 by 9, which will be 30r£33; and, 
since taking away the comma renders the multiplicand a thou- 
sand times greater, we must divide this product by a thousand, 
or separate by a comma its three last figures on the right ; we 
shall thus have 307,233. 

In general, to rmdUplyf by a whole number, a number accompa- 
nied by decimals, the comma miist be taken away from the multi- 
plicandf and as many figures separated for decimals, on the right 
^the productf as are contained In the multiplicand. 
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Eocumj^ far practieem 

Multiply 231,415 by 8. Ms. 1851,320. 

Multiply 32,1509 Jby 15. Sm. 482,2635. 

* Multiply ,840 by 840. Ms. 705,600. 

Multiply 1,236 by 13. Ms* 16,068. 

92. When the multiplier contains decimal figuresy bj 8up-< 
pressing the comma, it is made ten, a hundred, a thousand, &c« 
times greater according to the jiumber of decimal figures. If 
used in this state, it will evidently give a product^ ten, a hun- 
dred, a thousand, &c« times greater than that svhicb is requiredf 
and consequently the true product will be obtained by dividing 
by ope of these numbers, that is, by separating, on the right of 
it, as many decimal figures as there are in the multiplier, or hj 
removing the comma a like n.umber of places towards the 10(1(90)^ 
in case it previously existed in the product on account of de- 
cimals in the multiplicand* For instance, let 172,34 Jbe mul- 
tiplied by 36,003 $ taking away the comma in the multiplier onJy» 
we shall have, according to the preceding article, the pi?oduct 
622^758,52 ; but^ the multiplier being rendered a thousand times 
too gre^t, we must divide this product by a thousand, or remove 
the comma three places towards the left, and tbe required pro- 
duct will then be 6222,75852, in \yhicb there nyist necessarily be 
as many decimal figures as there are ip both multiplicand and 
multiplier. 

In general, to mvUiply one In/ the (4Aer%two nwi9lfers accompa^ 
nied by decimals, the comvia nf'Ust be taken awayfro^ hoUif and a» 
many figures separated for decimals^ on the right o the proiuctf 
as there are in both the factors* 

In some cases it is necessary to put one or more ciphers on the 
left of the product, to give the mimber of decimal fignfe9 requir- 
ed by the above rule. If, for example, 0,624 be multiplied by 
0,003 ; in forming at first the product of 624 by 3, we shall have 
tlie number 1872, containing but 4 figures, and a^ 6 figures must 
be separated for decimals, it cannot be done e]f;cept by placing 
on the left three ciphers, one of which must occupy the place of 
units, which will make 0,001872. 
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Exampks for practice. 

Mottipijr 3S946 by 2^500. 4nB. 559^,65iiOO. 

Multiply S5,640 by. £6^1 8. Ans. 933,05 5^0. 

Multiply 8y4%0 by 2,61 a. Am. 22,24252^0. 

Multiply ,5236 by ,2808* Ans. 0,14702688. 

Multiply ,11785 by ,27. Am. 0,0318195. 

93. It is evident (36), that the quotient of two numbeirs does 
not depend on the absolute magniliide of their units, provided 
that this be the same in each ; if then, it be required to divide 
451,49 by 13,<we should observe that the foroier amounts to 
45149 hundredths, and the latter to 1300 hundredths, and that 
these last numbers ought to give the same quotient, as if they 
expressed units. We shall thus be led to suppress the poiht in 
the first number, and to put two ciphers at the end of the second, 
and then we shall only have to divide 45149 by 1300, the quo- 
tient of which division will be 34 ^VVV* 

Bedee we cofieiude, that, to divide^ iy a whole number, a nuni' 
kr ttctampetmed by dedmalfigureSf the comma in the dividend must 
h iahff^ auHty, and asiMiny ciphers^ placed at the end qf the divisor , 
Bi the iMd}end c&ntain^ decimal Jlgttres, and no alteration in the 
fnHent wU he neeeseaff^ 

94. Wfteti both dividend and divfsor are accomfpanied by deci- 
mal figures, we must, before talifng away the comma, reduce 
tten to d^imais of tie same order, by placing at the end 6f tfiat 
lumber^ which has the fewest decimd figures, as many ciphers 
iA will make it termiuate at the same pface of decimals as the 
HIer, because then the sappressbn of the comma renders both 
the saKie wtubw of time» greater. 

For inatMei^it let S15,43S: be divided by 23,4, tins last must be 
changed lute 23^(009 and then 315432 must be divided by 23400 f 
flie quotient wilt be 1 3|||^|. 

I'liuB^ to divide one by i^ other, two numibers accompanied hg 
ieeiiiud JigureSf the nunibtr of dedknal Jignres in the divisor and 
^Mdmiwmt be made equal, by ann^ng fo the one, that has the 
^^aai, as many ciphers as are mcessary ; the point must then be sup-- 
pressed in eachf and the quetimt wi& reqwre no^eMeratien. 

95. As we have recourse to decimals only to avoid the neces- 



6% Jntftituljes* 

fiity of employing vulgar fractions, it is natural to make use of 
decimals for approximating quotients that cannot be obtained 
exactly, wiiich is done by converting the remainder into tenths, 
hundredths, thousandth, &c. so that it may contain the divisor ; 
as may been in the following example; 



45149 
3900 



1300 



34,73 



6149 
5200 

Remainder (949 
tenths 9490 

9100 



* 



hundredths 3900 

3900 



When we Come to the remainder 949, we annex a cipher in 
order to multiply it by ten, or to convert it into tenths i thus 
forming a new partial dividend, which contains 9490 tenths and 
gives for a quotient 7 tenths, which we put on tha right of the 
units, after a comma. There still remains 390 tenths, wfaicb 
we reduce to hundredths by the addition of another cipher, and 
form a second dividend, which contains 3900 hundredths, and 
gives a quotient, 3 hundredths, which we place after the tenths. 
Hei*e the operation terminates, and we have for the exact result 
34,73 hundredths. If a third remainder had been left, we might 
have cpntinued the operation, by converting this remainder into 
thousandths, and so on, in the same manner^ until we came to an 
exact quotient, or to a remainder composed of parts so small^ 
that we might have considered them of no importance. 

It is evident, that we must always put a comma, as in the 
above example, after the whole units in the quotient, to distin- 
guish them from the decimal figures, the numher of which must 
be equal to that of the ciphers successively written after the 
remainders^. 

* The problem above performed with respect to decimals, is only 



Ledmai FraeHam. 



n» 



Examfiesfor pracHee^ 



Biv 
OiT 
Div 

Div 
Di? 
Div 
DiT 
Div 
Div 



de 6345,025 
de 5673,21 
de B452990r 
de 27845,96 
de 200,5 
de 10,0 
de 513,2 
de 7,25406 



by 54,23. 
by 23,0. 
by 627,1. 
by 0,8732. 
by 231. 
by 563,0. 
by 0,057. 



Jns. 117,018 &C. 
Jns. 246»66f&c. 
Jim. 1344761^1 &C. 
Jln$. 2820,3581 &c« 
Jins. 0,1867 &c. 
Ms. 0,00177 &c. 
Ms. 9003,50 &C. 
Mb. 0,00758 
Ms. 0,00150 &c. 
Ms. 0,038356 &c. 



by 957. 
ide 0,00078759 by 0,525. 
ide 14 by 365. 

96. The nuinerator of a fraction, being converted into decimal 
parts^ can be divided by the denominator as in the preceding 
examples, and by this means the fraction win be converted into 
decimals. Let the fraction, for example, be |^ tUe operation is 
performed thus ; 



10 
8 



0,125 



20 
IS 

40 
40 



Again, let the fruction be y|y ; the numerator most be con- 
verted into thousandths before the division can begin. 



a particular case of the followiDg more general one $ To find the 
value of the qtiotient of a division ^ infractions of a given denomina^ 
tion ; to do this we convert the dividend into a fraction of the same 
denomination by multiplying it by the given denominator. Thus, in 
order to find in fifteendis the value of the quotient of 7 by 3, we 
should multiply 7 by 15, and divide the product, 105, by 3, which 
^ve^s thirty-five fifteenthsi or Ij- for the quotient required* 



Jtithmeik* 



4000 

8»85 



ttm 



797 



0,005018 &C. 



1500* 

797 . 

7030 
6576 

654 

Examples far practice. 

Bediice | to a decimal fraction. An$. 0,75 

Beduce | to a deciqial fraction. Ms. 0,5. 

Reduce -f^ to a decimal fraetion. ^iis. 0,0714285 &c. 

.Ans. 0,05. 
Ms. 0|3S3 &c. 

97. However far we may continue the second division, exhib- 
ited above, we shall never obtain an exact quotient, because the 
fraction y|y cannot, like |, be exactly expressed by decimals. 

The difference in the two cases arises from this, that the de- 
nominator of a fraction, which ,does not divide its numerator, 
cannot give an exact quotient, except it will divide one of the 
numbers 10, 100, 1000, &c. by which its numerator is suc- 
cessively multiplied, because it is a principle, which will be 
found demonstrated in Algebra, that no number will divide a 
product except its factors will divide those of the product ; now 
the numbers 10, 100, 1000, &c. being all formed from 10, the 
factors of which are 2 and 5, they cannot be divided except by 



Reduce ^Iy to a deeiaial fraction. 
Reduce 4 to a decimal fraction. 



* It may also be proposed to convert a given fraction into a frac* 
tion of another denomination, but smaller than the first, for instance, 
^ into seventeenths, which will be done by multiplying 3 by 17 and 
dividing the product by 4. In this manner we find ^^ seventeenths. 
Or If and | of a seventeenth ; but | of ^ is equivalent to ^. The 
result then, ^, is equal to |, wanting ^. 

This operation and that of the preceding note depend on the same 
principle, as the corresponding operation for decimal fractions. 



nambers formed from th^e same factors; 8 is among tbese^ 
Mng the product of 9 by ^ bj ^. 

Fractions^ the valae of wbkh cannot be exactly foond by de- 
omalsy present in their approximate expression^ viien it has 
been carried sufficiently far» a character which serves to denote 
tiieai ; this is the periodical return of the same figures. 

If we convert the fracUon ||. into decimals, we shall find it 
0,SS4S£4 •,•»•» and the figures 3, s^ 4f will always ^rf^urn in 
flie same order, without the operation ever coming to an end* 

Indeed, as there can be no remainder in these successive 
4iv»ioBS except one of the series of whole numbers, !# d^ d, &c» 
9p to the divisor, it neci^arily happens, that, when the number 
of divisions exceeds that of this series^ we must fail again upon 
sons one of the preceding remainders^ and consequenfly the 
pirtial dividends will return in Uie same order. In the above 
sxample three divisions are sufficient to cause the return of the 
same figures ; hut six are necessary for the fraction 4^, because 
is this case we find, for reosaindeirSf the six numbers which are 
hdow r» and the result is Opl4&HSTl • • < The fraction } leads 
only to 0,3333 . • • , • 

98. The fractional which have for a denominator any number 
of 9s> have no significant figure in their periods except l ; 

I gives 0,11 til ... 
1 

TT 

■ _l _ 
TTT 

and so with the others, because each partial division of the nnm- 
bers 10, 100, 1000, &c. always leaves unity for the remainder. 

Availing ourselves of this remark, we pass easily from a 
periodical decimal, to the vulgar fraction from which it is deriv- 
ed. We see, for example, that 0,33333 p • • • • amounts to the 

«ftm9 as 0,11111 muUipUed by 3, and as this last decimal 

is the development of ^, or ^ reduced to a decimal, we conclude^ 
that the fi>rmer is the development of ^ multiplied by 3, or |, or 
lastly, |. 

When the period of the fraction under consideration consists 
of two figures, we compare it with the de\ elopment of ^V* ^nd with 
that of j\j, when the period contains three figures^ and so on. 



* 0,010101.., 

1 0,001001001 



i." 



G4 drUhme&e. 

If we had, for example, 0^3S4d24, it is plain that this fraction 

may be formed by multiplying 0,001001 by 3£4 ; if we 

multiply then ^1^, of which 0,001001 is the development, by SM, 
we obtain m, afid dividing each term of this result by dZ^ w« 
€ome back again to the fraction |f. 

In general, the vulgar Jraetion9fr&m whidi a dednudjiraeibm 
ariseSf is formed by writing, as a deMmnnatWp under the number, 
which expresses one period, as many 9s, c» there arefigwes in the 
period. 

~ If the period of the fraction does not commence with tli% 
first decimal figure, we can for a moment change the place of 
the point, and put it immediately before the first figure of the 
period and beginning with thisf figure, find the value of the 
fraction, as if those figures on the left were units ; nothing thea 
wUl be necessary except to divide the result by 10, 1 00, 4000^ 
&c. according to the number of places the point was moved to- 
wards the right* 

For instance, the fraction 0,334141, is first to be written 
3£,4141 ; the part 0,4141 being equivalent to ^, we shall have 
^^779 which is to be divided by 100, because the point was 
moved two places towards the left $ it will consequently become 
yW ^^d TT7ir* ^^ ^y reducing the two parts to the same denemi* 
nator, and adding them, f f^^t a fraction which will reproduce 
the given expression. 

JExamples for practice.* 

Reduce 0,18 to the form of a vulgar fi*adion. Ans. f\» 
.Reduce 0,72 to the form of a vidgar fraction. Ans. j'y 

Reduce 0,83 to the form of a vulgar fraction. Jlns. f • 

Reduce 0^1% to the form of a vulgar fraction. Ms. ^||j» 
* Reduce 0,275463 to the form of a vulgar fraction. 

Reduce 0,916 to the form of a vulgar fraction. Jlns. ^. 

* In these examples, the better to distinguish the period, a point is 
placed over it, if it be a single figure, and over the first and last 
figarSf if it consist of more than one. 
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To form a correct idea of the nature of these fractions it is 
voflteient to consider the fraction Q»999. In trying to discoyer its 
original value we ind that it answers to 9 divided by 99 that is^ 
*to lunty ; neverthelessy at whatever number of figures we stop in 
its expression^ it will never make as unit. If we stop at the 
first figurCf it wants ^V of ^^ ^^^^ 9 ^^ ^^ ^^^ second* it wants 
f^-^ ; i^ at the thirds it wants f ^Vv' ^"^ so on ; so that we 
tan arrive as near to unity as we please^ but ran never reach it.^ 
Unity then in this case is nothing but a limit, to which 0,999 

« coDtinualjiy approaches the nearer the more figurei^it 

has. 

99. The preceding part of this woris: contains all the rules 
absdutely essential to the i^ithmetic of abstract numbers^ but 
to apply them to the uses of society it is necessary to know the 
different kinds of tinits, which are used to compare together^ 
or ascertain tiie value of quantities^ under whatever form they 
may preseBt themselves. These units, which are the measures 
in use, have varied with tinges and places, and their connexion 
bas been formed only by degrees, accordingly as necessity and 
ibe progress of the arts and sciences have required greater 
exactness in the valuation of substancesj a^d the construction of 
instnimwts. 

TABXBS 0? COnr, weight, AIOI MSASIIBB. 

Denominations of Federal money, as determined by an act of 
Congress, Aug. 8, I786f. 

10 mills make one cent c. 

10 cents one dime d. 

10 dimes one dollar S. 

10 dollars one eagle £• 

t The coins of federal money are two of gold, four of silver, 
uid two of copper. The gold coins are an eagle and half -eagle ; 
tbe silver, a dollar 9 hfdf'dMar^ double dime, and dime; and the cop- 
per a cent and half<enL The standard for gold and silver is eleven 
pirUfine and one part alloy. The weight of fine ^old in the eagle is 
^6^Qg grains ; of fine silver in the dollar, 375,64 grains } of copper 

^^Tiihrn 9 



6% Arithmetic. 

English Money i 



4 farthings make 1 penny 
12 pence 1 shilling 

£0 shillings 1 pound 



£ denotes pounds. 

s shillingg* 

d pence* 

q quarters or farthings. 



1<]L0T WEIGH'T. 

24 grains make 1 penny-weighty marked grs. dwt 
20 dwt. 1 ounce, oz. 

12 oz. 1 pound, lb. ' 

By this weight are weighed jewels, gold, silver, corn^ bread, 
and liquors. 

, AFOTHECABIBS' WEIGHT. 

20 grains make 1 scruple, marked gr. sc. 

a sc. 1 dram, dr. or $. 

8 dr. 1 ounce, oz. or J. 

12 oz. 1 pound, ib. 

Apothecaries use this weight in compounding their medicines $ 



in 100 c^nts^ 2^ lb. avoirdupois. The fine gold in the half-eagle ift 
half the weight of that in the eagle ; the fine silver in the half-dollar, 
half the weight of that in the dollar, &c. The denominations less 
than a dollar are expressive of their values ; thus, mill is an abbrevia- 
tion of millei a thousand, for 1000 mills are equal to 1 dollar; cenf, 
of centum^ a hundred, for 100 cents are equal to 1 dollar ; a dime is 
the French of tithey the tenth part, for 10 dimes are equal to 1 dollar. 

The mint price of uncoined gold, 11 parts being fine and 1 part 
alloy, is 209 dollars, 7 dimes, and 7 cents per lb. Troy weight ; and 
the mint price of uncoined silver, 11 parts being fine and 1 part 
alloy, is 9 dollars, 9 dimes, and 2 cents per lb, Troy. 

In practical treatises on arithmetic, may be found rules for reducing 
the Federal Coin, the currencies of the several United States, and 
those of foreign countries, each to the par of all the others. It may 
be sufficient here to observe respecting the currencies of the several 
states, that a dollar is considered as 6s. in New-England and Vir- 
ginia ; 8s. in New-York and North Carolina ; 7s. 6d. in New-Jersey, 
Pennsylvania, Delaware, and Maryland ; and 4s. 8d. in South Caro- 
lina and Georgia $ the denomination of shilling varying its value ac- 
cordingly. 
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but they bny and sell their drugs by Avoirdupois weight. Apoth- 
ecaries' is the same as Troy weighty having only some different 
divisions. 

▲VOIRDinPOIS VTEIGHT. 

16 drams make 1 ounce^ marked dr. oz. 

16 ounces I pound, lb. 

28 lb* 1 quarter, qr. 

4 quarters 1 hundred weight, cwt. 

20 cwt. 1 ton, T. 

By this weight are , weighed all things of a coarse or drossy 
nature ; such a butter, cheese, flesh, grocery wares, and all 
metals^ except gold and silver. 

DST MEASUBB. 

Harked tSaxVtd 

8 bushels 1 quarter, qr. 

5 quarters 1 wey or load, wey. 
4 bushels 1 coom or carnock, co. 
2 cooms a seam or quarter. 

6 seams 1 wey. 
1| weys 1 last, L. 



S pints make 1 quart, pts. qts. 
2 quarts 1 pottle, pot. 

2 pottles 1 gallon, gal. 
2 galbns 1 peck, pe. 
4 pecks 1 bushel, bu. 

2 bushels 1 strike, str. 



The diameter of a Winchester bushel is 18^ inches, and its 
depth 8 inches.-— And one gallon by dry measure contains 268| 
cubic inches. 

By this measure, salt^ lead, ore, oysters, corn, and other dry 
goods are measured. 

ALE AND BEEB MEASI7BE. 

Marked Marked 



2 pints make 1 quart, pts. qts. 
4 quarts 1 gallon, ^. 
% gallons 1 firkin of Ale, fir. 
9 gallons 1 firkin of Beer, fir. 



2 firkins 1 kilderkin, kil. 

2 kilderkins 1 barrel, bar. 

3 kilderkins 1 hogshead, hhd. 
3 barrels 1 butt, butt. 



The ale gallon contains 282 cubic inches. In London the ale 
firkin contains 8 gallons, and the beer firkin 9 ; other measures 
being in the same proportion. 



6B 



JMihiiUiHc^ 



WINB MBASUBB. 



Mfldnd 

2 pints make 1 quart, pts. qts. 

4 quarts 1 gallon^ gal. 
42 gallons 1 tierce^ tier. 
63 gallons 1 hogshead, hhd. 
84 gallons 1 puncheon, pun* 



£ hogsheads 1 pipe or 
butty 

2 pipes 1 tun, 

18 gallons 1 runlet, 
Sl| gatlons 1 barrel, 



orb. 

T. 

run. 

bar. 



By this measure, bTttlidy, spirits, perry, cider, mead, vinegar, 
and ay ai^ measured. 

231 cubic iucfaes make a gallon, and 10 gallons make an an- 
chor. 



CXOTH MEASURE. 



Marked 

2^ inches make 1 nail, nls. 
4 nails 1 quarter, qrs. 

4 quarters 1 yard, yds. 



Karlfif^ 



3 qrs. 1 ell Flemish, Ell PI. 

5 qrs. 1 ell English, £11 Eng. 

6 qrs. 1 eii French, EUFr^ 



XONO MEASURE. 



3 barley corns make 1 



Harked 



Marked 



inch, 
IS inches 

3 feet 

6 feet 

5| yards 
40 poles 

8 furlongs 
3 miles 



1 foot, 
I yard, 
1 fathom, 
1 pole, 
1 furlong, 
1 mile, 
1 league. 



bar. c. in. 
ft. 



yd. 

fhth. 

poK 

fur, 

mis. 

L 



6o geographical miles, tn^ 
69-1 statute miles 1 degree 

nearly, deg, at • 

360 degrees the circumfer* 

ence of the earth, 
^bo, 4 inches make 1 hiuid. 

5 feet i geometrical space. 

6 points 1 line. 
i£ lines 1 inch. 



TIME. 



60 seconds make 1 minute, 

s. or" m.or' 
60 minutes 1 hour, h. or ^ 

d. 



24 hours 
7 days 



1 day, 
1 week. 



4 weeks 1 month, 
13 months, 1 day, and 6 

hours, or 
365 days and 6 hours, 1 

Julian year. 



Bfaikfid 

m. 



Y. 



100. It is evident, that if thf several denominations of money, 
weight and" measure proceeded in a decimal ratio, the funda- 
mental operations might be performed upon these, as upon 
abstract numbers. This may be shown by a few examples in 
Federal Money. If it were required to find the sum of 046,85 



JKwiHfiiVM* 



6» 



and tZSSfSTtf we sboold place tbe nmnbera of the same denora*- 
iuation in the same coliimBf and add them together as in whole 
Bumbers; thvSf 

4685 
2563n 



303221 

and the answer may be read off in eith^ or all the denomina-^ 
tions $ we may say 30 eagles 3 dollars 22 cents 1 mill, or 
SOS dollars 221 thousandths^ or 30322 cents and 1 tenth, or 
S03231 mills. It is usual to consider the dollars as whole num- 
bers, and the following denominations as decimakk The opera- 
tion then becomes the same as for decimals. 



Add 834,123 

1,178 

78,001 

61,789 



Sum 8175,091 



From 8542,76 
Subtract 239,481 



Rem. 



303,279 



ExampUs4 



Add 



8456,78 

49,83 
0,22 
7854,394 



Sum 

From 
Subtract 


88361,224 

8527,839 
22,94 


Rem* 


504,899 



Multiply 86,347 by 84,532. 

Bivide 828,764604 by 84,532. 
820 by 82000. 



Ms. 828,764604« 
MSn 86,347. 
Ms. $QfiU 



REDUCTION. 

101. Wssir the difibrent denominations do not proceed in % 
decimal ratio, ttey may all be reduced to one denomination, and 
then the fundamental operations may be performed upon this, as 
vpon an abstract number. If, for example, the sum to fie oper- 
ated upon were £4 15s. 9d. this niay easily be ezpq^ssed in 



70 



^rUhmeHc^ 



pence* As 1 pound is £0 shillings, 4 pounds will be 4 times SO* 
or 80 shillings. If to this we add the 1 5s. we shall have 95s* 9d. 
equivalent to the above* But as 1 shilling is equal to 12 pence, 
95s. will be equal to 95 times IS or 1140 pence. Adding 9 to 
this, we shall have 1149 pence as an equivalent expression for 
£4 15s. 9d. We may now make use of this number as if it had 
no relation to money or any thing else ; and the result obtained 
may be converted again into the difiTerent denominations by re- 
versing the process above pursued. If it were proposed to mul- 
tiply this sum by another number, ST for instance, we should 
find the product of these two numbers in the usual way ; thus, 

1149 

37 



804S 

3447 

42513 

42513 is, therefore, equal to 37 times £4 15s. 9d. expresse^i in 
pence ^ to find the number of pounds and shillings contained in 
this, we first obtain the number of shillings by dividing it by 12, 
which gives 3542, and then the number of pounds by dividing 
this last by 20 ; thus. 



42513 


12 


354,2 
15 
14 


20 


65 
51 


3542 


177 


33 




2 




9 









42513 pence then is equal to 3542 shillings and 9 pence, or to 177 
pounds 2 shillings and 9 pence. Whence 37 times £4 15s. 9d. is 
equal to £177 2s. 9d. 

It may be remarked, that shillings are converted into pounds by 
separating the right handjigute and dividing those on the kft by 2^ 
prefixing the remainder, if there be one, to the figure sepa,rated 
for the entire shillings, that remain. This amounts to dividing, 
first, by 10 (90), and then that quotient by 2. If 10 shillings 
made a pound, dividing by 10 would give the number of pounds, 
but as 10 shillings are only half a pound, half this number will 
be the number of pounds. 
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By a method similar to that above gtveiii we redace other de- 
nominations of money and the different denominations of the 
8e?erai weights and measures to the lowest respectively. If it 
were required to find how many grains there are in £lb. 4oz« 
irdwt 5grs. Troy^ we should proceed thus^ 



£ 
1£ 


ox* 

4 


dwt« 

17 


grfc 
5 


£4 
4 


» 






£8 
£0 




560 
17 




577 
£4 




£308 
1154 




13848 
5 





Jns. 1S853 
By dividing 13853 by £4^ and the quotient thence arising by 
20, and this second quotient by 1£, we shall evidently obtain the 
number of pounds^ ounces, pennyweights and grains in 1385S 
grains. The operation may be seen below. 

13853 I £4 



1£0 



577 I £0 



185 40 

168 £8 I 1£ 

177 £4 I 

173 160 £ 

168 — . 4 

17 

5 

lb* •£• dwt* gr» 

Result £ 4 17 5 



7S ^ithauUe. 

These wamples wiH be sufBoient te estaUigli the faHowing 
general rales, namely ; 

To reduce a compound nttmfter to ihe lowest dmrnmiMom «»- 

iained in it^ muUiphf the hi^kist hjf so many m one of tint itnuNM- 

ifuxHon makes of the next lower , and to the froiuet add the mifib- 

her belonging to the nextlower i proceed xoiih each succeeding de^ 

nomination in a similar manner^ and the last sum will be ihe nam' 

ier required. 

7b reduce a number from a lower denomination to a higher, 

divide by so many as it takes ef this lower denomination to make 

4meof the higher^ and the quotUni wiiirhe ihe mmberofthe higher^ 

which may be further reduced in the mme manner if there are still 

higher detuminationSf and the last quotient together with the several 

remainders wUl be equvoalent to the number to be reduced. 

Examples for practice. 

In 59lb« Iddwt. 5gr. how many grains ! Jb^s. 340157* 

In 8012131 grains how many pounds, &c, t 

Ms. 1390ft. lloz. 18dwt*19gr. . 

In 121{. Os. 9|d. how many half pence ? Ms. 58099^ 

In 58099 half pence how many pounds &c. ? Jins. 1211. Os. 9|d, 

In 48 guineas at £8s. each how many 4| pence ? 

Ans. 3584. 

In tme year of 3654 5h. 48' 48" how many seconds ? 

dns. 31556928. 

' 102. When we have occasion to make use of a number consist- 
ing of sereral denominations as an abstract nambery instead of 
i*educing the several parts to the lowest denomination contain- 
ed in it, we may reduce all the lower denominations to a frac- 
tion of the highest. Taking the sum before used, namely, 4l. 
15s.. 9d. we reduce the lower denominations to the higher, as 
in the last article by division. The number of pence 9, or ■}, is di- 
vided by 12, by multiplying the denominator by this number (54)^ 
we have thus, -^^9. which being added to 15a. or y/s. the whole 
number being reduced to the form of a fraction of the same 
denominator, we have y^^ and -fj, which being added, make 
\y . This is further reduced to pounds by dividing it by 20> 



that is, by multiplying the denominator by £0 (54), which 
gives ^1^. Whence £4 158. 9d. is equal to £4j|^, or £ VVV* 
This may now be used lilce any other fraction, and the value of 
the result found in the different denominations. If we multiply it 
by S7f we shall have ie*|4i*, ««• ^^7^ VA * »»* ^ w* induced 
to shillings by multiplying the numerator by £0, or dividing the 
denominator by this number, gives 4tS. or £^\s« or £8. 9d. 

From the above examj^e we may deduce the following general 
rules, namely, 

2b reduce the several parts of a eompawnd number to a fraction 
cfihe highest denomination contained in it, make the lowest term 
the numerator of a fraction, having for its denominator the number 
v>hich it takes of this denomination to make one of the next higher, 
and add to this the next term reduced to q fraction rf the same 
ienominaiionf then multiply the denominator of this sum by so numy 
as make one of the next denomination, and so on through all the 
terms, and the last sum wiU be the fraction required^. 

To find the value of a fraction of a higher denomination in terms of 
a kfwer, mvUiply the numerator tftiie fraction by so numy as make 
one of the lower denomination, and divide the product by the denom* 
inabr, and ihe quotient vriU be the entire number of this denomi- 
nalion, tlie fractional part of which may be stiU further reduced in 
the same manner. 

To reduce £w. Id. 6h. to the fraction of a month. 

6h. is /r of a day, and beii^ added to one day, or f^d* gives 
l^d. the denominator of which being multiidied by 7 9 it becomes 
^w. and being added to £ weeks or twice .^K^* IP^^ 411^* 
If we now multiply the denominator of this by 4, we shall 
have 141 of a month, as an equivtdeat expression for £w. Id. 6h. 

To And the value of 4 of a mile in fliriongs, poks, &c. 



t It will often be found more eoDvenient to reduce the several 
parts of the compound number to the lowest denomination, as by the 
preceding article for a numerator^ and to take for the denominator 
80 many of this denomination as it takes to make one of that, to 
which the expression is to be reduced ; thus 4{. 158. 9d. being 1149d. 
is equal to V^^- because Id. is ,^. 
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5 
8 

40 
55 

5 

40 

20Q 
14 



9 



r 

£8 



60 
56 






S2 
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r 

si 



4^ 

j9n5. 5fur« 28pls, S^yds. 
Beduce 13s, 6d. Sq, to the fraction of a pound, 

Jtns. £^. OP £H* 
Beduce 6fur. 26pl8. 3yds» 2ft, to the fraction of a mile. 

•*»«• TIT** ^^ f • 

Beduce 7oz. 4pwt to the fraction of a pounds Troy. Ms. |« 
What part of a mile is afur. lapls. ? Jins* f. 

What part of a hogshead is 9 gallons ? Ms. •}•• 

What part of a day is ^ of a month 7 ^ns. ||. 

What part of a penny is ^\ of a pound ? Ms. Y • 

What part of a cwt, is | of a pounds Avoirdupois ? Ms. ^f,. 
What part of a pound is | of a farthing ? Ms. ^ 7^;^ 

WUat is the value of | of a poundt Troy ? Ms. 7oz. 4dwt. 
What is the vahie of 4 of a pounds Avoirdupois ? 

Ms. 9oz. ^^dr. 
What is the value of | of a cwt. 7 Ms. Sqrs. Sib. loz. IS^dr. 
What is the value of ^\ of a mile 7 

Ms. Ifur. 16pls. Syds, 1ft. 9^^ ^^^* 
What is the value of -f^ of day 7 Ms. Uh. 55' £3^^'% 
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^the fliDVeral parts of a compound namber may also be re- 
duced to the form of a decimal fraction of the highest denomi- 
nation contained in it, by first finding the value of the expres- 
sion f n a vulgar fraction, as in the hust article, and then reducing 
this to a decimal, or more conveniently by changing the terms 
to be reduced into decimals parts, and dividing the numerator 
instead of multiplying the denominator by the numbers succes- 
sively employed in raising them to tlito required denomination. 

If we take the sum already iised, namely, £4 l5s. 9d, the 
pence, 9* may be written f J, or ^^. the numerator of which 
admits of being divided by IS without a remainder. It is thus 
reduced to shillings and becomes -^-^s. or 0,75s. which added to 
the 15s. makes 15,75s. or reducing the 15 to the same denomi-^ 
nation, Yt/ » ^^ Vvrvir ' ^^^ ^^^^ ^^ reduced to pounds, by 
dividing it by 20, the result of which is -f^^^j^t or 0,7875.. 
42. 15s. 9d. therefore may be expressed in one denomination, 
thus, 4,78751. and in this state it may be used like any other 
number consisting of an entire and fractional part If it be 
multiplied by 37, we shall have for the product 177,13752. This 
d^imal of a pound may be reduced to shillings and pence, by 
reversing the above process^ or by multiplying successively by 
90 and then by 12. 

^,1375 
20 



2,7500 



9,0000 

The product therefore of AL 15s. 9d. by 37 is 1772. 2s. 9d. as 
before obtained. 

The operation, just explained, admits of a more convenient 
disposition, as in the following example^ 

To reduce i9s. 3d. 3q, to the decimal of a pound. 



4 
12 
20 



3,00 
3,75000 
19,31:2500 



0,965625 



76 Jriitadk. 



\as befin^ we reduce the fiurthingm dp oejnsiicMd 
as ii%q» to kundradths of a pemy by dividiiiK bjr the%iiie oii the 
left» 4» and place tbe quetient^ 7^^ as a dednal oa the vigjkt -of the 
pence ; we then take this soniy considered aisf ii{i» or fHi^* ^^' 
istaanexing as many qphers as may he neoeseai^f and divide it hf 
12» which brings it into decimals of a ahiHing. L|fltly» the shil- 
lings and partsof a shilliog, 19,dia56. considered as VvVvWv ^ 
are reduce to 'decimals 4if a pound hy ^viding by 2O0 Mfbkk 
gives the result above found. 

We may proceed in a similar maaoer wifli otlier^ dewiWMfH 
tions of money and with those of the seireral weights aad memh 
ures. One example in these will suffice as an iBmtTOtida ef the 
method* 

To reduce tTfU* 1ft. 6in. to thedecinal of a niie. 



12 

16^ 

S20 



6 
1,5 



0^00531531 kc. 

The decimal in thk^ as in many other caaesf becomes 
ical (97). 

From what has been said^ the following mles Are aufficienUy 
evident. 2b reduce a number from a lower denomination to the 
decimal of a higher, we first change it, or suppose Utobe changed 
into a fraction, having \0, or seme multiple of I0,frr Us denomina^ 
tor, and divide ihe numerator ^ so many as make one of this 
higher denomination, and the quotient is the required decimal; whichf 
together with the whole number of this denomination, may again be 
teonverted into afractionf baiviMg lOsra mnUifie of 10 for its de- 
nominator, and tims by dvoision be reduced to a stOlMghtrnamef 
and so on. 

Also, to reduce a decimal cf a higher denomimdim is a lavMr^ 
we multiply it by so many as one makes of this Unvtr^ and Aose 
figures which remain onthel^ ^ the comma, when the proper 
number is separated Jw decimals (91)» wiU constitute the whole 
number of this denominatianf the dedmal part of which may be stiU 
fiirther reduced, if there be lower denominations, by muUiphfing it 
by the number which one makes of the next denominationp and so on» 



It mwf be prapiT io aid in this flaee, Ibat dtiHiiigBf pence end 
iatibingB nay reedOj be oonverted into the frai^on of a poundf 
md the finartkNi cif a pennd raduced to ehiUing8» pence and fari- 
thingSy wittioiit having reconrae to the above rules. As sbiMingi 
are eo many twentieths of a peand, by dividing any given niini*- 
fcer of aUIUngs by ^ we convert tfaeni into decimals of a pounds 
Ifausy 15b« which may. be written ^j^. or |^^. being divided 
by fgtfm 75 hnadredtfas^ or 0,7 S of a pound. Akso^ as farthings 
aire so many 96Qths of a pounds one pound being equal to 960 
iulbisgSt (he pence converted into fitrthings and united with 
tfifise e(f this denomhiation, may be written as so many 960 ths of 
a ponnd. If new we increase the numerator and denomini^or 
ene twenty fourth part^ we shall convert the denominator into 
thousandths, and the min^ntor will become a decimal* 

Yi hence, to eowcert skUliags, pence andfarthingSf into the dedmd 
cfa poundf divide the shillings by % oddity a cipher when neces- 
sary, and let the ^ptotient occupy the first place, or first and second f 
^ there he two figures, and let the farthings, contained in the pence 
and farthings, he considered as so many thousandths, increasing the 
nrnnber by one, when the number is nearer 24 than 0, and by 2, when 
it is nearer 48 than M, and so on. 

Thus, to reduce 15s. 9d. to the decimal of a pounds we have, 

0,75 
37 

0,787 

This result, it win be remarkedris not exactly the same as that 
obtained by the other method ; the reason is, that we have increas- 
ed the number of farthings, 36, by only one, whereas, allowing 
one for every 24, we ought to have increased it one and a half« 
Adding, therefore, a half, or 5 units of the next lower order, we 
shall have 0,7875, as before. 

On the other hand, the dtdmcd of a pound is concerted into the 
lower denominations, or its valve is found in shillings, pence and 
farthings, by doubling the fir si fig;are for shillings, increasing it by 
one, when the second figure is 5, or more than 5, and considering 
what remains in the second and third places, as farthings, after 
having diminished them sue for every 24* 
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» 

la additioii to the rules that have been gireny it nay beobsdrv* 
edy that iti those cases^ where it is required to reduce a number 
from one denomination to another^ when the two denominations 
are not commensurable or when one will not exactly divide the 
othert it will be found most convenient, as a j^enerai rule* to re-^ 
dace the one, or both, when it is necessary, to parts so small, that 
a certain number of the one will exactly make a unit of the 
other, ' If it were required, for instance, to reduce pounds to 
dollars, as a ponnd does not contain an exact number of dollars 
without a fraction, we first convert the pounds into shillings, and 
then, as a certain number of shillings make a dollar, by divid- 
ing the shillings by this number^ we shall find the number of 
dollars required, A similar method may be pursued in other 
eases of a like nature, as may be seen in the following examples. 

In 178 guineas at £8s. each, how many crowns at 6s. 8d.2 



6s. 8d. 178 5980,8 

12 28 48 



80 



747 



80d. 14S4 

d56 



4984 
12 



59808 
^ns. 747 crowns and 4 shillingsf. 

In this case^ I reduce both the guineas and the crown to pence^ 
and then divide the former result by the latter. In dividing by 80^ 
I first separate one figure on the right of the dividend for a deci- 
mal, which is the same as dividing it by 10, and then divide the 
figures oh the left, or the quotient, by 8 (47), joining what re- 
mains as tens to the figures separated, to form the entire remain^ 
der, which is reduced back to the original denomination. 

To reduce 137 five franc pieces to pounds, shillings, &c« the 

franc being valued at £0,1796. 



t Questions of this kind may often be conveniently performed by 
fractions ; thus, 178 guineas, or 49848. divided by 68. 8d. or 6f s. or 
reducing the whole number to the form of a fraction, y s. becomes 
*\«* ranltiplied by ^(74),ot ^^^^*jOT »^|*'», which is equal to 
747|| ; and ^, or \f ,,of 6s. 8d. is S times } of 80d. or 48d. or 48. 



r 



MedncHmu ?^ 

9 1 36,9078 



0^8980 



137 18,156a 
la 



6286 

2694 1,872a 

898 4 



123,026 3,488a 

6 



738,156 



JIns. 361. 18s. Id. 3|q. nearljrv 

Examples for practice, 

jReduce 7s. 9|d. to the decimal of a pound. Ans^ 0,390629. 

Reduce 3qr8. 2Ba. to the decimal of a yard. dns. 0,875. 

Find the value of 0,8525 U. in shillings, pence, &c. 

Jins. 17s. Od. 2|q. nearly* 

Reduce 2412. 18s. 9d. to federal money, ^m. 2806,4583 &c. 

Find the value of 0,42857 of a month. 

dns. Iw. 4d. 23h. 59' 5b'\ 

Required the circumference of the earth in English statute 
miles, a degree being estimated at 57008 toisesf . 

Jlns. 24855,488. 

We have given rules for reducing a compound number from 
one denomination to another, as we shall have frequent occasion 
in what follows for making these reductions. They are not, 
however, necessary, except in particular cases, previously to per- 
forming the fundamental operations. The several denomina- 
tions of a compound number may be regarded like the different 
orders of units in a simple one, that is, the number or numbers of 
each denomination may be made the subject of a distinct opera- 
tion, the result of which, being reduced when necessary, may be 
united to the next, and so on through all the denominations. 



t A toise or French fathom is equal to 6 French feet) and a French 
foot is equal to 12)7893 English incb^. 



so Mihmeti€. 

ADDITION OF COMPOUND NUMBERS. 

103, The addition of compound numbers depends on the same 
principles as tliat of simple numbers, the object being simply 
to unite parts of the same denomination, and when a num- 
ber of these are found, sufficient to form one, or more than one 
of a higher, these last are retained to be united to others of the 
same denomination in the given numbers ; as in simple addition 
the tens are carried from one cx>lumn to the next column on the 
left. We must, tJien, place the compound numbers, thai are to be 
added, in such a manner, that tiidr units, or parts of the same 
name, may stand under each other ; we must f Aen ^nd separateltf 
the sum of each column, always recollecting how many parts rf 
each denondnoHon it takes tomake one of the next higher. Seethe 
foUowing example in pounds^ shillings and pence. 

£ a. d. 

984 12 8 

38 6 9 

1413 14 10 

319 18 £ 



£756 1£ 5 

First, adding together the pence, because they are the parts of 
the least value, and taking together both the units and tens of 
this denomination, we find £9 ; but as 1£ pence make a shil- 
ling, this sum amounts to £ shillings and 5 pence; we then 
write down only the 5 pence, and retain the shillings in order to 
unite them to the column to which they belong. 

Next, we add separately the units and the tens of the next de- 
nomination ; the first give, by joining to them the £ shillings re- 
served from the pence, ££ ; we write down only the two units and 
retain the two tens for the next column, the sum of which, by this 
means, amounts to 5 tens, but as the pound, made up of £0 shil- 
lings, contains £ tens, we obtain the number of pounds result- 
ing from the shillings, by dividing the tens of these last by S ; 
the quotient is £, and the remainder 1, which last is written 
under the column to which it belongs, while the pounds are re- 
served for the next column on the left ; as this colunm is the last 



4 
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flie operation is performed as in simple numbers* and the whole 
sum is found to be 97561. 128. 5d. 

The method of proving the addition of compound numbers is 
derived from the same principles, as that for simple numbers^ 
and is performed in the same manner^ care being taken in passing 
from one denomination to another^ to substitute instead of the 
decimal ratio, the value of each part in the terms of that^ which 
follows it on the right. Let there be, for example, 

£ s. d. 

984 12 8 

38 6 9 

• 1413 14 10^ 

S19 18 2 



£756 12 



1122 22 

The operation on the pounds is performed according to the 
mle of article 19 ; then we change the two pounds into tens of 
fiihillings, and obtain 4 of these tens, which, joined to that written 
under the column, makes 5, from which we subtract the 3 units 
of this column, and place the remainder, 2, underneath, counting 
it as tens with regard to the next column. There still remain 
S shillings, which must be reduced to pence ; adding the result, 
24 pence, to the 5 that are written, we have a total of 29, which 
must be again obtained by the addition of all the pence, as, these 
are the parts of the lowest denomination in the question. This 
reaQj happens, and proves the operation to be right* 

Examples. 



m 

£ 


s. 


d. 


£ 


s. 


d 


£ 


s. 


d. 


17 


13 
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84 


17 


5i 


175 


10 


10 


13 


10 
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75 


13 


' 4i 


107 


13 


IJf 
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17 
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51 


17 
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89 


18 


10 


8 
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7 


20 


10 


lOi 


75 


12 


2i 


3 


3 


4 


17 


15 


H 


3 


3 


H 




8 


8 


10 


10 


11 


1 




I 



<m 



Sum 54 1 4 261 5 8| 452 19 2^ 

Proof 23 32 24 23 20 232 13 
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3 14 


14 


14 


10 10 


10 


13 11 }3 


) 


13 


10 




10 


I 2 


$ 


10 t 


« 


1«. 


I 


17 


1 


4 4 


4 


443 


9 




13 


14 




1 19 




2 


1 


cwt. 


1 
qr. lb. oz. 


dr. . 


T. cwt. 


qx» lb* oz» 


*•• 


T.cwt. qr. lb. oz. 


dr. 


15 


2 15 15 


15 


2 17 


3 13 8 


7 


3 13 2 10 7 


7 


13 
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14 


1 16 


VlO 


5 


4 17 14 
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2 13 12 7 
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1 10 


10 


1 14 
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SUBTRACTION OF COMPOUND NUMBERS. 

104. T^is operation 19 perfaimied in the san^ way aa the sub- 
tractton of aimptte numbers, except with regard to the number 
which it is neceeaary to l^rrow from the higher denominations^ 
in order to perform the partial subtractions^ when the lower 
number exceeds the upper. For instance, 

« a. d. 
from 795 3 

take 6&4 17 4 



■^^ 



ence 1 la 



a 
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Ib performiBg this example, it is necessary to bon^w, ^rom the 
coluniii of shillings, 1 shilling or 121 pence^ in order to effect the 
subtraction of the lower number, 4, and we have for a remainder 
8 pence. There now remain in the upper number of the column of 
shillings only S, it is necessary therefore to borrow, from that of 
pounds, 1 pound or 20 shillings, we thus make It 22, of Which, 
IV hen the lower number. If , is subtracted, 5 remain ; we must 
now proceed to the column of pounds, remembering to count the 
upper namber less by onity, and finisb- the cgieratixm as in the 
case of simple numbers. 

The inethod of proving subtraction of compound numbers, like 
that for simple numbers, consists in adding the difference to the 
less of the two numbers. 

Examples far practice. 

£ s. 6. £ s. i. £ s. d. 

275 13 4 454 14 2| 274 14 2J 

176 16 6 276 17 5| 85 15 7| ^ 
Rem. 98 16 10 177 16 9^ 188 18 64 



Proof 275 18 4 454 14 ^ 274 14 2^ 

lb. OK. dwt. gr. lb. oz. dwt. gr. lb. oz. dwt. gr. 

7 3 14 11 27 2 10 20 29 3 14 5 

3 7 15 20 20 3 5 21 20 7 15 7 



Proof 
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^wt.qr. lb. oz* dr. cwt. qr. lb. oz. dr. cwt.qr. lb. oz* dr. 
5 17 5 9 22 2 13 4 8 21 1 7 6 13 

3 3 21 1 7 20 1 17 6 6 13 8 8 14 



Rem. 
Proof 



64 JlritkmMe. 

Wm. fur. pol. Td. ft in. Mb. for. poL yd. ft in. Mb. far. pot yd. ft. iu 

14 3 17 I 2 1 70 7 13 1 1 2 70 S 10 7 

10 7 SO 2 10 20 14 2 2 7 17 3 11 1 1 5 



Rem. 
Proof 



m. w, d. h. ' , 


m. w. d. b» ' 


m. w* d. b. ' 


17 12 5 17 26 


37 1 13 1 


71 * 


10 18 18 


15 2 15 14 

• 


17 5 5 7 



Rem* 



Proof 



MULTIPLICATION OF COMPOUND NUMBERS, 

105. We have seent that a namber consisting of several denom- 
inations may be reduced to a single one^ either the lowest or the 
highest of those contained in it^ in which state it admits of being 
used as art abstract number. But when it is required to find the 
product of two numbers, one of which only is compound^ the sim- 
plest method is to consider the multiplication of each denomina- 
tion of the compound number by the simple factor^ as a distinct 
question, and the several results, thus obtained^ will be the total 
product sought. If it were proposed^ for example^ to multiply 
71. 14s. 7d. 3q. by 9, it may be done thuSf 

£ s. d. q. 

r 14 7 3 

9 9 9 9 

63 126 63 27 v 

and 63{. 126s. 63d. 27q.is evidently 9 times the proposed sum^ 
because it is 9 times each of the parts^ which compose this sum. 
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m 



Bot 27q» is equal to 6d. Sq. and adding tbe 6d. to the 63d. we 
have 69d« equal to 5s« 9d. adding the 59. to the 126s. we obtain 
ISts. equal to 6L lis, and lastly, adding the 61. to the 631. we 
have 692. 1 Is. 9d. 3q. equal to the above result, and equal to the 
product of 

7l. 14s. 7d. 3q. by 9. 

Instead of finding the several products first, and then reducing 
thero, we may make the reductions after each multiplication, 
putting down what remains of this denomination, and carrying 
forward the quotient, thus obtained, to be united to the next 
higher product. 

Hence, to multiply two numbers i^etlier, one of which is com- 
pound, make, the compound number the mvltiplicand and the simple 
fomber the multiplier^ and beginning with the lowest denomination 
if the muUiplicand, mtdtiply it by the multiplier and divide the pro- 
duct by the nwmberj, which it takes to make one of the next superior 
denomination ; putting down the remmndert add the quotient to the 
product of the next denomination by the mvitijAierf reduce this sum, 
putting down the remainder and reserving the quotient, as before, 
and proceed in this manner through aU the denominations to the 
lastf which is to be multiplied Uke a simple number* 

When the multiplier exceeds 12, that is, when it is so large 

that it is inconvenienjt to multiply by the whole at once, the 

shortest method is to resolve it, if it can be done, into two or 

more factors, and to multiply first by one and then that product 

by the other, and so on, as in the following example. Let the 

two niraibers be £4 138» 3d. and 18. 

£ s. d. 
4 13 3 

9 



41 



19 



3 

2 



83 18 6 
Here we first find 9 times the multiplicand, or £41 19s. 3d. 
and then take twice this product, which will evidently be twice 
9, or 18 times the original multiplicand (82). Instead of multi- 
plying by 9 we might multiply first by 3 and then that product 
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by 3, which would give the same resalt ; ftlfto the lAnUlplier 1ft 
might be resolved into S and 6, which' would give the same pro- 
duct as the above. If we multiply £83 18s. 6d. by 7. 

£ s. d. 

83 18 6 

7 



587 9 6. 

we shall have the product of the original multiplicand by 7 times 
18 or 126. f 

If the multiplier were 105, it might be resolved into 7, S, and 
5, and the product be found as above. 

But it frequently happens^ that the multiplier cannot be re- 
solved in this way into factors.. When this is the case^ we ma/ 
take the number nearest to it, which can be so resolved, and 
find the product of the multiplicand by this number, as already 
described, and then add or subtract so many times the multipli- 
cand, as this number falls short, or exceeds the given multiplier^ 
and the result will be the product sought- Let there be £1 Tfl. 
Bd. to be multiplied by 17. 

£ 8. d. 

17 8 
4 



5 


10 


8 
4 


£2 


2 


8 


1 


7 


8 



Product £23 10 4 

In the first place, I find the product of £1 7s. Sd. by 16, whick 
is £22 2s. 8d. and to this I add once the multiplicand and this 
sum £23 10s. 4d. is evidently equal to 17 times the multiplicand. 

106. It may be observed^ that i» those cases, where the de- 
crease of value from one denomination to another, is according to 
the same law throughout, that id, where it takes the same namber 
of a lower denomination to make one of the next higher through 
all the denominations, the multiplication of one compound number 
by another may be performed in a manner similar t6 what takes 
place with regard to abstract nambers. 



This regular gradation 19 8(Uiieti|iie« preserved in the denom-* 
iQfttidiiSf tbitt succeed to feet io long me^sur^, 1 inch or prime 
being considered as equal to 1^ secavdSj^ and 1 second to 12 thirds, 
and ao ou, the several denominatioDs after feet being distinguish- 
ed b;^ one^ two^^ &c, accents, thus, 

lOf.4' 5" 10"\ 

If it were required to find the prodi^ct of 2C 4' by sf. 10'^ we 
should proceed aa below. 

2f. 4' 
3 10 



1 11 
7 



8 11 4" 

T%e 4 inches or primes ma; be considered with reference to 
the denomination of feet, as 4 twelftlis, or ^9 and the 10 inches 
as |§, the product of which is ^^^^ or 4I «f tVi ^^ ^^ "> which 
reduced gives 3' 4*^ | putting down the 4", we reserve the S' to be 
a^ded to the product of ^ ftet by 10'» or 41' ^hich product is || 
of 9 foot» to which 3 being added, we have ^ff* or If. and 11' | 
Qeit niultiplying 4' or ^^ by 9» we have 4I er 1^ which added to 
the product of ^ by 3 givea ?• Taking the sum of these results^ 
vehave 8f. 11' 4", for the product of Sf. 4' by Sf. 10'. The 
method here pursued may be extended to those cases^ where there 
ia a greater number of denominations* 

Whence, io mtUtiply one immber consisting of feeU primes^ 
stemisy ^0. by another of the same Mnd, having placed the several 
terms of the mvttipHer under the corresponding ones of the nwdU* 
jHeandf multiply the whole mtdtiplicand by the several terms of 
tte midtiptier successively according to the rule of the last article^ 
fkcing the first term of each of the partial products under its res- 
pective multiplier ^ and find the sum of the several columns^ observing 
to carry one for every twelve in each part of the operation ; then the 
first winiher (m the kjt will be feet, and the second primes, aiul the 
third seconds, and so on regukirly to the Uistj. 



1 1 I t 



t The above article relates to what is commonly called duodeci* 
mob. The operation is ordinarily performed by beginning with the 
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Examples for practice. 

Multiply £i lis. 6d. 2q. hj 5. Ms. £7 17n. 8d. 2q. 

Multiply 78. 4d. Sq. by 24. .(in*. £8 irs. 6d. 

Multiply £1 17s. 6d. by 63. Jns. £118 Ss. 6d. 

Multiply 178. 9d. by 47. Sns. £41 148. 3di 

Multiply £1 2s. Sd. by 117. Jim. £130 Ss. 3d. 

What is the value of 119 yards of cloth at £2 48. 3d* per 
yard 7 Ms. £363 5s. 9d. 

What is the Value of 9cwt of cheese at £1 lis. 5d. per cwt ? 

Ans. £14 2s. 9d. 

What is the value of 96 quarters of rye at £1 38. 4d. per 
quarter. Jns. £ 1 1 2. 

What 18 tlie weight of 7 hhds. of sugar^ each weighing 9 cwt 
3qrs. 12lb» Jhis. 69. cwt. 

In the Lunar circle of 19 years^ of 365d. 5h. 48' 48" each, how 
many days, Ac? Jns. 6939d. 14h. 27' 12". 

Multiply 14f..9' by 4f. 6'. Ms. 66f. 4' 6". 

Multiply 4f. r 8" by 9f. 6'. Jins. 44fc C 10". 

Required the content of a floor 48f. 6' long and 24f.' 3' broad. 

Jns. 1176f. 1'6". 

What is the number of square feet &c. in a marble slab, 
whose length is 5f. f and breadth If. 10'? Ans. lOf. 2' 10." 



highest denomination of the multiplier, and disposing of the several 
products as in the first example below. The result is evidently the 
same whichever method is pursued, as may be seen by comparing 
tilts example with that of the same question on the right, performed 
according to the rule in the text. This last arrangement seems to 
be preferable, as it is more strictly conformable to wlmt takes place 
in the multiplication of numbers accompanied by decimals. 

10 4 5 10 4 5 

7 8 1 7 8 1 



72 


6 


11 




6 


10 


11 


4"' 




5 


2 


2 



5 3 2 
6 10 11 4 

6"" 72 6 11 



79 11 6 6 79f. IV 0" 6"' 6"" 
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DIVISION OF COMPOUND NUMBERS. 

10T« A coMFoimD number may be divided by a simple num- 
ber, by regarding each of the terms of the former, as forming a 
distinct dividend* If we take the product found in article 105^ 
namely, £63 126s. 63d. £rq. and divide it by the multiplier % 
we shall evidently come back to the multiplicand, £7 148. Td. 3q» 
We arrive at the same result also, by dividing the above sum re- 
duced, or £69 lis. 9d. 3q. for we obtain one 9tfa of each of the 
'several parts that compose the number, ^he sum of which must be 
one 9th of the whole. But since, in this case, each term of the 
dividend is not exactly divisible by the divisor, instead of employ- 
ing a fraction we reduce what remains, and add it to the next 
loweir denomination^ and then divide the sum thus formed^ by the 
divisor. The operation may be seen below. 

£69 lis. 9d. 3q. [ 9 

6^ J£7 14s. 7d. 3q. 

20 

131 
9 

41 

^6 

5 
12 

69 
63 

• 6 
4 

2r 

Z7 



MiL 12 



90 



.OfWmaie^ 



Whence^ to diroide a number consisHng of different denondnatiom 
hy a simiplB wmhir, dtvide the highest term <^ the compound num- 
ber fry the divisor 9 reduce the remainder to the next law^r defnomi- 
wAioUf adding to U the number of this dmominationf and divide the 
fum hy the divisor 9 reducing the remaindeTf 0s before^ and proceed in 
this way through all the denominations to the lastt the remainder 
qf whicih if. there be one, must have Us quotient represented in the 
form of a fraction by pladng the divisor under it. The sum of ihe 
several quotients, thus obtained, wUl be the whole quotient re^ir^ 

When the divisor is large and can be r^idved into two or 
more simple factors, we may divide first by one of thc^e factorq^ 
and then thf^ qootient by another, and so on, and the last Quo- 
tient will be the same as that which would have bacn obtained 
by using the whole divisor in a single operation. Taking tfas 
jpesult of the example in the correspondi^i; ease of omHipUcatioii^ 
we proceed thus. 



i&83 
8 

3 

£ 

1 

SO 

S8 

£ 

18 
18 



18s« 6d. 



£41 
36 

5 
£0 

119 
9 

£9 

£7 



19s« 3d. 



£4 13s. 3d» 



\ 




6 
6 



1£ 

£r 

£7 



By dividing £83 18s. 6d. by £, we obtain one half of this sum, 
which being divided by 9, must give one 9th of one half, or one 
18th of the whole. The first operation may be considered as 
separating the dividend into two equal parts^ and the second as 
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Division of Compound TdSimbers. 9 1 

distributing eacb of these into nine equal parts, the number of 
parts therefore will be 18, and being equal, one of them must be 
one 18th of the whole. 

But when the divisor connot be thus resolved, the operation 
must be performed by dividing by the whole at once. If the 
quotient, which we are seeking, were known, by adding it to, or 
subtracting from it, the dividend a certain number of times, 
increasing or diminishing the divisor at the same time by as 
many units, we might change the question into one, whose divi- 
sor would admit of being resolved into factors, which would 
give the same quotient ; we should thus preserve the anology 
which exists between the multiplication and division of compound 
trambers. But this cannot be done, as it supposes that to be 
known, which is the object of the operation. 

Multiplication and division, where compound numbers are 
concerned, mutually prove each other, as in the case of simple 
numbers. This may be seen by comparing the examples^ which 
are given at length to illustrate these rules* 

MxampUsJor practice 

Divide £821 17s. 9^ by 4. Am. £205 9s. 5|d. 

Divide £28 Ss. l^d. by 6. Ms. £4 i3s. 8^d. 

Divide £57 Ss. 7d. by 35 Jins. £1 128. 8d. 

Divide £23 15s. 7|d. by 37 Ans. 128. lO^d. 

Divide lOGlcwt 2qrs. by 28. Ans. 37c wt. 3qrs. 18lb« 

Divide 375mls. 2fur. 7pls. ^yds. 1ft. 2in. by 39. 

Ans. 9mls. 4fun 39pl8. 2ft. 8in» 
If 9 yards of cloth cost £4 3s. 7|d. what is it per yard ? 

Ans, 9s. 3d. 2q. 
If a hogshead of wine cost £33 12s» what is it per gallon ? 

Ans. lOs. 8d. 
If a dozen silver spoons weigh 3lb. 2oz. ISpwt. i2grs. what 
is the weight of each spoon. Ans. 3oz. 4pwt. llgrs. 

If a persou's income be £150 a year, what is it per day ? 

Ans. 88. £^d. nearly. 
A capital of £223 168. 8d* being divided into 96 shares, what 
is the value of a share ? Ans. £2 68. 7{i. 
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PROPORTION. 

108* We have shown, in the preceding part of this workythedif* 
ferent methods necessary for perforoiing on all numbers, whether 
whole or fractional, or consisting of different deuominationsj^ 
the four fundamental operations of arithmetic, namelj, addition^ 
subti action, multiplication and division ; and all questions rela- 
tive to numbers ought to be regarded as solved, when, by an 
attentive examination of the manner in which they are stated,, 
they can be reduced to some one of these operations. Conse-* 
quently, we might here terminate all that is to be said on arith- 
metic, for what remains belongs, properly speaking, to the prov- 
ince of algebra. We shall, nevertheless, for the sake of exer- 
cising the learner, now resolve some questions which will prepare 
bim for algebraic analysis, and make him acquainted with 
a very important theory, that of ratios and proportions, which 
is ordinarily comprehended in arithmetic* 

109. JSi piece of cloth 13 yards long w($8 $di for ISO dollars, 
what will betiie price of a piece of the same doth 18 yards long. 
It ia plain, that if we knew the price of one yard of the cloth 
that was sold, we might repeat this price 18 times, and the 
result would be the price of the piece 18 yards long. Now, 
since 13 yards cost 130 dollars, one yard must have cost the 
thirteenth part of 1 30 dollars, or ^yY» P^^*^!*^^*^? ^^e divison, 
we find for the result 10 dollars, and multiplying this number by 
18, we have 180 dollars for the answer ; which is the true cost of 
the piece 18 yards long. 

Ji courier, who travels always at the same rate, having gone 5 
leagues in 3 hours, how many wiU he go in 11 hours? 

Reasoning as in the last example, we see, that the courier 
goes in one hour -^ of 5 leagues^ or 4* and consequently, in 11 
hours he will go 11 times as much, or 4 of a league multiplied 
by 1 1, or Y, that is 18 leagues and 1 mile. 

In how many hours will the courier of the preceding question go 
22 leagues 9 

We see, that if we knew the time he would occupy in going one 
league, we should have only to repeat this number 22 times, and 
the result would be the number of hours required. Now the 



coarier, requirinj? 3 faonrs to go 5 leagues* will require only 
I of the time, I of an hour, to go one league; this number, 
multiplied by 22, gives Y or 13 hours and |, that is, 13 hours 
and 12 minutes. 

110. We have discovered the unknovi^n quantities by an analy- 
sis of each of the preceding statements, but the known numbers 
and thoise required depend upon each other in a manner, that it 
would be well to examine. 

To do this, let us resume the first question, in which it was re- 
quired to find the price of 18 yards of cloth, of which 13 cost 
ISO dollars. 

It is plain, that the price of this piece would be double, if the 
number of yards it contained were double that of the first ; that 
if the number of yards were triple, the price would be triple also^ 
and so on ; also that for the half or two thirds of the piece we 
should have to pay only one half or two thirds of the whole price. 

According to what is here said, which all those, who understand 
the meaning of the terms, will readily admit, we see, that if there 
be two pieces of the same cloth, the price of the second ought to 
contain that of the firsts as many times as the length of the 
second contains the length of the first, and this circumstance is 
stated in saying, that the prices are in proportion to the lengths^ 
or have the same relation to each other as the lengths. 

This example will serve to establish the meaning of several 
terms which frequently occur. 

111. The relation of the lengths is the number, whether whole 
or fractional, which denotes how many times one of the lengths 
contains the other. If the first piece had 4 yards and the second 
8, the relation, or ratio, of the former to the latter would be 2, 
because 8 contains 4 twice, in the above example, the first piece 
had 13 yards and the second 18, the ratio of the former to the 
latter is then ^|, or l-,.'^. In general, the rd4ition or ratio of two 
rmmbers is the quotient arising from dividing one by the other. 

As the prices have the same relation to each other, that the 
lengths have, 180 divided by 130 must give 4| for a quotient, 
which is the case; for in reducing 4|J to its most simple terms, 
weget^l. 
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The four numbers, 13, 18, ISO, 180, written in this order, are 
then such, that the second contains the first as many times as the 
fourth contains the third, and thus they form what is caUed a 
proportion. 

We see also, that a jToporiion is iht comftiftofum of two equal 
ratios. 

We may ohsenre, in this connexion, that a relation is not 
changed by multiplying each of its terms by the same number ; 
and this is plain, because a relation, being nothiog but the quo« 
tient of a division, may always be expressed in a fractional form. 
Thus the relation 4| is the same a/i ][|^. 

The same considerations apply also to the second example. 
The courier, who went 5 leagues in 3 hours, would go twice as 
far in double that time, three times as far in triple that time } 
thus 11 hours, the time spent by the courier in going 18 leagues 
and -I, or Y of a league, ought to contain 3 hours* the time re«« 
quired in going 5 leagues, as often as Y contains 5. 

The four numbers 5, Y? ^f 11» ai^ then in proportion ; and in 
reality if we divide Y by 5, we get 4|, a result equivalent to y « 
It will now 1^ easy to recognize all the cases, where there may 
be a proportion between the four numbers. 

112. To denote that there is a proportion between the nunu 
bers 13, 18, 130, and 180, they are written thus, 

13 : 18 : : 130 : 180, 

which is read 13 is to 18 as 130 is to 180 ; that is, IS is the same 
part of 18 that 130 is of 180, or that 13 is contained in 18 as 
many times as 130 is in 180, or lastly, that the relation of 18 to 
13 is the same as that of 180 to 130. 

The first term of a relation is called the antecedent, and the 
second the conseqitent. In a proportion there are two antecedents 
a,nd two consequents, viz. the antecedent of the first relation and 
that of the second ; the consequent of the first rdation and that 
of the second. In the proportion 13 : 18 : : 130 : 180, the ante- 
cedents are 13, 130 ; the consequents 18 and 180* 

We shall in future take the consequent for the numerator, and 
the antecedent for the denominator of the fraction which ex- 
presses the relation. 
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119. To ascertain (hat there is a prc^rtion between the four 
numbers IS, 18^ 130^ and 180^ we must see if the fractions 4| 
and ^% be equal, and to do this^ we reduce the second to its most 
simple terms ; but this verification may also be made by con- 
sidering* that if, as is supposed by the nature of proportion, the 
two fractions -^1 and 4||^ be equal, it follows that, by reducing 
them to the same denominator, the numerator of the one will be- 
come equal to that of the other, and that, consequently, 18 multi- 
plied by 130 will give the same product as 180 by 13. This is 
actually the case, and the reasoning by which it is shown, being 
independent of the particular values of the numbers, proves, 
that, tffenr numbers be in proportionf the product of the first and 
lasU or of the two extremes, is equal to the product of the second and 
third, or of the two means. 

We see at the same time, that, if the four given numbers were 
not in proportion, they would not have the abovementioned pro- 
perty ; for the fraction, which expresses the first ratio, not being 
equivalent to that which expresses the second, the numerator of 
the one will not be equal to that of the other, when they are re- 
duced to a common denominator. 

114. The first consequence, naturally drawn from what has 
been said, is, that the order of the terras of a proportion may be 
changed, provided they be so placed, that the product of the ex- 
tremes shall be equal to that of the means. In the proportion 
13 : 18 : : ISO : 180^ the following arrangements may be made; 



13: 18: 


: : 130 : 180 


13 : 130 : 


. : 18:180 


ISO : 130 : 


: 18: 13 


180: 18: 


::130: 13 


18: 13: 


: 180: 130 


18 : 180 ; 


:: 13:130 


130: 13: 


;:180: 18 


130:180. 


:; 13: IS 



for in each one of these, the product of the extremes is formed of 
the same factors, and the product of the means of the same fac- 
tors. The second arrangement^ in which the means have chang- 
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ed places with each other, is one of those that most freqaently 
occur.* 

115. This change shows that we may either multiply or divide 
the two antecedents, or the two consequents, hy the same num- 
ber, without destroying the proportion. For this change makes 
the two antecedents to constitute the first relation, and the two 
consequents, the second. If, for instance, 55:21 :: 165: 63, 
changing the places of the means we should have, 

55: 165:: 21: 63; 
we might now divide the terms, which form the first relation, by 
5, (Hi) which would give 11 : 33 : : 21 : 63, changing again the 
places of the means, we should have 1 1 : 21 : : 33 : 63, a propor- 
tion which is true in itself, and which does not differ from the 
given proportion, except in having had its two antecedents 
divided by 5. 

116. Since the product of the extremes is equal to that of 
the means, one product may be taken for the other, and, as in di- 
viding the product of the extremes, hy one extreme, we must ne- 
cessarily find the other as the quotient, consequentliff in dividing 
h/ one extreme the product of the means f we shall Jind the other ex- 
treme. For the same reason, if we divide the product of the ex- 
trem^s by one of the meanSf we shall Jind the other mean. 

*It may be observed, that the proportion 13: 130 :: 18 : 180 
might have been at once presented under this form, according to the 
solution of the question in article 109 ; for the value of a yard of 
eloth may be ascertained in two wayd, namely, by dividing the price 
of the piece of 13 yards by 13, or by dividing the price of 18 yards 
by 18 ; it follows then that the price of the first must contain 13 as 
many times as the price of the second contains 18$ we. shall then 
have 13 : 130 : : 18 : 180. We may reason in the same manner 
with respect to the 9,^ question in the article above referred to, as 
well as with respect to all others of the like kind, and thence derive 
proportions; but the method adopted in article 109 seemed preferable, 
because it leads us to compare together numbers of the same denom- 
ination, whilst by the others we compare prices, which are sums of 
money, with yards, which are measures of length ; and this cannot 
be done without reducing them both to abstract numbers. 



We can then find any one term of a proportion* when we know 
the other three, for the term sought must be either one of the 
extremes or one of the means. 

The question of article (109) may be resolved by one of these 
rules. Thus, when we have perceived that the prices of the 
two pieces are in tiie proportion of the number of yards contain- 
ed in each, we write the proportion in this manner^ 

13: 18:: 130: ar, 

putting the letter x instead of the required price of 18 yards^ 
and we find the price* which is one of the extremes* by multiply- 
ing together the two means* 18 and 130, which makes S340, and 
dividing this product by the known extreme* 13 ; we obtain* for 
the result* 180. 

The oi)eration, by which* when any three terms of a propor- 
tion are given* we find the fourth, is called the Rule of Three. 
Writers on arithmetic have distinguished it into several kinds^ 
but this is unnecessary* when the nature of proportion and 
the enunciation of the question are well understood ^ as a few 
examples will sufficiently show. 

117. A person having travelled 217*5 miles in 9 days; it is 
asked* how long he will be in travelling 423*9 miles* he being 
supposed to travel at the same rate ? 

In this question the unknown quantity is the number o 
which ought to contain the 9 days spent in going 217* 
as many times as 423*9 contains 217*5 $ we thus get the following 
proportion ; 

dayi 

^17*5 : 423*9 : : 9 : 07* and we find for or* 17*54 nearly. 

118. All the difficulty in these questions consists in the man- 
ner of stating the proportion. The following rules will be suffi- 
cient to guide the learner in all cases. 

Among the four numbers which constitute a proportion* there 
are two of the same kind* and two others also of the same kind* 
but different from the first two. In the preceding example* two 
of the terms are miles* and the other two ; days. 

First, then, it is necessary to distinguish the two terms of 
each kind, and when this is done* we shall necessarily have the 
quotient of the greatest term of the second kind by the smallest 

13 
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ft 

of tke Sftme kind, equal to the quotient of the greatest term of the 
first kind by the smallest oS the fMBe kind, which ^ill give us 
this proportion^ 

the smaller term of the first kina 

i$ 

to the larger of the same kind 

as 

the smaller term of the second kind 
is 

to the larger of this kind» 
In the preceding example this rule immediately gives^ 

2ir,5 : 423,9 : : 9 : a: 

for the unknown term ought to be greater tlian 9, since a greater 
number of days will be necessary to complete a longer journey, 
119. If it were required to find how many days it ^ouid take 
fiT men to perform a piece of work, which 19 men, working at 
the same rate, would do in 18 days ; we see that the days should 
be less in proportion as the number of men is greater, and recip* 
rocaily. There is still a proportion in this case, but the order of 
the terms is inverted ; for, if the number of workmen in the 

' second set were triple of that in the first, they would requiri 
one third of the time» The first number of days tlten 
itain the second as many times, as tlie second numbelr 
of workmen would contain the first. This order e€ the terms 
being the reverse of that assigned to them by the enunciation of 
the question,' we say, that the number of workmen is in the 
inverse ratio of the number of days. If we compare the two firsty 
and the two last, in the order in which they present themselves^ 
the ratio of the former will be 3, or ^ and that of the latter ^p ' 
which is the same as the preceding with the terms inverted. 

It is evident. Indeed, that we invert a ratio by inverting the 
terms of the fraction, which mcpresses it, since we make the an- 
tecedent take the place of the consequent, and the consequent 
that of the antecedent. | or 2 : 3 is the inverse of | or 3 : S. 

The mode of proceeding in such cases may be rendered very 
simple 5 for we have only to take the numbers denoting the two 
sets of workmen^ for the quantities of the first kind, and the num- 
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Mrs denoting the days, for those of the second, and to place the 
Me and the other in the order of their magnitude ; proceeding 
thus, we have the following proportion, 

15 : 27 : : a? : 18, 

from which we immediately find x equal to 10. 

Recapitulating the remarks already given, we have the fol- 
lowing rule ; make the number wMch is of the same kind iffith 
the ansyper the third term^ and the two remaining ones the first 
and secondf putting the greater or the less firsts according as the 
third is greater or less than the term sought; then the fourth term 
witt be found by multiplying together the second and thirdf and du 
viding the product by the first. 

120. 1st* A man placed 3575 dollars at interest at the rate of 
5 per cent, yearly ; it is asked what will be th6 interest of this 
sum at the end of one year 7 

' The expression. 5 per cent, interest, means, that for a sum of 
one hundred dollars, 5 dollars is allowed at the end of a year ; 
if then, we take the two principals for the quantities of the first 
kind, and the interest for those of the second, we shall have, 

100 : 3575 : : 5 : x, 

a proportion which may be reduced to 20 : 3575 : : 1 : or, ac- 
^cording to the observation in article 115; then dividins^M^ 
two terms of the first relation by 5, we shall hajre 4 : 7l5f0rl:xif 
whence x is equal to ^^', or SirB,75 cts. 

We may also resolve this question by considering that 5 is ^^^ 
of 100, and that consequently we shall obtain the interest of any 
«um put out at this fate by taking the twentieth part of this sum. 
Kow ^V <^' SS3575 is £178,75 ; a result which agrees with the one 
before found. 

'2d, A merchant gives his note for S800,00 payable in a year ; 

the note is sold to a broker, who advances the money for it eight 
monttis before the time of payment; how much ought the broker 
to give I 

As the broker advances, from his own funds, a sum, which is 
not to be I'eplaced till the expiration of 8 months, it is proper 
that he should be allowed interest for his money during this 
time. 

Let the interest for a year be 6 per cent, the interest for 8 
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months will be tV» <>*' h ^f ^fOT4; a sum then of lOf) dollars, 
lent for 8 months, must be entitled to 4 dollars interest ; that is, 
be who borrows it ought to return gl04i By considering the 
gSOO, as a sum so returned for what is advanced by the broker, 
we shall have this proportion, 104 : 100: : 800 : a:, whence we 
get g769,23t for the value of «r, that is, for the sum the broker 
ought to give,* 

^estionsfor pradUe. 

What is the value of a cwt. of sugar at 5^d. per lb. ? 

Jns. ^. 1 Is. 4d, 
What is the value of a chaldron of coals at 1 i|d. per bushel i 

. Jln$ IL 14s. 6d« 

What is the value of a pipe of wine at lOid. per pint ? 

Ans. 44L 2s. . 
At Si. 9s. per cwt. what is the value of a pack of wool, 
weigliing 2cwt. 2qrs. 1 3lb. Am. 9l. 6d. -i^. 

What is the value of Ijcwt. of coffee at 5^d. per5r)unce2 

Answ^lL 12s. 
Bought S casks of raisins, each weighing Scwt. ^qrs. £5lb. 
what will they come to at H. Is. 8d. per cwt? 

Ans. 171. 4|d. ^V^. 
What is the value of 2qrs. Inl. of velvet at 198. 8|ii. per 
English ell ? Ans. 8s. lOjd. ||. 

Bought 12 pockets of hops, each weighing Icwt. 2qrs. I7lb. j 
what do they come to at 4l. Is. 4d. per cwt. ? 

Ans. 80i. 12s. l^d. ^^^. 
What is the tax upon 7452. 14s. 8d. at 3s. 6d« in the pound? 

AnSn^SOl. 10s. 0|d 5^/^. 



t A sum, thus advanced, is called the present worth of the sum due 
at the expiration of the proposed time. 

* The operation by which we find what* onght to be given for a 
sum of nioney, when the time of payment is anticipated, belongs^ to 
what is called Diseouttt. There are several ways of calculating 
discount, but the above is the most exact, as it has regard merely to 
simple interest. 
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If I of a yard of velvet cost 7s. Sd. how 0ian j yards can I 
buy for \Sl. 15s. 6d. ? ^ Jins. 28^ yards* 

If an ingot of gold, weighing 9lb« 9oz. l£dwt. be worth 411{* 
l£s. what is that per grain ? Jhia. l|d» 

How many quarters of corn can I buy tdir 140 dollars at 4s. 
'per bushel 2 ,-^ns. 26qrs. 2bu* 

Bought 4 bales of cloth, each containing 6 pieces, and each 
piece 27 yards, at 16^. 4s. per piece j what is the value of the 
whole, and the rate per yard 7 

Jlns. 3882. 16s. at 12s. per yard. 

If an ounce of silver be worth 5s. 6d. what is the price of 
fL tankard, that weighs lib. lOos. lOdwt. 4gr. ^ 

Ans. 61. 3s. 9|d. ^y^. 

What is tly half year's rent of 547 acres of land at i5s. 6d. 
per acre 2 i ' ^ns. 21 1/. I9s. 3d. 

At Si,75 per week, how many months' board can I have for 
lOOl. i , * diis. 47. m. 2w. ^y^. 

Bought 1000 Flemish ells of cloth for 90{. how must I sell it 
per ell in Boston to gain lOL by the whole ? Jns. 3s. 4d. 

If a gentleman's income is 1750 dollars a year, and he spends 
19s. 7d. per u^y, how much will he have saved at the year's 
«nd ? dns. 167/. 12s. Id. 

What is the value of 172 pigs of lead, each weighing 3cwt« 
5k[rs. 17|lb. at 8J. 17s. 6d. per fother of 19|cwt. 

Jins. 286L 4s. 4^d. 

The rents of a whole parish amount to 1750/. and a tax is 
granted of 32/. 16s. 6d. what is that in the pound ? 

If keeping of one horse be 1 l^d. per day, what will be that of 
11 horses for a year ? •Am. 192/. 7s. 8|d. 

. A person breaking owes in all 1490/. 5s. lOd. and has in 
moneys goods, and recoverable debts, 784/. 17s. 4d. if these 
things be delivered to his creditors, what will they get on the 
pound? .an«. 10s. 6ld. |^^|4. 

What must 40s. pay towards a tax, when 65'ZL 138. 4d. is as- 
sessed at 83/. 12s. 4d. ? diis. 58. l^d. ^|||^|. 
* Bought 3 tuns of oil for 151/. 14s. 85 gallons of which being 
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damaged^ I desire to know how I may sell the remainde]^ per 
gallon, so as neither to gain nor lose by the bargain i 

•flits. 48. 6ld. //^. 

What quantity of water must I add to a pipe of mountain 
wine, valued at 3d{* to reduce the first cost to 4s. 6d. per gallon 7 

Ms. 20| gallons. 

If 15 ells of stuff; I yard wide, cost S7s* 6d. what will 40 ells 
of the same stuff cost, being a yard wide 7 Jns. 61. 13s. 4d. 

Shipped for Barbadoes 500 pairs of stockings at ds. 6d. per 
pair, and 1650 yards of baize at is. 3d. per yard, and have re- 
ceived in return 348 gallons of rum at 6s. 8d. per gallon, and 
r^Olb. of indigo at Is. 4d* per lb. what remains due upon mj 
adventure ? dm. ML l£s. 6d. 

If 100 wolkmen can finish a piece of work in 12 days, how 
many are sufficient to do the same in 3 days ? dns. 400 men. 

How many yards of matting, £ft 6in. broad, will cover a 
floor, that is srft* long, and 20ft* broad. ^Ans. 72 yards. 

|Iow many yards of cloth, 3qrs. wide, are equal in rneas* 
ure to 30 yards 5qrs. wide ? «Ans. 50 yards. 

A borrowed of his friend B 250(. for T months, promising to 
do him the like kindness ; sometime after B had occasion for 
SOOi. how long may he keep it to receive full amends for the 
favor ? Ms. 5 months and 25 days. 

If, when the price of a bushel of wheat is 68. 3d. the penny- 
loaf weigh 9oz. what ought it to weigh when wheat is at 8s. 2|d, 
per bushel 2 ' ^ Ms. 66z. 1 3dr. 

If 4|cwt. can be carried 36 miles for 35 shillings, how many 
pounds can be carried 20 miles for the same money ? 

Jlns. 90rlb. ^%. 

How many yards of canvass, that is an ell wide, will line 20 
yards of say, that is 3qrs. wide ? .tfn^ 12yds, • 

If 30 men can perform a piece of work in 11 days, how many 
men will accomplish another piece of work, 4 times as big, in a 
fifth part of the time ? .Ans. 600. 

A wall that is to be built to the height of 27 feet, was raised 9 
feet by 12 men in 6 days ; how many men must be employed to 
finish the wall in 4 days at the same rate of working 7 

Ms. 36. 
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If f oz, cost 4ir^- what wfll loz. cost i Jtni. \h 5s» 8d* 

If y\- of a ship cost £73^ £s. 6d. what is -/^ of her worth ? 

•^njT. 2£r{. 1^. Id. 

At 1^. per owt* what «faiea 3|lb.coiDe to I dns. 104d» 

If 4 of a gallon cost |l. what will | of a tun cost 7 Ma. 140/» 

A person, haritig ^ ^^ ^ ^^^' mine, sells f of his share for 

ITlL what is the whole mine worth ?* Jius. SSOL 

I^ when the days are 13-| hours long, a traveller pwfonsi his 
journey in 35| days ; in how many days will he perforin the 
same journey^ when the days are 11^^ hours long ? 

Ms. 40|4f days* 
A regiment of soldiers, consisting of 976 men, are to be new 
clothed, each coat to contain S^ yards of cloth, that is l|yd* 
wide, s^d to be lined with shalloon, -^yd. wide ; how many 
yards of shalloon will line them ? dm. 453tyds. Iqr. S^nl. 



COMPOUND PROPORTION. 

1£]. Proportion is also applied to questions, in which the re- 
lation of the quantity required, to the given quantity of the same 
kind^ depends upon several circiunstance^ combined together ; it 
is then called Compound Proportion, or Double Mule of Three. 
See some examples. '^ 

It is required to find how many leagues a person would go 
in 17 days^ travelling 10 hours a day, when he is known to have 
travelled tl£ leagues, in £9 days, employing only 7 hours a day. 

This question may be resolved in two ways, we will first give 
the one that leads to Compound Proportion. 

In each case, the number of leagues passed over ^)etids upon 
|wo circumstances, namely, the number of days the man travels, 
and the number of hours he travels in each day. 

We will not at first consider this latter circuaistance, but sop^ 
pose the number of hours be the same in each case ; the ques- 
tion then will be ; a person in £9 days travels 1 i£ leagues^ how 
mmjf Tvill he travelin 17 days? This will furnish the following 
proportion ; 

£9: 17::ll£:a:. 
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The foarth term will be equal to ll£ multiplied by ir and divid- 
ed by S9» or i|f ^ leagues. 

Now, to take iuto consideration the number of hoursy we must- 
say, if a person travelling 7 hours a day, for a certain number of 
days, has travelled ^||^ leagues, how far will be go in the same 
time, if he travel 10 hours a day 2 This will lead to the foUow- 
ing proportion, 

Ik h. 1. 

7 : 10: : *|§*:a?, 

which gives for the fourth term, or answer, 93,793 leagues 
nearly* 

The question may also be resolved by observing, that 29 days 
travelling, at 7 hours a day, is equal to £03 hours travelling; 
and that 17 days, at 10 hours a day, amounts to 170 hours; the 
problem then is reduced to this proportion, 

203: 170: : 112: a:, 

by which we find the distance he ought to travel in 170 hours, 
according to what he performed in 203 hours. 

We see, by the first mode of resolving the question, that 112 
leagues has to the fourth term, or answer, the sane proporthin, 
that 29 days has to 17, and that 7 hours has to 10 ; stating this 
in ib» form of a proportion, we have 




7 

by w4iich it appears, that 1 12 is to be multiplied by both 17 and 
10, and to be divided by both 29 and 7, that is, 1 12 is to be mul- 
tiplied by the product of 17 by 10, and divided by the product 
of 29 by 7, which is the same as the second method of resolving 
the question. 

122. Again, if 9 labourers, working 8 hours a day, hava 
spent 24 days in digging a ditch 65 yards long, 13 wide, and 5 
deep, how many days will it take 71 labourers of equal ability, 
working 11 hours a day, to dig a ditch 327 yards long, IS 
broad, and 7 deep ? 

Here Is a question very complicated in appearance, but which 
may be resolved by proportion. 

If all the conditions of these two cases were alike> except the 
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Bomber of men and tfae fiamber <if days, the question woidd con- 
sist only in finding in how many days 71 men would perform the 
work^ which 9 men have done in 24 days ; we should have then^ 

but instead of calculating the number of days, we will only indi- 
cate, as in article 8^, the numbers to be multiplied together^ and 
place as a denominator those by which they are to be divided ; we 
thus have for x days^ 

24 by 9 

But as the first labourers worked only 8 hours a day, while the 
others worked 1 1, the number of days required by the latter will 
be less in pro^iortion^ which will give 

_ ._24bj9^ 
71 
whence we conclude that the number of days^ in this case^ is 

24 by 9 by 8 
71 by 11 • 
nunAer is that of tfae days necesrary for 71 labourers^ 
1 1 hoars a day, to d|g the first ditch. 
The ditches being of unequal length, as many more days will 
be necessary, as the second islonger than tfae first, tfaas we shall 
have 

^^ ^^^ 24by9by8 
^^^^^^''= 71byH '^' 

and the number of days, this new circumstance being consider- 
ed, will be 

24by9by8byS27 
71byllby65 

Taking into consideration the breadths, which are not alike, 
we have 

13:18::?l^»4*^:ar, 
71 by 11 by bi 

and, consequently, the number of days required changes to 

24by9by8bv327hvl8. 
71byllby6dbjl3 * 

Jrith. 14 
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laMj, the d^Uis being diflbrent, we have 

24by9by8by82ybyl8 
ribj 11 by 65 0/13 ' * 
and the nnmber of days^ resalting from the concurrence of all 
these circumstances* is 

24 by 9 by 8 by 327 by 18by 7 
7lbjllby 65 by 13 by 5 * 
Performing the moltiplications and divisions* vire gel the answer 
required, 21 days 4||mi. 

123« This number is equal to 24 multiplied by the fractional 
quantity 

9by8hy3gybyl8by7 ^ 
n i»v 11 by 65 by 13 by 5^ 

hut this last quantity* which expresses the relation of the num- 
ber of days given, to the number of days required, is itse]f the 
product of the following fraotimis ; 

•.8 327 18 7 

Now, going back to the denominations given to these numbers in 
the statement of the question, we see that these fractions are the 
ratios of the men and the hours, of the lengths, the breadths and 
the depths of the two ditches ; hence it follows, that the ratio of 
the number of days given, to the number of days sought, is equal 
to the product of all the ratios, which result from a comparison 
of the terms relating to each circumstance of the question. 

This may be resolved in a simple manner by first finding the 
value of each of these ratios ; for, by multiplying together the 
fractions that express them, we form a fraction which represents 
the ratio of the quantity required to the given quantity of the 
same kind. 

This fraction, which will be. the product of all the ratios in the 
question^ will have for its numerator the product of all the ante- 
cedents, and for its denominator, that of all the consequents. A 
ratio resulting, in this manner, from the multiplication of sever- 
al others, is called a compound ratiom 

By means of the fractional expression 

9by8by327byl8byy 
n by 11 by 65 by 13 by 5' 

and the given number of days^ 24, we make the following pro- 
portion, 
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n by 11 by 65 by 13 by 5 : 9 by 8 by 327 by 18 by r : : 94 : ar, 
which may also be represented in thismanner^ as was the preced* 
ing example. 
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Our remarks may be summed up in this rule ; Make the number, 
which u of the same kind with the required answer 9 the third term ; 
and if the remaining numbers, take any two that are of the same 
kind, and place one for a first term and the other for a second term, 
according to the directions in simple proportion ; then any other two 
of the same kind, and so on, till alt are used ; lastly, multiply the 
third term by the product of the second terms, and divide the result 
by the product df the first terms, and the quotient wiU be the fourth 
term, or answer required* 

Vt^P" Examples for practice. 

If lOOl. in one year gain 5l. interest, what will be the interest 
L« • of 750^ for 7 years ? Ms. 262f. 10s. 

' What principal wiU gain 262L 10s, in 7 years, at 5L per cent 

per annum ? jfiu. 750^. 

r If a footman travel 130 miles in 3 days, when the days are It 

hours long ; in bow many days, of 10 hours each, may he travel 
360 miles ? Jbis. 9f | days. 

If 120 bushels of corn can serve 14 horses 56 days ; how many 
f^ days will 94 bushels serve 6 horses f Ms. 102^|> days. 

/ If 7oz. 5dwt. of bread be bought at 4|d. when corn is at 4s. 

/ 2d. per bushel, wliat weight of it may be bought for Is. 2d. when 

the price per bushel is 5s. 6d, ? Jns. lib. 4oz. 3mdwt. 

f If the transportation of 13cwt.lqr. 72 miles be 2^« 10s. 6dk 

what will be the transportation of 7c wt. Sqrs. 112 miles ? 

Jins. 21. 5s. 1 Id. l^VVq. 
A wall, to be built to the height of 27 feet, was raised to the 
height of 9 feet by 12 men in 6 days ; how many men must be 
employed to finish the wall in 4 days, at the same rate of work- 
ing i Ms. 36 men. 
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If a i^giiiieiit of soMierSf c^nsisiing of 999 Bien, consntne d51 
qxiarters of wheat in T months ; how many soldiers will consiuna 
1464 quarters in 5 months^ at that rate ? Jns. d48df^^. 

If 248 men^in 5 days of 11 hours each, dig a trench ^30 
yards long, 3 wide and 2 deep ; in how many days of 9 hours 
long, will 24 men dig a trench of 420 yards long, 5 wide and 3 
deep ? Ans^ ^^^/A- 



FELLOWSHIP. 

124* Thb object of. this rule is to divide a nuttdier into parts, 
wliich shiatt have a given relation to each other ; we shall see in 
the foHowing example its origin, and whence it has its namew 

Three merchants formed a company fiu* the purpose of trade ; 
the fiist advanced 25000 dollars^ the second 18000, and the third 
42000 ; after some time they separated,.and wished to divide thd 
joint profit, which amounted to 572^ dollars; how much ought 
^ach one to have i 

To resolve this question we must consider, that each man's 
gain ought to have the same relation to the whole gain, as the 
money he advanced has to the whole sum advanced ; for he, who 
furnishes a half or third of this sum, ought, plainly, to ^ave a 
half or third of the profit. In the present example, the whole 
sum being 85000 dollars, the particular sums will be respec- 
tively liJJJ, iiiii^ ma of it ; and if we multiply these 
fractions by the whole gain, 5r2£5, we shall obtain the gain be- 
longing to each man. It is moreover evident, that the sum of 
the parts will be equal to the whole gain, because the sum of the 
above fractions, having its numeratpr equsd to its denominator, 
is necessarily an unit. 

\fe have therefore these proportions ; 

fi i i 

85000 : 25000 : : 57225 : to the first man's gain, 

85000 : 18000 : : 57225 : to the second man's gain, 
85000 : 42000 : : 57225 : to the third man's gain, 

wliieh may be enunciated thus ; 

The whole sum advanced : to each man's particular sum : : the 

whole gain : to each man's particular gain. 
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By aimplifytng the fits* ratio of mch of these |troportiow we 
have 

S 
&5 : 35 : : 57225 : to the gain of the l*^ or gl6830||, 

a5 : 18 ; : 572S.5 : to the gain of the 9,^ or 2l2118||, 

85 ; 42 : : 57225 ; to the gaiti of the 3^ or g282r5|^. 

If all the sums advanced had been equal, the operation woidd 
have been reduced to dividing the whole gain by the number of 
aums advanced ; vi^e may reduce the queation to this in the 
present case* by supposing the whole suniy 28500O9 divided into 
85 partial sums, or stocks of Si 000 each, tlie gain of each of 
these sums wiH evidently be the 85^ part of the whole gain 5 and 
nothing remains to be done, except to multiply this part severally 
by 25, 18, and 42, considering the sums 25060, 18000, and 42000 
as the amounts of 25 sfasures, 18 shares^ and 42 ahiures. 

In commercial language the < money advanced is called the 
capital or stodc, and the gain to be divided, the drcidend^ 

The fidlowing question is very similar to that just resolved. 

125. It is required to divide an estate of 67250 dollars among 
S heirs, in such a manner, that the share of the second shall be 
I of that of the first, and the share of the third ^ of that of the 
second. 

It is |diun that the share of the third, compared with that of the 
first, will be ^ of I of it, or £jf ; then the three parts required 
will be to each other in the proportion at the numbers 1, | and 
/^. Reducing these to a common denominator, we find them 
I79 TUf <^nd ^^9 and have the three numbers 20, 8, and 7, which 
are proportional to tlie first ;' but as their sum is 55, it is plain, 
that if we take three parts expressed by the fractions, |^, -/y, 
and -/y, they will be in the required proportion. The question 
will then be resolved by taking |^, then /^, and then ^^ of 67250 
dollars, which will give the sums due to the heirs, according to 
the manner prescribed, namely ; 

gS8428|^, 815371-11, and gl3450. 

126. Again, there are two fountains, the first of which will 
fill a certain reservoir in 2^ hours, and the second will fill the 
same reservoir iu S| hours ; how much time will be required to 
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n\ the reflea*voir^ by means of both foantains running at the same 
time ? 

We must first ascertain what part of the reservoir will be fiUed 
by the first fountain in any given time^ an hour for instance. It 
is evident that, if we take the content of the reservoir for unity^ 
we have only to divide 1 by 2|, or f , which gives us -| for the 
part filled in one hour by the first fountain. In the same man- 
ner, dividing 1 by S|, or y , we obtain ^^ for the part of the 
reservoir filled in an hour by the sex^ond fountain ; consequently^ 
the two fountains, flowing together for an hour, will fill | added 
to y\, or 4f of the reservoir. If we now divide 1, or the con- 
tent of the reservoir, by 47» we shall obtain the number of 
hours necessary for filling it at this rate ; and shall find it to be 
H or an hour and a half. 

Authors who have written upon arithmetic, have multiplied and 
varied these questions in many 'ways, and have reduced to rules 
the processes which serve to resolve them ; but this multiplica- 
tion of precepts is, at least, useless, because a question of the 
kind we have been considering may always be solved with facil- 
ity by one who perceives what follows from the enunciation ; 
especiaUy when he can avail himself of the aid of algebra | we 
shall therefore proceed to another subject. 

Besides the proportions composed of four numbers, one of tiie 
two first of which contains the other as many times as the cor« 
resi)onding one of the two last contains the other ; it has been 
usual to consider as such the assemblage of four numbers^ such 
as S, 7, 9, 14, of which one of the two first exceeds the other as 
much as the corresponding one of the two last exceeds the other* 

These numbers, which may be called eqiddifferent, possess a 
remarkable property, analogous to that of proportion, for the sum 
of the extreme terms, ^ and 14, is equal to the sum of the means, 
7 and 9*. 



* The ancients kept the theory of proportions very distinct from 
the operations of arithmetic* Euclid gives this theory in the fifth 
book of his elements, and as he applies the proportions to lines, it is 
apparent) that we thence derive the name of gdbmef rico/ proporHofi ; 
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To shoW' this prq[)erty to be gvoeraly we most observe^ that the 
second term is equal to the first increased by the difference, and 
that, the fourth is equal to the third increased by the difference; 
hence it foUoyvs, that the sum of the extremes, composed of the 
first and fourth terms, must be equal to the first increased by the 
third increased by the difference. Also, that the ssm of the 
m^ans, composed of the second and third terms, must be equal 
to the first increased by the difference increased by the third 
term ; these two sums, being composed of the same parts, must 
consequently be equaL 

We have gone on the supposition, that the second and fourth 
terms were greater than the first and third ; but the con- 
trary may be the case, as in the four numbers 8^ 5, 15, 12 ; the 
second term will be equal to the first decreased by the difference, 
and the fourth will be equal to the third decreased by the differ- 
ence. By changing the word increased into decreased^ in the 
preceding reasoning, it will be proved that, in the present 
case, the sum of the extremes is equal to that of the means. 

We shall not pursue this theory of equidifferent numbers fur- 
ther, because, at present, it can be of no use* 

Questi(yiisfar practice. 

A and B have gained by trading S1B2. A put into stock 
jSSOO and B $$400 ; what is each person's share of the profit ? 

JSins. A 27B and B $\Q4. 



and that the name of arithmetical proportion was given to an assem« 
blage of equidiffetent numl^rs, which were not treated of till a much 
later period. These names are very exceptionable ; the word propor- 
tion has a determinate meaning, which is not at all applicable to 
equidifferent numbers. Besides, the proportion called geometrical is 
not less arithmetical than that which exclusively possesses the latter 
name. M* Lagrange^ in his Lectures at the Normal school, has pro- 
posed a more correct phraseology, and I have thought proper to 
. fellow bis example. 

Equidifferenccy or the assemblage of four equidifferent numbers^ 
or arithmetical proportion, is written thus $ 2 ^ 7 : 9 • 14. 

Among English writers the following form is used ; 

2..7:;9..14. 
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Divide #190 between three iiersons, so tluit tteir shires shall 
be to each other as 1, £, and 5^ respectiv>eij« 

Jim. $20^ g40, and 800. 

Three persons make a joint stock. A put in 8185,66^ B 
i9B,50f and C $76,85 ; they trade and gain 82£2 ; what is each 
person's share of the gain ? 

M9. A $m,l7•s/^r^nf » SS^^SZ^VtVt^ »»«> C 47,25 4|^Jf . 

Three merchants, A, B, and C, freigM a ship wiUi 340 tuns of 

wine ; A loaded 1 10 tuns, B 97, and C tlie rest In a storm the 

seamen were obliged to thmw 85 tuns overboard ; how much 

must each sustain of the loss ? 

Jlns. A £74, B Mi, and C d3|. 

A ship worth 8860 being entirely lost, of which •}- belonged to A^ 
I to By and the rest to C ; what loss will each sustain, supposing 

8500 of her to be insured ? 

w9io8. A 845, B 890, and C 8£25« 

A bankrupt is indebted to A 8877,33, to B 8305,17, to C 
8152, and to D 8105. His estate is worth only 8677,50 ; how 
must it be divided ? Ans. A 8223,81|m, B 8246,28/^Vy, 

C 8l22,66||30, and D 884,73f|«|. 

A and B, venturing equal sums of money, clear by joint trade 
8154. By agreement A was to have 8 per cent, because he 
spent his time in the execution of the project, and B was to have 
only 5 per cent. ; what was A allowed for his trouble ? 

Am. $S5f5S^. 

Three graziers hired a piece of land for 860,50, A put in 5 
sheep for 4| months, B put in 8 for 5 months, and C put in 9 for 
'6^ months ;~how much must each pay of the rent ? 

Am. A 811925, B 820, and C 829,25. 

Two merchants enter into partnership for 18 months ; A put 
into stock at first 8200, and at the end of 8 months he put in 
8100 more; B put in at first 8550, and at the end of 4 months 
took out 81,40. Now at the expiration of the time tfiey find they 
have gained 8526 ; what is each man's just share ? 

Am. A's 8l92,95i|4y, B's 83S3,04ii|f 

A, with a capital of 81000, began trade January 1, 1776, and 
meeting with success in business he took in B a partner, with a 
capital of 8 1500 on the first of March following. Three months 
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iftep ttftt, ftey MtoH C as a tMrd partner^ who brotight into 
•tock $2800^ and after hiding together fill the first of the next 
year, they find the gain, since A commenced business, to be 
81r:f 6>5§. How must this be divided among the partners ? 

Ms. A^S g45r,4%f 
B's 5n,83||f 

G's r4r,i9||f- 



ALLIGATION. 

l28. We shall not omit the rule of alligation, the object of 
which is to find the mean value of several things of the same 
kind, of different values ; the following examples will sufficiently 
illustrate it. 

A wine merchant bought several kinds of wine, namely; 

ISO bottles which cost him 10 cents each, 
75 at 15 

£31 at 12 

ir at 20 

he afterwards mixed them together ; it is required to ascertain 
the cost of a bottle of the mixture. It will be easily perceived, 
that we have only to find the whole cost of the mixture and the 
number of bottles it contains, and then to divide the first sum 
by the second, to bbtain the price required. 

Now, the 130 botdes at 10 cents cost 1300 cents 
75 at 15 cost 1125, 

231 at 12 cost 2772, 

27 at 20 cost 540, 



th6ti 463 bottles cost 5737 cents. 

5737 divided by 463 gives 12,39 cents, the jirice of a bottle of 

Ihe mixture. 

The preceding riile is also used for finding a mean of differ- 
ent results, given by experiment or observation, which do not 
agree with eacli other. If, for instance, it were required to 
know the distance between two points considerably removed 
from each other, and it had been measured ; whatever care 
might have been used in doing this, there would always be a 

wJritt. 15 
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little oncertalnty in the result, cm accoant of the errors iaf vita^' 
bly committed by the manner of jdacing the measures one after 
the other. 

We will suppose ihat the operation has been repeated several 
times, in order to obtain the distance exactly, and that twice it 
has been found 3794yds. ^ft* that three other measurements have 
given 3795yds. Ift. and a third 3793yds. As these numbers are 
not aliice, it is evident that some must be wrong, andipechaps all* 
To obtain the means of diminishing the error, we reason thus ; 
if the true distance had been obtained by each measurements the 
sum of the results would be equal to six times that distance, and 
it is plain that this would also be the case, if some of the results 
obtained were too little, and others too great, so that the increase, 
produced by the addition of the excesses, should make up for 
what the less measurements wanted of the true value. We 
should then, in this last case^ pbtain the true value by dividing 
the sum of the results by the number of them. 

This case is too peculiar to occur frequently, but it almost al- 
ways happens, that the errors on one side destroy a part of those 
on the other, and the remainder, being equally divided among 
the results, becomes smaller according as the number of results 
is greater^ 

According to these considerations we shall proceed as follows ; 

/ ydi. ft. tu 

We take twice 3794 2 or 7589 1 
3 times 3795 1 or 1138^ 

yds. 

once 3793 or 3793 



6 results, giving in all S2768 1. 

Dividing 2S768yds. 1ft. by 6, we find the mean value of the 
required distance to be 3794yds. 2ft. 

129. Questions sometimes occur, which are to be solved by a 
method, the reverse of that above given. It may be required, 
for example, to find what quantity of two different ingredients it 
would take to make a mixture of a certain value. It is evident, 
that if the value of the mixture required exceeds that of one of 
the ingredients just as much as it falls short of that of the other, 
we should take equal quantities of each to make the compound* 
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So also, if the value of the mixture exceeded that of one twice as 

much as it fell short of tliat of the other^ the proportion of the 

ingredients would be as one half to one. To mix wine at jg£ per 

^ion with wine at fUS, so that the compound shall be worth 

jS2,509 we should take equal quantities, or quantities in the 

proportion of 1 to !• If the mixture were required to be worth 

S2966|> the quantities would be in the proportion of ^ to 1, or of 

1 1 

^— to^;TT-> and generally, the nearer the mixture rate is to 

that of one of the ingredients, the greater must be the quantity of 
this ingredient with respect to the other, and the reverse ; hence, 
To find (he proportion of two ingredients of a given value f ne4:es-' 
sary to constitute a cmnpound of a required vatue, make the differ-* 
enee between the value of each ingredient and that of the compound 
the denominator of a fraxHon, whose numerator is one, and these 
fractions wUl express^ Vie proportion required^ arid being reduced 
to a common denominator, the numerators will express the same 
proportion, or show what quantity of each ingredient is to be 
taken to make the required compound. 

When the compound is limited to a certain quantity, the pro- 
portion of the ingredients, corresponding to it, may be found by 
saying ; as the whole quantity, found as above, is to the quantity 
required, so is each part, as obtained by the rule, to the required 
quantity of each. , 

' Let it be required, for example, to mix wine at 5s. per gallon 
and 8s. per gallon, in such quantities that there may be 60 gal- 
lons worth 6s. per gallon. The difference between bs. and 5s« 
U 1, and between 6s^and 8s. is 2, giving for the required quan- 
tities the ratio of i to |, or 2 to 1 1 thus, taking x equal to the 
quantity at 5s. and y equal to the quantity at 8s. we have these 
proportions ; 3 : 60 : : 2 : a;, and 3 : 60 : : 1 : y, giving, for the 
answer, 40 gallons at 5s» and 20 gaUons at 8s. per gallon. 

Also, when one of the ingredients is limited, we may say ; as 
the quantity of the ingredient found as above, is to the required 
quantity of the same, so is the quantity of the other ingredient 
to the proportional part required. 

For example, I would know how many gallons of water at 
•s. per gallon, I must mix with thirty gallons of wine at 6s, per 
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gallon, so that the conipQund mt^y be worth 5s. per gallon. Fbntf 
the diSerence between Os. and 5s, is 5 1 and the difference be-- 
tweeii 6s. and 5s. is 1 ; the quantity of water therefore will be to 
that of the wine» as | to 4-9 or as 1 to 5. Then, from this ratiOf 
we institute the proportion, 5iS0::l:x, which gives 6, for th« 
number of gallons required. 

. As we have found the proportion of two ingredients necessary 
to form a compound of a requir^ val^e, so also we may cob« 
sider either of these in connexion with a third, with a fourth* 
and so on, thus making a compound of any required value, coii« 
sisting of any number* whatever of simple ingredients. The two 
ingredients used, however, must always be, one of a greater and 
the other of a less value, than that of the compound required. 

A grocer would mix teas at 1£s. and IQs. with 40lbs. at 48. per 
pound, in such proportions that the composition shall be worth 89^ 
per lb. If 1^ mix only two kinds^ the one at 4s. and the other ^1f 
10s. their quantities will be in the ratio of | to || or 1 : 2 j and 
if he mix the tea at 4s« also with that at 12s. their ratio will b^ 
that of ^ to ^, or of 1 to 1. Adding together the proportions of 
the ingredient, which ia taken with each of the others, we find 
the several, quantities, at 4s. 10a. and 12s. to be as 2, 2, and U 
And taking x for the number of lbs. at IQs. and y for the quan- 
tity at 12s. we have the following proportions } 

2 : 40 : : 2 : or ; and S : 40 : : 1 : ;f ; 

giving^ for the answer, 40lb. at 10s. and 20lb. at 12s. per pound. 

The problems of the two la/st articles are generally distin« 

gttished by the names of alligation mediai, and alligation alier' 

nate. A full explanation of the latter belongs properly to algehr^. 

Examples* 

A composition being made of 5lb# of tea at 7s. per pound, 9lb« 
at 8s. 6d. per pounds and 14^1b. at 5s, lOd. per pound ; what ia 
a pound of it Worth ? Jns. 6s. 1 0|d. 

How much gold, of 15, of ir, and of 22 caratsf fine, must be 
mixed with 5oz. of 18 carats fine, so that the composition may be 
20 carats fine ? «4n«. 5oz. of 15 carats fine, 5 of 17, and 25 of 22. 

t A carat is a twenty fourtli part ; 22 carats fine means || of pure 
metaL A carat is also divided into four parts, called grains of a carat. 
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MUeeUaimm$ Questions/or practice* 

What number^ added to the thirty-first part of 38 Is^ will make 
the sum £00 ? Jns. 77. 

The remainder of a diyision is 325^ the qubtient 467f and the 
divisor is 43 more than the sum of both ; what is the dividend 7 

Ans. 390£ro. 

Two persons depart from the same place at the same time ; 
the one travels 30^ the other 35 miles a day i how far are they 
distant at the end of 7 days^ if they travel both the same road ; 
and how far, if they travel in contrary directions ? 

Ans. SSf and 455 miles. 

A tradesman increased his estate annually by lOOl. more than 
^ part of it, and at the end of 4 years found that his estate 
amounted to 103422. 3s. 9d. What had he at first 7 

Ans^ 40002. 

Divide 1200 acres of land among A, B, and C, so that B may 
have 100 more than A> and C 64 more than B. 

Ans. A 312, B 412, and C 476. 

Divide JLOOO crowns; give A 120 moi*e, and B 95 less, than C» 

Ans. 445, B 230, C 325. 

What sum of money will amount to 132/. 16s. 3d. in 15 months, 
at 5 per cent, per annum, simple interest 7 Ans. 125/. 

A father divided his fortune among his sons, giving A 4 as 
often as B 3, and C 5 as often as B 6 ; what was the whole 
legacy, supposing A's share 50002. 7 Ans. 11875Z. 

If 1000 men, besieged in a town with provisions for 5 weeks, 
each man being allowed 16oz. a day, were reinforced with 500 
men more. On hearing, that they cannot be relieved till the end 
of 8 weeks, how many ounces a day must each man have, that 
the provision may last that time 7 Ans. 6|. 

What number is that, to which if f of f be added, the sum 
will be 1 7 Ans. f |. 

A father dying left his son a fortune, ^ of which he spent in 8 
months ; ^ of the remainder lasted him twelve months longer ; 
after wnich he had only 4101. left. What did his father bequeath 
him 7 Ans. 9562. 13s. 4d. 
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A guardian paid his ward -BSOOt. for 25001. which he ha# in 
his hands 8 years. What rate of interest did he allow him ? 

JItis, 5 per cent, 

A person^ being asked the hour of the day, said, the time past 
noon is equal to 4 of the time till midnight. What was the time ? 

AiiS. 20inin. past 5. 

A person, looking on his watch, was asked, what was the time 
of the day ; he answered, it is between 4 and 5 ; but a more 
particular answer being i*equired, he said, that the hour and 
minute hands were then exactly together. What was the time i 

Arts, ai j*y min. past 4. 

With 1£ gallons of Canary, at 6s. 4d. a gallon, 1 mixed 18 
gallons of white wine,"at 4s. lOd. a gallon, and 12 gallons of 
cider, at ts* id. a gallon. At what rate must I sell a quart of 
this composition, so as to clear 10 per cent. ? Jim. Is. S|d. 

What length must be cut off a board, 8| inches broad, to con- 
tain a square foot; or as much as 12 inches in length and 12 in 
breadth ? Am. 17^4^"* 

What difference is there between the interest of 350L at 4 per 
cent, for 8 years, and the discount of the same sum, at the samo 
rate, and for the same time t Am. 9.71. d-^^s. 

A father devised -/^ of his estate to one oi his sons, and -^-^ of 
the residue to another, and the surplus to his relict for life ; the 
children's legacies were found to be 267/. 3s. 4d. diffei*ent. What 
money did he leave for the widow ? Am. 635/. 10||.d. 

What number is that, from whi^h if you take ^ of |, and to tho 
remainder add -/^ o{-^^, the sum will be 10 ? Am. lO^V^V* 

A man dying left his wife in expectation that a child would 
^be afterward added to the surviving family ; and, making his 
will, ordered, that if the child were a son, | of his estate should 
belong to him, and the remainder to his mother ; but if it were 
a daughter, he appointed the mother |, and the child the remain- 
der. But it happened, that the addition was both a son and a 
daughter, by which the mother lost in equity 2400/. more than 
if it had been only a daughter. What would have b^en her 
dowry, had she had only a son ? Ami- 
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A young hare starts 40 rods before a grey-hoand^ and is not 
perceived by him till she has been up 40 seconds ; she scuds 
away at the rate of 10 miles an hour, and the dog, on view, 
makes after her at the rate of 18. How long will the course 
continue, and what will be the lensth of it from t(^e place, where 
the dog set out ? Jins. iHIH^ seconds, and 4||U» yards rum 

A i*eservoir for water has two cocks to supply it ; by the firsit 
alone it may be filled in 40 minutes, by the second in 50 minutes, 
and it has a discharging cock, by which it may, when full,, bo 
emptied in 25 minutes* Now these three cocks being all left 
open, the influx and efflux of the watcrbeing always at the same 
rate, in what time would ttie cistern be fiHed ? 

^ns. 3 hours 20 minutes. 

A sets out from London for Lincoln precisely at the time^ 
when B at Lincoln sets out for London, distant 100 miles ^ after 7 
hours they met on the road, and it then appeared, that A had 
ridden 1^ mile an hour more than B« At what rate an hour 
did each of them travel ? JSns. A r|4, B 6^^ miles* 

What part of 3 pence is a third part of 2 pence ? Ans^ j[* 

A has by him l|owt of tea, the prime cost of which was 96/. 
sterling. Now interest being at 5 per cent, it is required to find 
how he must rate it per pound to B, so that by taking his nego- 
tiable note, payable at 3 months, he may clear 20 guineas by the 
bargain ? Jlns. 14s. l^fd. sterling. 

There is an island 73 miles in circumference, and 3 footmen 
all start together to travel the same way about it ; A goes 5 
miles a day, B 8, and C 10 ^ when will they all come together 
again 7 Jim* 7S days. 

A man, being asked how many sheep he had in his drove, said, 
if he had as many more, half as many more, and 7 sheep and a 
half, he should have -20 ; how many had he 7 Ans. 5. 

A person left 40s. to 4 poor widows, A, B, C, and D ; to A 
he left ^9 to B ^, to C |, and to D -J-, desiring the whole might 
be distributed accordingly ; what is the proper share of each 7 

Am. A's share 148. 44d. B's lOs. &||d. C's 8s. 5^\A. D's 

7s. 3\a. 
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A gmoralf disposing of his army itiio a liqaare^ finds he has 
284 scddieiPs over and abote ; bat increasing each side with on6 
soldier^ hd wants Sf5 to fill tip the sqaare ; how many soldiers 
had he ? Jtns. 24000. 

There is a prize of 212l« 141, 7d. to be divided among a cap- 
tain, 4 men, ai^ a boy ; the df^kiii is to have a share and a 
half; the men each a share, and ih6 boy | of a share ; what 
ocfght each pers<in to have 7 

Jlns. The eaptain 941. 14s. |d. each man 362. 9s. 4^d. and the 

hoj 122. Ss. l|d. 

A cisteMfi, containing 60 galloh^ of Ivater, has 3 unequal cocki^ 
for discharging it ; the greatest cock will empty it in one hour, 
the second in 2 hours, and the third in S ; in what time will it be 
^emptied, if they all ruti together ? ^Sns. 52-/^ minutes. 

In an orchard of fruit trees, | of them bear apples, ^ pears, } 
plums, and 50 of them cherries : how many trees are there in 
all? Ans. 600. 

A can ^o a pitt^ of work alone in 10 days, and B in 13 ; if 
boA be s6t ahout it together, in what time will it be finished ? 

* Jlns. 5^1 days. 

A, 1^, and C ariBi to share 1 OOOOOf. in the proportion of |, |, 
and |, respectively ; biit C'd part being lost by his death, it is 
reqilir^d to divide the whole suni properly between the other two. 

Ans. A's part is 571424.1. and B's 42857^. 
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APPENDIX, 

COifTXtmM TiJftl£S OF TABIOUS ITEIGHTS AKD MEASVUfiS. 



JWio French Wdghts and Measures* 

Th£ weights and measures in common qse are Kable to great 
tmcertaintj and inconvenience* There being no fixed standard at 
hand^ by which their accuracy can be ascertained^ a great variety 
of measures, bearing the same name^ has obtained in different 
countries. The foot^ for itistancey is used to stand for about ^ 
hundred different established lengths. The several denomina- 
tions of weights and measures are also arbitrary, and occasion 
most of the trouble and perplexity, that learners meet with in 
mercantile arithmetic. 

To remedy these evils, the French government adopted a 
new systetik bt weights and measures, the several denomtna- 
tious of which proceed in a decimal ratio, and all referrible to a 
common permanent standatd, established by nature, and acces- 
sible at all place$ on the earth. This standard is a meridian of 
the earthy which it was thought expedient to divide into 40 mil- 
lion parts. One of these parts is assumed as the unit of letigth, 
and the basis of the whole system. This they cedled a metre. 
It is equal to about S^ English inches, of which submultiples 
and multiples being taken^ the various denominations of length 
are formed. 

Enftlndu Dm. 

A millimetre %$ the 1000th part of a metre ,03937 

A centimetre the looth part of a metre ,39371 

A decimetre the 10th part of a metre 3,93710 

A METRE 89,37100 

A decametre 10 metres 393,71000 

Ahecatometre 100 metres 3937,10000 

Achiliometre 1000 metres 39371,00000 

A myriometre 10000 metres 393710,00000 
A grade or degree of the meridian equal (o 

100000 metres^ or 100th part of the quadrant 8937100,00000 

JMih. 16 
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Appendix. 



Mb. 




For. 




Tdi. 

10 


Ft. 

2 


Ia.Dc. 

9,7 








109 


^ 


1 





4 


213 


1 


10,2 


6 


1 


156 





6 


6S 


1 


2S 


2 


8 



The decametre is 
The hecatometre 
The chiliometre 
The myriometre 

The grade or decimal degree of the 
meridian 



Measures of Capacity. 

A cube, whose side is one tenth of a metre, that is, a cubic 
decimetre, constitutes the unit of measures of capacity. It is 

called the litre, and contains 61,028 cubic inches. 

Eoer. Ctti».iii.i>e& 
,06103 



A millilitre or 1000th part of a litre 
A centilitre 100th of a litre 
A decilitre lOih of a lilre 

A litre, a cubic decimetre 
A decalitre 10 litres 

A hecatolitre 1000 litres 
A chiliolitre 10000 litres 
A myriolitre 100000 litres 

The English pint, wine measure, contains 28,875 cubic inches. 
The litre therefore is 2 pints and nearly one eighth of a pint. 
Hence, 
A decalitre is equal to 2 gal. 64-jfW cubic inches. 
A hecatolitre 26 gal. 4,^ cubic inches. 



,61028 

6,10280 

61,02800 

610,28000 

6102,80000 

61028,00000 

610280,00000 



A chiliolitre 



264 gal. 



/^\ cubic inches. 



Weights. 

The unit of weight is the gramme. It is the weight of a quan* 
tity of pure water, equal to a cubic centimetre^ ^hd is equal to 
15,444 grains Troy. 

A milligramme is 1000th part of a gramme 
A centigramme 100th of a gramme 
A decigramme 10th of a gramme 

A gramme, a cubic centimetre 
A decagramme 10 grammes 
A hecatogramme 100 grammes 



On Dec 
0^0154 

0,1544 

1,5444 

15,4440 

154,4402 

1544,4023 
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A chiliogramme 1000 grammes 15444^0234 

A myriogramme 10000 grammes 1544409^344 

A gramme being equal to 15)444 grains Troy. 
A decagramme 6dwt. 10944gr« equal to 5^65 drams Avoirdupois. 

' lb. oz. dr. 

A hecatogramme equal to 3 8,5 avoird. 

A chilogramme £ 3 5 avoird. 

A myriogramme 2£ 1 15 avoird. 

100 miriogrammes make a tun^ wanting 32lb. 8oz. 

Land Measure. 

The unit is the are, which is a square decametre, equal to 3,95 
perches. The declare is a tenth of an are, the centiare is 100th 
of an are, and equal to a square metre. The milliare is 1000th 
of an are. The decare is equal to 10 ares ; the hecatare to 100 
ares, and equal to £ acres 1 rood 35,4 perches English. The 
chilareis equal to 1000 ares, the myriare to 10000 ares. 

For fire-wood the stere is the unit of measure. It is equal to 
^ cubic metre, containing 35,3171 cubic feet English. The de- 
cestere is the tenth of a stere. 

The quadrant of the circle generally is divided like the fourth 
part of the meridian, into 100 degrees, each degree into 100 
minutes, and each minute into 100 seconds, &c. so that the same 
number, which expresses a portion of the meridian, indicates 
also its length, which is a great convenience in navigation. 

The coin also is comprehended in this system, and madjD to 
conform to their unit of Weight. The weight of the franc, of 
which one tenth is alloy, is fixed at 5 grammes ; its tenth part is 
called decime, its hundredth part centime. 

The divisions of time, soon after the adoption of the above, 
underwent a similar alteration. 

The year was made to consist of 1£ months of 30 days eacb^ 
and the excess of 5 days in common and 6 in leap years was con- 
sidered as belonging to no month. Each month was divided 
into three parts, called decades. The day was divided into 10 
hours, each hour into 100 minutes, and elach minute into 100 
fieconds^ This new calendar was adopted in 1793 ; in 1805 it 
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W98 aboUshddf and the old calendar restored. The weights and 
measures are still in use, and will probably prevail through- 
out the continent of Europe. They are recoamended to the 
attention of every civilized country ; and their general adoption 
would prove of no small importance to the scientific^ as well as 
the commercial world. 

Sctipture Long Measure. 







Zog. FeeL 


In. X>e«rf 


4t 


Digit 





0,912 


5 


Palm 





3,648 


2 


Span 





10,944 


4 


Cubit 


1 


9,883 


n 


Fathom 


7 


3,552 


H 


EzekiePs reed 


10 


11,328 


10 


Arabian pole 


14 


r,104 




Scoenus, measuring line 


145 


1,104 



N. B« There was another span used in the East^ equal to ^tk 
of a cubit. 

Grecian Long Meamre reduced to English. 

Eiig.pMet.rcet In. Dee. 

Dactylis, Digit 0,7554|| 

Doron, Docbme^ Palesta^ 

Lichas 

Oi-thodoron 

Spitbame 

Pons, foot 

Pygmc, cubit 

Pygon 

Pecus, cubit larger 

Orgya, pace 

Stadium ^ |. ^i _ 

Aulus >^f»rt«»S 

Million, Mile 

N. B. Two sprts of long measures were used in Greece^ viz. 
the Olympic and the Py thic. Tbe former was used in Pdopon- 
n'esus, Attica, Sicily, and the Greek cities in Italy. The latter 
was used in Thssaly, Illyria, Phocis, and Thrace. 



21 

n 

H 
H 



100 
8 









3,021 8| 








7,5546| 








8,3101^*Y 








9,0656| 





1 


0,0875 





1 


1,5984| 





1 


3,109| 





1 


6,13125 





6 


0,525 


100 


4 


4,5 


805 


5 






■ ■»! 



Pl-.r 



t These numbers show how many id each defiomination it takes to 
make one of tbe next following. 
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The Olympic foot» properly called the Greek foot^ according to 

Dr. Hutton^ contains 12,108 English inches^ 
Polket, 1^,072 

Cavallo, 12,084 

The Pythic foot, called also natural foot, according to 
Hutton, contains 9,768 
Paucton, 9,731 

Hence it appears, that the Olympic stadium is 201| English 
yards nearly ; and the Pythic or Delphic stadium, 162| yards 
nearly ; and the other measures in proportion. 

The Phyleterian foot is the Pythic cubit, or 1| Pythic foot. 
The Macedonian foot was 13,9£ English inches ; and Sicilian 
foot of Archimedes, 8,76 English inches. 



Jewish Long or Itinerary Measure. 



400 
5 
2 
S 
8 



Cubit 

Stadium 

Sabbath day's journey 

Eastern mile 

Parasaug 

A day's journey 



JSng. sfi}ei. Paeei. |reet. Detb 






1 

4 
33 




145 
729 
403 
153 
172 



1,824 

4,6 

3,0 

1,0 

3,0 

4,0 



Soman Long Measures reduced to EngHsk. 



H 


Digitus tra versus 


3 


Uncia, or Inch 


4 


Palma minor 


H 


Pes, or Foot 


H 


Palmipes 


H 


Cubitus 


9 

2 


Gradus 


125 


Passus 


8 


Stadium 




Milliare 



Eng. FMes. 
















120 

967 



Feet* In. See* 

0,725f 
0,967 
2,901 
11,604 



1 
1 
2 
4 
4 




2,505 
5,406 
5,501 
10,02 
4,5 




N. B« The Roman measures began with 6 scrupula = 1 sicili^ 
ipula = 1 duellum | 1^ duellum = 1 seminaria ; and 
= 1 digitus. Two passus were equal to 1 decempeda. 



cum ; 8 scru 
18 scru 



5 scrupuia = i aueiium | i^ aueuum = i 
ipula = 1 digitus. Two passus were equal 
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Attic Dry Measures reduced to English. 



10 

H 

4 

n 

48 



Cochliarion 

Cyathus 

Oxybaphon 

Cotylus 

Xestesy sextary 

Choenix 

Medimnus 



Fedo. G«n. Pinti. Sd. In* 

0,276/y 

2,r63| 

4,144| 

16,579 

33,158 

1 15,r05j 

4 6 3,501 



Attic Measures of Capacity for liquids^ reduced to English Wine 

Measure. 



2 
H 

£ 
2 



Cochliarion 

Cheme 

Myston 

Concha 

Cyathus 

Oxybathon 

Cotylus 

Xestes, sextary 

Chous, congius 

Metretes, amphora 

Others reckon 6 choi = l amphoreus, 
keramion or metretes. The keramioa is 
have been equal to 35 French pints, or 8| 
the other measures in proportion* 



4 

£ 

6 

12 



Gal« Pints. SoL In. Dec 

tIt 0,0356VV 



\ 



o 








10 



1 

TTT 

1 
TV 

1 
¥T 

1 
T¥ 

1 

T 

1 

1 



o,on2f 

0,08911 
0,178|i 
0,35611 
0,535| 
2,141| 
4,£83 
6 £5,698 
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10 


Heredia 


= 1 Centuria 



N« B. If we take the Soman foot at 11,6 English inches, the 
Roman jugerum was 5980 English square yards, or 1 acre 37| 
perches. 
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ADVERTISEMENT. 

* 

KoNE but those who are just entering upoii 
the study of Mathematics need to be informed 
of the high character of Euler's Algebra. It 
has been allowed to hold the very first place 
among elementary works upon this subject. 
The author was a man of genius. He did not, like 
most writers, compile from others. He wrote 
from his own reflections. He simplified and im- 
proved what was known, and added much thot 
was new. He is particularly distinguished for the 
clearness and comprehensiveness of his views. 
He seems to have the subject of which he treats 
present to his mind in all its relations and 
bearings before he begins to write. The parts 
of it are arranged in the most admirable order. 
Each step is introduced by the preceding, and 
leads to that which follows, and the whole taken 
together constitutes an entire and connected 
piece, like a highly wrought story. 

This author is remarkable also for liis illus- 
trations. He teaches by instances. He presents 
one example after another, each evident by 
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itself, and each throwing some new light upon 
the sabject, till the reader begins to anticipirtie 
for himself the truth to be inculcated. 

Some opinion may be formed of the adapta* 
tion of this treatise to learners, from the cir- 
cumstances under which it was composed. It 
was undertaken after the author became bliad^ 
and was dictated to a young man entirely with- 
out education, who by this means becmme aa 
expert algebraist, and was able to render the 
author important services as an amanuensii^ 
It was written origiftaUy in German. It hat 
since been translated into Russian, French, and 
English, With notes and additions. 

The entire work consists of two volumes 
octavo, and contains many diings intended for 
the professed mathematician, rather than tho 
general student. It was thought that a aeieo« 
tion of such parts as would form' an easy mtob* 
ducti6n to the science would be well received, 
and tend to promote a taste for analysis among 
the higher class of students, and to raise the 
character of mathematical learning. 

Notwithstanding the high estimation in which 
this work has been held, it is scarcely to be met 
with in the country, and is very little knewn in 
England. On the continent of Europe this 
author is the constant theme of eulogy. His 
writings have the character of classics.. They 
are regarded at the same time as the most 






jntfotEnd .an/i tha moi»t 4peP8ficRio<i8, and as 
a ib rd inip the finest models of analysis. Thej. 
fdnlish-tlifi germrs o£ the most a^iproKed ele- 
Aiiteiary irorks on fhet different brahchfis of this. 
sttrace;: The constant reply of one of the first 
mathematieians* of Frahep to those who conrr 
ifaitedi him upon the best on^thod of studying 
iiyatbeMatics- was^ '^.stviiy EulerJ^ . '' It is . need* 
Ins,'^' raid he^ ^^ to aecumulate books ; trae. 
lnvers of mathematies will always read Ealer;. 
because in . his writings every thing i& clears 
distinct, atid ' correct ; because they swarm with 
excellent etamples ; and because it is always 
necessary to have recourse to the founta^ft 
head.'' 

The selections here offered are from the first 
English edition. A few errors have been cor- 
rected and a few alterations made in the 
phraseology. In the original no questions were 
left to be performed by the learner. A collec^^ 
tion . was made by the English translator and 
subjoined at the end with references to the 
sections to which they relate. These have been 
mostly retained, and some new ones have been 
added. 

Aldiough this work is intended particularly 
for the algebraical student, it will be found to 
contain a clear and full explanation of the fun- 
damental principles of arithmetic ; vulgar frac- 

• Lftgnmgc. , 
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tions, the doctrine of roots and po^^ers, of tlw 
different kinds of proportion and progression^ 
are treated in a manner, that can hardly fail to 
interest the learner and make him acquainted 
ivith the reason of those rules which he has so. 
frequent occasion to apply. 

A more extended work on Algebra formed 
after the same model is now in the press and will 
soon he published. This will be followed by 
other treatises upon the different branches of 
pure mathematics. 

JOHN FARRAR, 

FrofeMor •€ Mathiematics and Natural PhUotoj^y in tkft 
Vnirenity at CMdvidfe. 

Cambridge, February, 1818. 
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t>F THE DIP FER£NT METHODS OF CALCULATION API^LtED TO SIMPLE 

QUANTITIES. 



CHAPTER 1. 
t^ MMmMiUci bi general. 

AKTfOIJE !• 

WflATEVEB is capable of increase or diminutton^ ii$ cidled 

tnagniliide or quantity, 

A sum ef money, for instance, is a quantity, since we may iu- 
crease it or diminish it. The same n^ay be said with respect to 
any given weight, and other things of this naturis*. 

2* From this definition, it is evident, that there must be so ma- 
ny diflerent kinds of magnitude ks to rendelr it difficult even to 
enumerate them : and this is the origin of the different branches 
of mathematics^ each being employed on a particular kind 
of magnitude. Mathematics, in getieral, is the science of quan* i 
iity ; or the science which investigates the means of measuring 
quantity. 

3. Now we cannot measure or determine any quantity^ 
except by considering some other quantity of the same kind 
as known, and pointing out their mutual relation. If it were 
proposed^ for example, to determine the quantity of a sum of 
money, we should take some known piece of money (as a dollar^ 
a crown^ a ducat^ or some other coin,) and shew how many of 
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these pieces Are contained in the ^ren sum. In the same man- 
neVf if it were proposed to determine the quantity of a weighty 
we should take a certain known weight ; for example, a pounds 
an ounce^ &c.9 and then shew how many times one of these 
weights is contained in that which we are endeavouring to as- 
certain. If we wished to measure any length or extension, we 
should make use of some known length, as a foot for example. 

4. So that the determinatioo* or the measui^e of magnitude of 
all kinds^ is reduced to this : fix at pleasure upon any one known 
magnitude of the same species witlr that which is to be deter- 
mined, and consider it as the measure or unit ; then, determine 
the proportion of the proposed magnitude to this known mea- 
sure. This proportion is always expressed by numbers ; so* 
that a number is nothing but- th# proportion of omD magnitude 
to another arbitrarily assumed as the unit. 

5. From this it appears, that all magnitudes may be expressed 
by numbers ; and thai ti^e foiindi^tion of all the mathematical 
sciences must be laid in a complete treatise on the science of 
numbers ; and in an accurate exaainatioii of the different po8» 
sible methods of calculation. 

This fundamental part of mathematics is called analysis, or 
algebra. 

6* In algebra then .^e consider qnly numbers which repre- 
sent quantities! without regarding the diflR^rent kjinds of quantity.) 
These are the subjects of other branches of the mathematics. 

7. Arithmetic treats of numbers in particular, and is the 
science <ff numbers properbf so caUed ; hut this science extend 
only to certain methods of calculation whi<*h occur in common 
practice: algebra* on the contrary, comprehends in general 
all the cases which can exist in the doctrine and calculation of 
numbers. 



CHAPTER II. 

8. "When we have to add one given number to another^ this 
]$ indicated by the sign -(-which is placed before the second 
number, and is read ylus. Tlius 5 -f 3 signifies that we must 
add 3 to the number 5^ and every one knows that the resolt U 
%; in the same manner 12 + T make 1*9 ; ^5 -f 16 make 41 ; the 
sum of 9.5 +41 is 669 &c. 

9* We also make use ot the same sign + or plus^ to connect 
sereral numbers together ; for example, 7 -)- 5 -|- 9 signifies that 
to the number 7 we must add 5 and also 9, which make St. The 
reader will therefore understand what is meant by 

8-|-5.fl3 + llifl ^.3^- 10; 
Ti^ the sum' of all these numbers, which is 51. 

10. All this IS evident f and we have only to mention, that, 
in algebra, in order to generalize numbers, we represent them 
by letters, as a, 6, c« d, &c. Thus the expression a -(- 6 sigriifieii 
the sum of two numbers, which we express by a and d, and 
these numbers may be either very great or very small. In the^ 
same manner,/-t- m+b + x^ signifies the sum of (he noihbiirs 
represented by these four letters. 

If we know therefore the numbers that are represented by 
letters, we shall at all times be able to find by arithmetic, the 
sum or value of similar expressions. 

11. When it is required, on the contrary, to subtract one 
given number from another, this operation is denoted by the 
sign ~->^ which signifies mimis^ and ia^)Iaced before the number 
to be subtracted : thus 8—^5 signifies that the number 5 is to be 
taken from the number 8 ; which being done, there remains 3. 
In like manner 12 — 7 is the same as 5 ; and £0 ^- 14 is the same 
as 6, &c. 

1 2. Sometimes also we may have several numbers to be subtract- 
ed from a single one; as for instance, 50 — 1 — 3 — S'^T — 9. 
This signifies, first, take 1 from 50, there remains 49 ; take 3 from 
that remainder, there will remain 46 ; take away 5, 41 remains ; 
take away 7, 34 remains ; lastly, from that take 9, and there 
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remains £5 ; this last remainder is tbe value of tbe eiqivessioa. 
But as the numbers I9 Sf 5^ 7, 9, are all to be subtractefl, it is 
the same thing: if we subtract their smD» whieh is %5, at once 
from 50y and the remainder will be 25 as before. 

13. I|t is also very easy to determine the value of similar 
expressions, in which b6tb the signs -f- plus and — minus are 
ibttiul : for example ; 

12.^ 3 ^ 5 ^ 2 »^ 1 is the same as 5« 
We have only to collect separately tbe sum of the numbers fliat 
have the sign + befgre tbem^ and subtract from it the sum of 
those that have the sign — • The sum of 12 and 2 is 14 ; that 
of 3, 5 and I9 is 9 ; now 9 being taken from 14, there remains 5. 

14. It will be perceived from these examples that the order 
fin which we write the numbers is quite indifferent and arbitrargf 
provided the proper sign of each be preserved. We migtit u ith 
equal propriety have arranged the expression in the preceding 
article thus ; 12 +2 — 5 ~ 3 — 1, or 2 — 1—3 — 5 + 12, or 2 + 
12^ — 3 —1>^ 5, or in still different orders. It must be observed, 
that in the expression proposed, the sign + is supposed to be 
placed before the number 12. 

15. It will no 1 be attended with any more .difficulty, if, in 
order to generalize these operations, we make use of letters 
instead of real numbers. It is evident, for example, that 

a — b — c + d — e 
.^gnifies that we have numbers expressed by a and rl, and that 
from these numbers, or from their sum, we must subtract the 
numbers expressed by the letters 6, c, e, which have before them 
the sign — . 

16. Hence it is absohitety necessary to consider what sign is 
prefixed to each number : for in algebra, simple quantities are 
numbers considered with regard to the signs which precede, or 
affect them. Further, we call those positive quantities, before 
which the sign + is found ; and those are called 9iegative quan^ 
tities, which are affected with the sign — . 

17. The manner in which we generally calculate a person's 
property, is a good illustration of what has just been said. Wo 
denote what a man really possesses by positive numbers, using, 
or utiderstaning the sign + ; whereas his debts are represent- 
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ed by negfttif e nmnbers, or by using the sign -*v Thiis, wtteii 
it is said of anj one that he has 100 crowns^ hot owes 50, thi4 
means that bis piroperty really amounts to 100 — 50 ; or, whicb 
is the same thing, -f- 100 — 50, that is to say 50. 

18. As negative nambers may be considered as debts, because 
positive numbers represent reid possesions, we may say that 
negative numbers are less than nothing. Thus* when a man 
has nothing in the world, and even owes 50 crowns, it is certain 
that he has 50 crowns less than nothing ; for if any one were to 

^ nmke him a present of 50 crowns to pay his debts, he would 
still be only at the point nothing, though really richer than 
before. 

19. In the same manner therefore as positive numbers are 
incontestably greater than nothing, negative numbers are less 
than nothing."* Now we obtain positive numbers by adding 1 to 
0,tbat is to say, to nothing; and by continuing always to in- 
crease thus from unity. This is the origin of the series of num* 
bers called natural numbers ; the following are the leading terms 
of this series : 

0, + 1 , + S, + 3, + 4, + 5, + 6, + 7r+ 8, + 9, + 10, 
and so on to infinity. 

But if instead of continuing this series by successive additions, 
we contintied it in the opposite direction, by perpetually sub- 
tracting unity, we should have the series of negative numbers 7 

0, — 1, — 2, — a, — 4,~5, — 6, — r, — 8, — 9, — 10, 
and so on to infinity. 

* By being less than nothing is meant simply that they are of such a nature 
as to cancel or destroy an equal number with the sign plus before it, so that 
— 4» or — a is as really a positive thing, and is as easily conceived, as + 4 or 
•f-a. The quantity 4 or a may be considered independently of its sig^. The 
sign + implies that this quantity is to be added, and the sign -^ that it is to 
be subtracted. This subject may be illustrated by the scale of a thermome- 
ter. After observing the mercury to stand at 50^, for instance, I am told, 
that it has changed 4°, I have a distinct idea of the portion of the scale de- 
noted by four of its divisions, without applying tliem in any particular direc- 
tion. But when I am furtlier informed ;'that this change of the thermometer 
is — • or tubtractive with respect to its former state, T then understand that 
the mercery stands at 46®, whereas it would be At 54*^. if the change had been 
*Hor additive^ 
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S0# AUlhes^ niittberci« wlietfaffr po0iti!Ke or iMtgiUvejt lM»vet)ie 
Joiowii ^ppettatien of wholQ iiuii^»er», .or wttigffirsp which eoov^ 
f uently are eithjer greater or less than notbing;. We cidl (hew 
integers^ to Aistvugj^h^ll^ Hj^^mfrfm frML^ms^ wd from, several 
other kinih of niiinihers of which ve ehalt hereafter fipeak. For 
instaiice, 50 bei^g greater by M eaftire unit than 49f it ia eaaji 
to coflipvehend th^t there may be betweafir 49 and 50 an infinity 
of intermediati^ numbersy all greater, than 49.* and y^t all less 
than 50. We need only imagine two lineSf one 50 feel tba 
Other 49 feet long, and it ia evident that thef» may bed)^(iwn an 
infinity number of lines all longer than 49 feet, and ;et sborim 
than 50. 

' SU It is of tjiB utmost importance through the vvliok of 
algebrat that a precise idea be formed of those negative qua^* 
ties about which we have been speakitig. I shall content myaeK 
\9ith remarking here that aH such expi*essionSf a^ , 

+ l,-.l, + 2 — 2, + 3^3, +.4 — 4,&C. 
are equal to or nothing* And that 

<f £ «-« 5 is equal to — 3. 
For if a person has 2 crowns, and owe?^ 5, he has not onlf 
nothing, but still o^es 3 crowns : in the same manner, 
T — 12 is equal to— 5, and 25 — 40 is equal to — 15. 

«2. The same observations hold true, when, to make the 
expression more general, letters are used Instead of numbera : 
or notJiing will always be the value of + a — a. If we wish to 
know the value +a — h two cases are to be considered. 

The first is when a is greater than b ; b must then be sub- 
tracted fttrni af and the remainder (before wWch is pfoceif br 
understood to be placed the sign +) shews the value sought 

The second case is that in which a is less than b : here a 19 
to he subtrarted from b, and the remainder being made negative^ 
Vy ^ing before it the sign ~^ will he the value sought. 
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Chap. 9*, Of SimfU ^lumtiHesi 'f 

CHAPTER IIL 

Of the MtdHpticatimi of 8mpk (fuaniities. 

SS. Whsit there are two or more equal numbers to be added 
together, the expression of their sum may be abridged ; for 
esample, 

a 4-a is the same with 2xa, 

a + a + a 3 x a, 

a + a + a + a 4 x<(> and so on ; where x is the siga 

of multiplication. In this manner we may form an idea of mill** 
tiplication ; and it is to be observed thaty 
3 X a signifies 2 times, or twice a 
3 X a 3 timesy or thrice a 

4x^ 4 times a, &c. , 

^. if therefajn a number expressed by a letter ^tobe muUipUed i 
hg any othefr number , ive simply put that numbet befirt the UtUT$ 
thus, 

a multiplied by SO is expressed by SO o, and 

b multiplied by 30 gives 30 69 &c« 

It is evident also that c taken onte^ or 1 c^ is just c. 

35. Further, it is extremely easy to mnltiply such prodncG^ 
again by other numbers ; for example : 

£ times, or twice 3 a makes 6 a^ 
3 times^ or thrice 4 b makes 12 b, 
5 times 7 x makes 3£f X9 

and these products may be still multij^ied by oth^ nqmbers at 
pleasure. 

£6. fFhen the numberf by which we are to multiply, is also re" 
presented by a Utter, we place it immediately before the other tetter ; 
thus, in multiplying b by a, the product is written a( ; andp q 
will be the product of the multiplication of the number 9 byp« 
If we multiply this p q again by a, we shall obtain apq. 

27. It may be remarked here, that the order in which the letters 
are joined together is indifferent ; that a 6 is the same thing as 6 a ; 
for ( multiplied by a produces as much as a multiplied by b. 
To understand this, we have only to substitute for a and b 
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known numbers, as S and 4 ; and the tnitli wiU be self-eTident ; 
for 3 times 4 is the same as 4 tnnes S. 

28. It will not be diflicult to perceive, that when jou \k9cvt to 
put numbers, in the place of letters joined together, as we have 
described, they cannot be written in the same manner by put- 
ting them one after the other. For if we were to write 34 fbr 
d times 4, we should have 34 and not IS. When therefore it is 
required to multiply common numbers, we must separate them 
by the sign Xf or points : thus, 3 x 4, or 3*4, signifies 3 times 4, 
that is IS. So, 1 X £ is equal to S ; and 1x8x3 makes 6. In 
like manner 1x^X3x4x56 makes 1344 ; and 1x^X3 
X 4 X 5 X 6 X 7 X 8 X 9 X 10 is equal to 3628S00, &c, 

£9. In tiie same manner, we may discover the value of an 
expression of this form, 5 * 7 * 8 a ft c d. It shews that 5 must be 
multiplied by 7, and that this product is to be again multiplied 
by 8 ; that we are then to multiply this product of the three 
numbers by a, next by i, and then by c, and lastly by d. It may 
be observed also, that instead of 5 x T x 8 we may write its value, 
£80 ; for we obtain this number when we niiiltiply the product 
of 5 by 7 or ^5^ by 8. * 

30. The results which arise from the multiplication of two or 
more numbers are called prodv4sU ; and the numbers, or indivi- 
dual letters, are called /actors. 

31. Hitherto we have considered only positive numbers, and 
there can be no doubt» but that the products which we have 
seen arise are positive also : viz. + a by + 5 must necessarily 
give + ab. But we must separately estamine what the multipli- 
eation of + a by — ft, and of — a by — 6, will produce. 

32« Let us begin by multiplying — a by 3 or -f 3 ; now since 

— a may be considered as a debt, it is evident that if we take 
that debt three times, it must thus become three' times greater, 
and consequently the required product is — i 3 a. So if we multi- 
ply — a by + 6, we shall obtain — ba, or, which is the same things 

— ab. Hence we conclude, that if^a positive quantity be multi- 
plied by a negative quantity, the product will be negative ; 
and lay it down as a rule, that + by -f makes -f-, or plus, and 
that on the contrary + by — , or — by + gives — , or minus. 
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33. It remains to resolve the case in which — • is multiplied by 
— - ; or, for example^ — a by — fr« It is evident^ at first sight, 
with regard to the letters, thiU the product will be aft; but it is 
doubtful whether the sign -h or the sign -— , is to be placed before 
the product ; all we know is, that it must be one or the other of 
these signs. Now I say that it cannot be the sign — : for — a 
by + ft gives *— a i, and — a by — b cani^t produce the same re* 
suit as *— a by + fr ; but must produce a contrary result, that is to 
say, +ab; consequently we have the following rule : *-^ multipli- 
ed by •--^^ produces +, in the same manner as + multiplied by -f .*" 

* It is a subject of great embarrassment and perplexity to learners to con- 
ceiye how the product of two negative quantities should be positive. This 
arises from the idea they receive of the nature of multiplieation as explained 
and applied in arithmetic, where positive quantities only are employed. The 
term is used in a more enlarged sense when negative quantities are concerned, 
as may be shown without making use of letters. If I wished to multiply, for 
instance, 9 — 5 (or 9 diminished by 5) by 3, 1 should first find the product of 
S by 3 or 27. But tliis is evidently taking the multiplicand too great by S, 
and of course the product too great by 3 times 5i I accMniingiy write for the 
prodact 2r— 15, equivalent to 12, which is the product that would arise 
from first pwforming the subtraction indicated by the sign-^ and using the 
result as the multiplicand. Thus, 

Multiplicand 9 » 5 which is equal to 4 
Multiplier 3 3 

Product 27-- 15 which is equal to 12 
Let us now take for the multiplier the quantity 7 — 4^ which is equivalent 
to 3. We multiply, in the first place, by 7, in the manner that we have 
just done by 3, and the result is 63 -— 35. But as the multiplier is 7 diminish* 
ed by 4^ multiplying by 7 must give 4 times too much. Accordingly we take 
4 times the multiplicand, or 36 — 20, an^ subtract this from 63 — 35, or 7 
times the multiplicand. Now in making this subtraction it is to be observed 
that the subtrahend 36 — 20 is 36 diminished by 20, and if we subtract 36 we 
take away too much by SO, and must therefore add this latter quantity. Con- 
sequently the true product will be 63 — 35— 36 4- 30, equivalent to 12, as be* 
fore. Thus this mode of proceeding gives the 'same result as that obtained 
by first performing the subtractions indicated in the latter term of the multi* 
piicand and multiplier. The several steps in each case are as follows : 

Multiplicand 9 — 5 which is equal to 4 
Multiplier 7 — 4 which is equal to 3 

63 — 35 Product 12 

— 36+20 



Product 63 — 35 — 36 + 20 or 83 — 71, that is 12. 
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S4. The ndes^ whficli we have eitplftiiiei ftue ^i^ressoi laore 
briefly as follows : 



f 



TfeM "we tee thftt y w +7 J>y — If gire8»^35, aiid'^4by «|*9 ^tc8^-3#» 
-•Qd -^ 4 by — 5 gives 4> 2a The sMse general xeasoniog wtU ftppitir when let* 
ters are usecl instead of numbers. 
V Multiplicand <i — fr 

Multiplier c — df 

ac — b€ 
— ad+h d 



i^rodfiet. ac — bc^ad'^bd. 
We say in this case that, when we multiply a by c ve take the multiplicand 
too great by 6, and igaust therefore diminish the result a <; by the product of & 
by c or d c. So also in multiplying the two terms of the multiplicand by c^ 
"we hare taken the multiprlier too great by <4 ^d must theceforedtmiiiish the 
result a e— 6^ by the product of a — «& by 1/, or a d^^ b d. But if we sub- 
tract Hie whole oTa dy we subtract too much by bdi bd mus^t accordt^gly ht 
•added* 

The rule for negative quantities her^ illustrated is not necessary where 
»ei*e numbers are employed, because the subtraction indicated may always be 
fMHbmied. But this cannot be done with respect to letters whkBh stand for 
no particular values^ but are intended as general eapnessioos of quantittet* 

The truth of the role may be tiiown also whdi applied to quantities taken 
singly. We say that multiplying one quantity by another is taking one as 
many times as there are units in the other, and the result is the same, which- 
ever of the quantities be taken fbr the muhlplicatid. Thus multiplying 9 by 3 
is taking 9 three times, or, which is the same thing, taking d nine times 
(Arith. 27)' Bu* in arithmetic, quantities are always taken affirmatively, 
that is additively. When therefore we take 9 or + 9 three times additively, wr 
+ 3 nine times additively, the result will evidently bte additive or +27. When 
on the contrary one of the factors is negative, ais for Instance, in multiplying 
-— 5 by + 3 ; in this case, — 5 is to be taken three tiilies additivety, and --* ^ 
added to <— 5 added to — - 5 is clearly — 15. So also if we consider 4- 3 as the 
multiplicand, then 4- 3 is to be taken five times subtractively ; now 3 taken 
subtractively once (or which is the same thing 3 x — 1) is equivalent to —3, 
taken subtractively twice is — 6, three times is — 9, five times is — 15. But, 
when the multiplicand and multiplier are both negative, as In th6 case of mul* 
tiplying — 5 by — 4 ; here a subtractive quantity is to be taken subtractively^ 
that is. we are to take away successively a diminishing or lessening quantity, 
which is certainly equivalent to adding an increasing quantity. Thus if we 
take away — 5 once, we augment the sum with which it is to be connected 
by + 5 ; if we take away «- 5 twice. We make the augmentation 4* 10 ; if four 
times, + 20 ; that is, —. 5 X — 4 is equivalent to + 20. 
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gfcer-^ TbttSr vOm it is. re^uire^ to multipl]^ the (bUowi^g 
numbers ; 4. a> «-&,•— c, -f d; we have first .+ a multiplied by« 
•7- Af wbilch loakes --^ab; Umby *-c, gives + abc; aoid this hj, 
-f dygives + aicd. 

. Si. Tk» dii^iciilt^es with respect to the signs being remo^tecU 
we have only to shew how to multiply numbers that are them^ 
selves products* If we were^ ibr instance, to multiply the 
Biifl)ber ab by the number c d, the product would be a 5c d, and it- 
i^ ol)tained by multiplyirig first ab hj c, and then the result oS 
HksA mdtiplicatioa by d. Or, if we had to multiply 36 by 1£ ^ 
since 1£ is equal to 3 times 4, we should only multiply 36 first bj^ 
3^ and then the product 10$ by 4, in order to ha^e the whole pro- 
duct of the multiplication of 12 by 36, which is consequently 43S^ 

36. But if we. wished to multiply 5 ai by 3cd^ we might write^ 
^cAx Sab^ bmeverf as in the present iii^nce the order of thei 
numbers to be multiplied is indi&renty it will be better, as m 
also the custom, to place the common numbers before th& lettevs, 
^d to exj^ress the product thus : 5 ;< 3 a(cd^ or 15 a6.cd ^^since^S 
ti^^3(is)^5; 

So if we bad to multiply: l%pqr\»f 7 sa^ we should c^btaia, 



eB/kPTER IV. 

Of ihe nature of whole rmmbers or irUegerSf with respect to their 

factors. 

$7: We have observed that a product is generated by the 
multiplication pf two op mare numbers tngetber^ and that thean 
numbers are called: factors^ Thus th^ numbers a, b^ c, d, are 
the factors of the product a(c d. 

rSB. Ifj therefore^ we consider all whole numbers as products 
^f two. or more numbers multij^ied together, we shall soon find 
that some cannot result from such a midtiplication^ and conse-* 
quently have not any factors ; while others may be the products 
of two or more multiplied together, and may consequently have 
two or more factors. Thus, 4 b produced by£x2; 6by£x3j 
8by2>c2x2> or27by3x3x3j and 10 by 2 x 5, &c. 
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S9. Biity on tke other hand, the numbers, 2, d, 5, 7f Ih tS, 
IT, &c,, cannot be represented in the same manner by faetoihi, 
unless for that purpose we make use of wHtj, and represent 2, 
for instance, by 1 x 2. Now the numbers wMch are multiplied 
by 1, remaining the same, it is not proper to reckon unity as a 
factor. 

All numbers therefore, such as S, 3, 5, 7, 11, 13, ir, &e. 
which cannot be represented by factors, are called .stntp^, or 
prime numbers ; whereas others, as 4, 6, 8, 9, 10^ 12, 14, 15, 16, 
18, &c. which may be represented by factors, are called compound 
numbers. 

40. ISimple or prime numbers deserve therefore particular 
attention, since they do not result from the multiplication of two 
or more numbers. It is particularly worthy of observation that 
if we write these numbers in succession as they follow each other 
thus; 

2, 3, 5, r, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, te. 
we can trace no regular order ; their increments are sometimes 
greater, sometimes less ; and hitherto no one has been able to 
discover whether they foHov any certain law or not. 

A\. M compound numbers^ which may he represented byfactorSf 
residtjrom the prme numbers ab<roe meniumed ; that is to sajff aSL 
their factors are prime numbers. For, if we find a factor which 
is not a prime number, it may always be decomposed and rc|Hre- 
senled by two or more prime numbers* When we have rcfire- 
sented, for instance, the number 30 by 5 x 6, it is evident that ,6 
not being a prime number, but being produced by 2x3, v^ 
might have represented 30 by 5 x 2 x 3, or by 2 x 3 x 5 ; that 
18 to say, by Tactors^ which are all prime numb€a*a« 

42. If we now consider those compound numbers which ro^ 
be resolved into prime numbers, we shall observe a great difibr* 
ence among them ; we shall find that some have only two factors, 
that others have three, and others a still greater number. We 
have 'already seen, for example, that 



4 is the same as 2x2, 

8 2x2x2, 

10 2x5, 

14 2X7, 

16 2X2X2X2, 



6 is the same as 2x3, 
9 SxS, 

12 2X3X2* 

15 3+5, 

and so on. 
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43* Hence it is eisy to fitid a method fiir amlysing anj imm^ 
ber* or resolving it) into its sini{jle fiictors. Let there be- pi^ 
postAf for instaiK^e^ tiie nnmber 360 ; we shall represent it ftrrt 
liy £ X i80. Now 180 is equal to S X 90^ and 

90-) f 2X45, 

45 I is the same as < 3x15, and lastly 
,15j C3X 5. 

So that the number 360 may be represented by these simple 
factors, 2x2x2x3x3x5; since all these numbers multiplied 
together produce 360. 

44. This shews, that the prime numbers cannot be divide^ bj 
other numbers, and on the other hand, that the simple factors of 
tjompound numbers are fmnd, most conveniently and vnth the greats 
est certainty, by seeking the simple^ or prime numbers, by which 
those compound numbers are divisible. But for this, division is 
necessary ; we shall therefore explain the rules of that operation 
in the following chapter. 



CHAPTER V. 



Of the Drnmn ^&mpU quaniiiies. 

45. Wflfinr a number is to be separated into two, three, or 
more equal parts, it is done by means of division, which enables 
Us to determine the magnitude of one of those parts. When we 
Wish, for example, to separate the number 12 into three equal 
parts, we find by division that each of those parte is equal to 4. 

The following terms are made use of in this operation. The 
number, which is to be decompounded or divided, is called the 
dhndend ; the number of equal parts sought is called the divisor ; 
the magnitode of one of those parts, determined by the division, 
is called the quoHeni ; thus, in the above example ; 

12 is the dividend, 

3 is the divisor, and 

4 is the quotient. 

46. It follows from this, that if we divide a number by 2, or 
Into two equal parts, one of those parts, or the quotient, taken 
twice, makes exactly the number proposed $ and| in the same 



imiiiiier> if w kave ^ wubMr to be dif idtd bf 9^ tiM'^ottoirt 
taken thrice omat give-tiie Bcnt Bmher agaiHtf Ia' gentrftl, the 
m f ^pKmt i o n ^ tli9 qmtimt i^ Hie dMmr mmit0lwm^$ rq^roimee 
i the dividend. 

47. It 18 for this reason that dMsion is caHed a ride, 
^hich teaches as to find a nutaber or quotientt which^ being 
multipKed by the divisor, yn\l exacHy produce the diTidend. 
For example, if d$ is to be dfTided hy 5, we seek a number 
which, mottipKed hj 5, wilt produce 35. Now this number is 
7, since 5 times 7 is S5. The mode of expression, employed' 
in this reasoning, is ; 9 in 35, r times ; and 5 times 7 makes 
35. 

48* The dividend therefore may be considered as a product 
of which one of the foctors is the divisor, and the other tile 
quotient* Thus, supposing we have 63 to divide by T9 ,we en- 
deavour- to And such a product, that taking 7 for one of its 
factors, the other fiftctor multiplied by this may exactly give 63. 
Now 7 X 9 18 such a product, and consequently 9 is the quotient 
obtained when we divide 63 by 7« 

49» In general, if we have to diviide a number a ( by a, it is 
evident that the quotient will be 6 ; for a multipibd by b gives 
the dividend ab» It ia oloar also, ttmt if we had to^ divide a fr by 
b^ the quotient woidd be a. And in all examples of division 
that can be proposed, if we divide the dividend by the quotient 
we shall again obtain the divisor ; for as 24 divided by 4 givea 
%, 80 24 divided hy 6 will give 4. 

50. As the whole operation oonsi^ in representing the dividend 
^ two factors, tf which one shall be equal to the divisor^ the other 
to th^quotienjt ; the foUowini; enmplea wtU be easily uoderstood* 
I say iirstt that the dividend a.bc0 divided by a,, gives be; for a^, 
multiplied by hcj produces aba ia the same manner a ^c, being 
divided by (, we shall h^ye a c; and aba, divided by nc, gives (- 
I say also, that 12 mn, divided by 3m,,givea 4 o ; for Sm, multi- 
plied by 4 n, makes IQmn. But i£ this same number 12 m n had 
been divided by 12, we should have obtained the quotient mn. 

51. Since every number o may be expressed by I a or one a, it 
is evident, that if we had to divide a or l a by 1, the quotient would 
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5d» tt oftoit irafpew tbit Ive «awirt «q|mi6iit the drndontl m 
liie froinct of two foetora^ tf wUohone isefualto ttwdivisorl 
aadttioii Ihe diviiiQii OHMiotbe pdrfiiniied in tlui ttamierwo 
IwTe described. 

IVibeii we have» for esflfliple> M to be divided bjr 7> it is at 
first sight obvieusy tbat the Mnber f is not « fuctor of M | for 
the product of r x S is only dl» «nd oonasqwutlgr toosflMdl^ aedi 
f X 4 imkes 28y which fa gneaier tbsn 24. We disoover however 
from this, thai the fiMftieat most be g:rBater than 3» and leas than 
4. In order therefore to determine itexacUy^ we employ another 
species of iiumbersy wbieh are caUed frm^ums, and which we 
shall cansider in one of tiie ffdldwitis chapters. 

5S« Until the use of fractions is conridersd^ it is usual to rest 
satisfied with the whole number which aiq^aches nearest ta 
the true ^piotient, bnt at the same time paying attention to the 
ivmatnd^ ahich is kft ; thus we say^ 7 in £4# 3 times, and the 
remainder is S, because 3 times 7 produces only d l, which Is 3 
less than 94. We may considtr the ftdlowing examples in tfae 
manner t 
a)d4(5^ Oat is to say, the divisor is 6, the dividend 34# 
30 the /quotient 5^ and the remaindw 4* 

4 
9)41(4, here the divisor is 9, the dividend 41^ the quo- 
36 tient 4, and the remainder 5. 



5 
The following rule is to be observed in examples where there 
ii a remainder. 

' 94. If toe mtifiply ike drmor by the qudieni, ofnd U^ike proinet 
aid the remainder, we must dbtain the dividend ; this is the 
method of proving division, and of discovering whether the 
calculation is right or not. Thus, in the first of the two last 
examples, if we multiply 6 by 5, and to the product 3Q add the 
remainder 4, we obtain 34, or the dividend. And in tlie last 
example, if we multiply the divisor 9 by *the quotient 4, and to 
tfae product 36 add the remainder 5, we obtain the dividend 41. 
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55. loMjf it is necessaiyto remark bere, ^th ngtrd to tk» 
flogns + plus aaid •*— rniwuf that if we divide + a t by + a, the 
quotient will be + b, which is evident But if we divide + at 
by ~ 09 the quutimit will be — ( ; because — ax^-^b gives + ab. 
If the dividend is ^*- a b, and is to be divided by the divisor +af 
the quotient wiQ be •>-« ft ; because it is — • i, which^ multiplied 
by + fly makes — a 5. Lastly, if we have to divide the dividend 
--* a fr by the divisor — a, the quotient will be + ft ; for the dtvi- 
deild — ub is the product of -*-»a by +b. 
'■ 56, WUh regard therefore to the signs + and *-, dirmoa admUs 
thewme rules that we have seen applied in mtdtipHcatUm ; viz« 
+ by + requires + ; + by — requires — ; 

— by + requires—; — by — requires + : 

•r in a few words, like signs give pluSf unlike signs give mkms. 

57. Thus^ when we divide 18p9 by •— 3 p, the quotient is — >^ q. 
Further ; * 

— SO a; jf, divided by +6 y, gives -« 5 x, and 
-^54 a ft c, divided by — 9 ft, gives + 6 a c; 

for in this last example, -«- 9 ft, multiplied by •4. 6 a c, makes — 6 x 
9 a ft c, or — 54 a ft c. • But we have said enough on the division of 
simple quantities ; we shall therefore hasten to the explanation 
of fractions, after having adddd some fartlier remarks on the 
nature of numbera, with respect to their divisors. 



CHAPTER VI. 

Of the properties (f integers with respect to their dimsors. 

58. As we have seen tliat some numbers are divisible by cer- 
tain divisors, while others are not ; in order that we may 
obtain a more particular knowledge of numbers, this difference 
must be carefully observed, both by distinguishing the numbers 
that are divisible by divisors from those which are not, and by 
considering the remainder that is left in the division of the 
latter* For this purpose let us examine the di visors j 

2, d, 4, 5, 6, 7, 8, 9, 10, &c. 

59. First, let the divisor be 2 ; the numbers divisible by it 
are £, 4, 6y 8, 10, 12^ 14, 16^ 18, 20, &c. which, it appears 
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ream ^tmfBhf^tmni Tb0«» mmfc tra, u br aMh^^ can b^ 
•ontinaed, are caUed tv$n mtmbtrt^ But tbera art 9t|«r bii»* 

u s^ r^ 9v tt» ijy yisi 17, Wf &iu» 

wiiielitweafliiUTialy^'latoar gtaadev thaa tba fatowp by uiiUy» 
and wMcli canacyt be divided by Af witbaal tkcr/ Femainripy l ^ 
tiiese are called iNUfwaitera. ' 

/She 4ven nuinhora are allt map w ri i e a dad m tbe geaerad expree- 
simi Six ; (br Ibej are all oblaiiied by siiiceaiiively aibstitutiag 
fttf'o 4ihe tatege«9 1, %i S^ 4* 5,. 6» 7» Ice, aitd beoce it foUowa tlmt 
the odd nunbers are att tsoiaprebended in theesipreeiiea 9u + 1, 
because 2 a + 1: n {patter by anityitbnii the even number 2 a. 

60. In tbe smamk phe^, kk Ibenwaber 3 be the divisor ; ttie 
numbers divisible by it are, 

. Sf 6^'% if^ ISi 18^ 21, d-l» 27* SOf and SQ en ; and these num- 
bers may he ncpresented by tbe eipression 3a; for S a divided 
by 3 f^ives the quotiaat a witbanta remainder. All other num- 
bers, which we would divide by 8, witt.giipe 1 or S for a remain- 
der, andare mwMiqaentty of tlvo kinds« Tboae wbicbi after tiia 
<fivisieii leave the.remaifidar 1, are ; 

l,4,M0tia, 16»19» Jic, 
and areconMmd in the ezpreasion da + 1 ; but tbe other kind^ 
where the numbers give tbe remaindc^r S» arej 

2,5989 11,14,^17, 20, &c^ 
and they may be generally expressed by 3 c + 2 : so that all 
numbers may be e]i(pre88ed eithef by SOf or by S a + 1, or by 
3a+2. 

61. Let us nom suppose that 4 is tbe divisor under considera- 
tiiHi : the aumbers wbkk it, divides are ; 

4, at 12, IS, 29b ^ &Cn» 
which increase uniformly by 4, and are copurehanded in th^ 
amiressiuA 4 a, All other numbi»r% that is^ those which are not 
^visible by 4, may leave tbe retmauider l ,» or Ue graater than 
tbe former by l : as 

1, 5r9rlj8»ir»dl,259&C«9 

and coBsequeBtly may be coqpipi^eheDded in the expression 
4 a -f 1 : or they may give the remainder 2 ; as . 

2, 6, la, 14j| IB^ 22, 26^ &c^ 
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and be ex]pi%ssed by'4a + 2$ w, ladflf» tbey nmy gm.ika 
rcMftindep S ; as 

3, 7, 11^ 15, 19^ %% d7, &C.9 
and may be refM^esented hy the expression 4 a 4-5. 
• All possible iiiteg^ nuaibers. are therefore c^ntMoad in one or 
other of -tfiesefour expressions ; - 

Aa^ 4a +1, Aa + ^f 4n.+^. 

62. It is nearly the same when the divisor is 5 5 for all nam- 
befs which can be divided by. it are comprehended in the 
expression Sa^ and those which cannot be divided by. 5, .are 
reducible to one of the following expressions : 

Ba + \f 5a + % 5a +S, 5a + 4; 
and we may go on in the same manner and consider tJie greatest 
divisors. 

63. It is proper to recollect here what bas been already ssud 
on the resolution of numbers into their simple factors ; for. every 
number, among the factors of which is found, 

S, or 3, or 4,'or 5, or f, 
or any other number, will be divisible by those numbers* For 
example ; 60 being equal to 2 x ^ X 3 x 5, it is evident that: 60 
is divisible by 2, and by 3, and by 5« 

64. Further, as the general expression a bed is not only. divi« 
sible by a, and hf and c, and rf, but also by 

ab, ac, adf 6 c, bd, cd^ and by 

abCf abd, aed, bcd^ and lastly by 

abcdf that is to say, Its own value ; 
it follows that 60, or 2 x S X 3 x 5, may be divided not only by 
these simple numbers, but also by those which are composed of 
two of them ; that is to say, by 4^ 6, 10, 15 : and also by those 
which are composed of three of the simple factors, that is to say, 
by IS, SO, 30, and lastly by 60 itself. 

65. When, thereforCf we have represented any number, assumed 
atpleagure, by its simple factors,* it wiU be very easy to shew all 
the numbers by which U is divtsibk» For we have ank/, firsts to 
take the simfde factors one by one, and then to muUipiy titem togeO^ 
er two by two, three by three, four by four, ^c, tifl we atrioe ol 
the number propose. 

66. It must here be particularly observed ; that every number 
is divisible by 1 ; and also that every number is divisible by 
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itwlf $ 80 titti4 every Mt&berlttU9 at least two factoi«» or divisors, 
the number itself and unity : but every number^ which has no 
other divisor than 4hese two, belongs to the class of numbers^ 
whidh we have before called simpie, or prime nmnbers. 

Altnambers, except these, liave, beside unity and them- 
selves, other divisors, as may be seen from the following taUe, 
in which are placed under each number all its divisors. 

TABLE. 

* ► • . > 
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4 


5 
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6 


7 

1 


8 
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10 
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11 
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1 


13 
1 


14 
1 


15 
1 


16 
1 


17 
1 


18 

1 


19 
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£0 
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1 
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07. Lastly, it ought to be observed that 0, or nothing, may be 
considered as a number which has the property of being divisi^ 
ble by all possible numbers ; because by whatever number a 
we divide 0, the quotient is always ; for it must be remarked 
that the multiplicatioh of any number by nothing produces noth* 
ing, and therefore times a, or a, is 0. 



CHAPTER Vn. 

Of Fractions in general. 

68. Whsf a number^ as 7 for instance, is said not to be 
divisible by another number, let us suppose by 3, this on^ 
n^ans, that the quotient cannot be expressed by an integral 
number;, and it must not be tiionght by any means that it !» 
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impiMiUie to ferm tm idea tf ihtt qtto^nt. Oaly i aM^ » a 
line of 7 feet in lengtht no one can doubt tk^ fonsikkiity -i^t 
dividing this line into 3 eqtt«(l parta» and of forming a aotiaa of 
the length of one of those parts, 

69. Since therefore we may fom a precise idaa of th8<|aa- 
tient ebtained in similar cases, though that quotient is not an 
integral number, this leads iis to consider a'parlicttlar species of 
numbers, called fradions, or broken numbers. The instance 
adduced furnishes an illastratieti» If we have to divide 7 by S^ 
we easily conceive the quotient which should result, and express 
it by I ; placing the divisor under the dlvideiidy an,4. separat&nig 
the 4tA'4» Humbers by a stroke, «r fiaOb 

t(K So, in gewH'aif ttlien the nmAer a is to ie dwiied hfsibB 

number b, we represent the quotient ty ^, and cM this firm of 

expression a fraction. We cannot therefore give a better idea of 

a fraction -^ than by daying that we thus express the quotient 

resulting from the division of the upper mimber hy the lower. 
We must i^m^mber al^o, iJiat in all fractionj^ th^ lower hsm- 
ber is called the denominafor, and that above the tine the nuine- 
rotor. . 

71. In the above fraction, |, which we read seven thirds, 7 is 
the numerator, and 3 the denominator. We must also read |, two 
thirds ,* |, three fourths ; |, three eighths ; -^^^ twelve hun- 
dredtiis ; and ^, one half. 

72. In order to obtain a more perfect knowledge of the 
nature of fractions, we shall begin by considering the case in 

which the numerator is equal to the denominator, as in—. 

a 

Nc^w, since this expresses the quotient obtained by dividing a 
by a, it is evident that this quotient is exactly unity, and that 

consequently this fraction — is equal to 1, or one integer ; for 

the same reason, all the following fractions, 

are equf^ to om^ another, each being equal to 1^ or one integer^ 

73. We hate seen that a fractkm, whose imaieiiitor is equal ttt 
tlie denominator, Is equal to antty. All fl^ac^ions therefore, 
whose numerators are less than the denottiinator8> have a value 



Im Amhi^iiiiHf* ?W» tf I bave a number to be divided by ano* 
ther vRhich is greater^ tlie ^bbuU must necessarily be less than 1 1 
if we cut a line* for example, two feet long, into threeparta^ one 
of those parts will unquestionably )be shorter than a foot : it 19 
evident then, tbat 4 is less than I9 for the same reason, that the 
Bttmerater d ie less than the deno^iinator s. 
' 74* If the Aameriitor, on the contrary, be greater than the 
denominator, the vakie of the fraction is greater than unity* 

Thus I is greater than 1, for | is equal to | together with |« 
Now f is exactfy l, eonsequontly | is equal to 1 -f ^ that is, to 
9m inte^MT mmI a tad^ In the awme manner 4 is eqmd to 14, 4 
to 1|, and | to ^» And in general, it is suflkient in ancb cases 
to divide the upper number by the lower, and to add to the 
quotient a fracfion liavitig the r^miiindBr for th6 numerator, and 
the ditrisor for the denominator. If the given fraction w^re, for 
example, ^, we should have for the quotient S, and 7 for 
tte remainder; whence we conclude tbat 4I is the same as 

7 5. Thus we see how fractions, whose numerators are greater 
t&an tKe denominators, are resolved into two parts ; one of 
which is an integer, and the other a fractional number, having 
tte numerator less than the denominator. Such fractions as 
contain one or more integers, are called improper fraeHonst to 
distinguish them from fractions properly so called, which, hav- 
ing the numerator less than the denominaitor, are less than unity^ 
or than an integer. 

76. The nature of fractions is frequently considered in an-* 
other way, which may throw additional light on the sutyect. 
If we consider, for example, the fraction |, it is evident that it 
Is three times greater than ^. Now this fraction ^ means, tbat 
if we divide 1 into 4 equal parts, this will be the vidue of one of 
fliose parts ; it is obvious then, that by teking 3 of those partB> 
we shall have the value of the fraction |. 

In the same manner we may consider every other fraction f 
fiireaample^ -fy ; if we divide unity into i£ equal parts, 7 of 
those parts wDI be. equal to this fraction. 

77. From this mannw of considering fractions^ the expres* 
stons numerator and dmwiin^for ase derived. For« as in the 
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preceding fradtiM ^^Oie number under the line shews that 13 
is the ainnber of, parts into whieh-unity » to he divided ; and as 
it may be said to Aemotef or name the parts^ it has not impn^Mr- 
ly been called the denomtnator. 

Further^ as the upper number, namely 7, shews thirty in oi^er 
have the value of tbe fraction, we must take, or collect 7 of 
those parts, and therefore may be said to reckon, or nuoiber 
them, it has been thought proper to call the namber above the 
line the numerator. 

7B. As It is easy to understand what | is, when we know the 
signification of ^, we may consider the fractions, whose nume- 
rator is unity, as tlte foundation of all others. Such are the 



1' 4> h T> h T» T» !• tV» A> TT» ^^^9 

and it is observable that these fractions go on continuaUy dimiiN 
isbing ; for the more you divide an integer, or the greater the 
number at parts into which you distribute it^ tlie less does each 
of those parts become. Thus y^ is less than -^j^ $ f imr ^ ^^^ 
than T^7 ; and Vtvtt »s less than t^^Vtt- 

79. As we have seen, that the m<»re we increase the denomi- 
nator of «ach fipactions, the less their values become ; it may be 
asked, wh0ther it is not posrible to make the denomiaalM* ao 
great, that the fraction shall be reduced to nothing? I answer, 
no; tor into whatever number of parts unity (the length of a 
foot for in^ance) is divided ; let' those parte be ever so smalls 
they will still preserve a certain magnitude, and therdbre can^ 
never be absolutely reduced to nothing. 

80. It is true, if we divide the length of a foot into lOOOparte^ 
those parte will not easily fall under tte cognizance of our 
senses : but view them through a good microscope, and each of 
them' will iqipeiu* large enough to be subdivided into 100 parte, 
and more. 

At present, however, we have nothing to do with what de^ 
pends on ourselves, or with what we are capable of performing, 
and what our eyes can perceive ; the question is rather, what is^ 
possible in itself; And, in this sense of the word, it is certain, 
that however great we suppose the denominator, the fraction 
will never entirely vanish^ or become equal to 0. 



81. We never iiierebre arrive comifletely at notbing, how- 
ever great the dMoniiiiafeer inajrhe ; and these fractions always 
{Mreserviiig- a rertain value^ we may continae the series of 
fractions in the r8th article without interruption. This circum- 
staiioe has iBtrodnced the esqiression, that the denominator must 
be ifjfinite^ or infinitely ^reat^ in order that the fraction may be 
reduced to 0^ or to nothing ; and the word ii^imte in reality 
signifies here, that we should never arrive at the end of the 
series of the above mentioned ^acfiof». 

8fi. To exprsss this idea^ whieh is extremely well founded^ 
we make use of. the sign qo» which consequently indicates a 
number,^ infinitely great; and we. may therefore say that this 
fraction i is really nothing* for the very reason that a fraction 
cannot be reduced to . notbi^g^ until the denominator has been 
increased to itifimty. 

. -BS. It is 4he'more necessary to pay attention to this idea of 
infinityy as it is derived from the first foundations of our know- 
leige* and as it will be of the greatest importance in the follow- 
ing part of this treatise. 

.We may here deduee from it a few consequences* that are 
'oxb'emely curious and worthy of attention. The fraction i 
represents flie quotient resulting from, the division of the divi- 
dend 1 by the divisor OD • Now we know that if we divide 
the dividend 1 by the quotient i^ which is equal to 0, we obtain 
again the divisor qd : hence we acquire a new idea of infinity ; 
we learn that it arises from the division of 1 by ; and we are 
therefore entitled to say, that 1 divided by expresses a number 
infinitely great* or oo . 

84. It mkj be necessary also in this place to correct. the 
mistake of those who assert* that a number infinitely great is 
not so8cq[)tibleirf increase. This opinion is. inconsistent with 
the just principles which we have laid down ; for ^ signifying a 
number infinitely great* and ^ being incontestably the double of 
I* it is evident that a number* though infinitely greats may still 
beqome two or more times greater. 
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CHAFFER VIH. 

B5. We have already seen» that each of the fractkm8y 

h h h h h h h &c-t 
makes an integer, and that consequently tbey are all equal to 

one another. The same eqasdity exists in the foBowing fkrae^ 

tionsy 

t 4 • g 10 !• Af. 

each of them making two integers ; for the ntmerator of eachy 
divided by its denominator, gives S^ Sb aH tiie fractions 

t • • It 13 It JUgw 

are equal to one another, «nce 3 Is their common value* 

86. We may likevrise represent tlie value of any fraction/ in 
an infinite variety of ways* For if we muUiplff bath the numem 
rotor and the denomifmtfor of a fradum by ihe same number 9 which 
may he asmmed at pteasvrtt At$ Jmoticn wUi atiU pre»rt9 ffte 
same vdne. For this reason all tl^ fraction^ 

h h h h TV* tV» tt* tV tt^ t** *«., 
are equal, the value of each taring |. Also 

■y> if |» T¥» TT» TT^ /t» tV tV» 4t» *^> 

are equal fractions, the value of each 'of which is ^. The frac- 
tions* 

I' #• tV^ ^f ^h 44^ H» te-^ 

have likewise all the same value ; and hMy, we mi^V^ondade 
in general, that the fraction t- may he represented hy the foU 

lowing expressions, each of which is equal to -7-; namely^ 



a Qa 3a 4a 5a 6a 7a . 
V 26' n' 4V Tb' tb' 7b' ^^ 

87. To Tie convinced of this we have only to write for the 

value of the fraction -r a certain letter c, representing by this 

letter c the quotient of the division of a by 6 ; and to recollect 
that the multiplication of the quotient c by the divisor b must give 
the dividend. Fur since c multiplied by i gives a, it is evident that 
c multiplied by 2 & will give S a, thatc multiplied by 3 i will give 
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% at 4hd Umi in geiteral c multiplied by m ft imist gtre m a. Now 
chtnging this into an example of iliviiiony and dividing the pro^ 
dact ma,hymb one of the factors^ the quotient mnat be e^ual to 
Ae otiier factor e; but « d divided by m ft gives abo the fraction 

^-Tf which is consequently equal to c ; and this is what was to 

be proved : for c having been assumed as the value of the frac«- 

tiim -r-f it is evident that tbit fraptioA is eqoal to tte fraotkm 

— 79 whatever be the value of in. 
mo 

€8. We bave seen ttiat every fracHon maf be represented in an 
infinUe nmnber efforrMf each of which cMkaina the same valne ; 
and it is evident that of atf these forms, that, whi(A shali be 
composed of the least numbera, will be most easily ondersleod, 
Car eaamplo> we migbl suhstttiite instead of f the following 
fractions, 

h %f A* \h 4I* *c.5 

but of all these expreseioas f is that of which it is eeriest t# 
form an idea* Hero Ibevefone a problem arises, how a fraction, 
such as 1^, which is not expressed by the least possible numbers, 
may be reduced to its simplest fcMin, or to ^ lead terme, that is 
to say, in our present example, to 4. 

89. It will be easy to resolve this problem, if we consider that 
a fraction still preserves its vake, when we multiply both its 
terms, or its numerator and denominator, by the same number. 
For from this it follows also, that if we dbeide ihe immemfor and 
denanmator qf a fraction fty lAe eame number, the fraeOten dill 
preeervee the eame vaine» This is made BHMre evident by means 

of the general expression — r ; for if we divide both the nume- 
rator m a and the denominator m ft by the number m, we obtain 

the fraction -r* which, as was before proved, is equal to — r. 

at 

90. In order therefore to reduce a given fraction to its least 
terms, it is required to find a number by which both the nume- 
rator and denominator may be divided. Such a number is 
called a common divisor, and so long as we can find a common 
divisor to the numerator and the denominator, it is certain that 

the fraction may be reduced to a lower form ; but, on the con- 
Eul. Alg. 4 
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trary, when we see that except mitj no other common divisor 
can be found, tfai^ shews tirat the flection is already inthesim^t 
idest • form that it admits of. • 

91* To make this more clear, let us consider the fraction 
AV* ^® ^^ immediately that both the terms are divisible by 
S, and that there results the fraction |^. Then that it may 
again be divided by 2, and reduced to W ; and this also, having 
fB for a common divisor, it is evident, may be reduced to -^^ 
Bift now we easily perceive, that the numerator and denomina* 
tor are still divisible by 3 ; performing this division, therefore, 
we obtHin the fraction |, which is equal to the fraction proposed, 
and gives • the simplest expression to which it 'can be reduced; 
for £ and 5 have no common divisor but 1, which cannot dimin- 
ish these numbers any further. 

.92. This property of fractions preserving an invariaUe value, 
whether we divide or multiply the numerator and denominator 
by the same number, is of the greatest importance, and is the 
{irinoipd foundation of the doctrine of fractions. For example, 
we can scarcdy add togeHier two frakitions, or subtract them 
from each other, before we have, by means of this propeWy, 
reduced' them to cither forms, that isto'say, to ebcpressiohs whose 
denominators are equal. Of this we shall treat in the folkwing 
ekf^iter. 

9B. We conclude the present by remarking, that all integers 
may also be represented by fractions. For example, 6 is the 
same as ^9 because 6 divided by 1 makes 6 ; and we may, in the 
same manner, express the number 6 by the fractions y , y , *^*, 
V^'And an infinite nmnber of others, which have the same value. 



CHAPTER IX. 



Qjtht Addition and Subtraction of Fractions. 

94. WuEir fractions have equal denominators, there is no 
difficulty in adding and subtracting them ; for f + | is equal to 
1^ and ^ -—4 is eqn^ to f • In this case, either tor addition or 



sttbtractioiif we. alter only the nnmeratoiis^ and giai^e the <^ia« 
mon deooiBinator under the line ^ thus, 

T^T + TTir — tVV — tVtt + tVV is equal to ^|^; 4J~V^ — 
JJ + I^ is equal to II, or 41 5 4f — A — U + IJ is equal to 
^h or 4 ; also | +| is equal to \f ur 1, that is tosajf an in(«<- 
ger ; apd | ^— | + 7 is equal to ^, that is to say, nothing, or 0. 

95. But tohm fractions have not equal denominatm's^ we eon 
always changt tt^m into other,fm(^ions that have ihesasptienom^ 
nator. Fw. example,; when it is proposed ^ to add^ together th^ 
fractions 4 and 4* wo must consider that 4 is the sanie as f, and 
tbat.4 is. equivalent to f ; we have therefor^, l^s^ad of the two 
fraction^^ppoppsedr these 7,+ !, the sum of which is |* . If .t)»e 
.two fraptions.were iinited by the^ign mmuSf as ^r— t» ^® should 
hai?e| — f or^. , » 

. .Amther example : Je^.tbe fractions pr<H[iiased be <|-|.,|j^iice 
^ is the same as {., this value may be substituted for it| and wq 
may say | +4 makes. y, or 1 1. ,; . 

; .Suppose fjirther, that the suift «f ^.m^ ^ were ^eqiwed. I 
«ay thM it is.-i^ ; for ^ makes ^^t and ^ makes ^V 

96. We mofi have a greater nmiber offrmHpms ta i^. re4^$c$d, tp m> 
emmm .dmamfyMtaf ; for .c^samplie, i« |> it 4^f f ; .i». ^Ai^ oos^ 
tte wj^ depends an finding a , nmnhcr which ifiay , U #ri<iUft ^ 
aU the denmimAtors of thenefr^dums* In this instance 60 is tho 
.nuqftber, which ihas that . prop^y, . and whiah consequently 
becomes the common denpminatQr., , We sbaU therefore, hav^ 
1^ instead. of ^i ; |^. instead of.| ; || in^ltead of isH instead 
of 4 ^ ^^^ ii instead of f * . ijf n0:t(;it be req;nired to^add togetber 
all these /r(M;<wiw|§^ i%9 th rh a»d |§, ,wc Aaw. o^lyto add 
aU tlie numerators, and under the sum place the common denominor 
tor 60 ; that is to say, we shall have Vir^> or three integers, and 
f^orS^i. 

. 97* The whole of this operation consists, as we before stated^ 
in changing two fractions, whose denominators are unequal, into 

two others, whose denominators are equal* In order therefore 

a c 
to perform it generally, let -r and -^ be the fractions propos- 
ed. First, multiply the two terras of the first fraction by d, we 
sl^U have the fraction r-j 9qual to-r; next multiply the two 
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terms of tbe seconi AMtito by b, and w« sball bare an ecroiva*- 

lent value of it expi-essed by t^ ; thus the two denominators 

becpme equal. Now if the sum of the two proposed frac« 

it it. I ii /• 
tlons be required, we may inmodiately answer thi^t iC is — Xz — j 

and if their difference be asked, we say that it is — ^ — , If 

the fractions | and ^9 for exaiiiple» were proposed, we shoaM 
obtain in their stead ^ and f| ; of which the sum is ^f^, and 
the diffsrence H* 

98. To this part of the sabjeet bdoiigs also the q«e(G^n» oE 
two proposed fractions, which is the greater or the less ; for, te 
resolve this, we have only to reduce the two fractions te the 
same denominator. Let us take, for example, 4lie two fractiona 
I and 4 : when redveei to the mme donaminalart the firat be- 
eomes 14, and the eecond ^, aad it is evident that the aecondir 
or 4* is the greater, andexceeds the former by ^« 

Again, M the two fractien f and f be prepoaed; We ahall 
have to substitate fortiiem, }^ and |^ ^'Whence we may eonclade 
that f exceeds 4, but only by t^^. 

99. 9fhm U is requktd to saMfwe afrmcHon frmm^ m mkger^ 
it issttfficieiit to €kamge^mt4jf the uatfaef ti^OttnUgntii^mfrmc- 
turn haxingike some 4eiioff»HHrfor at tte fradim t^hemttinui' 
ed ; in the rest ef (be o|ieratien there is no diSorily* If it 
be required, for example, to subtract f from 1, we write f ia*- 
stead ef 1, and say that | taken from \ leaves the remainder 4. 
So ^^, subtracted from 1, leaves -f\. 

If it w«M required to subtract^ from 2, we should write 1 
and f instead of 2, and we ahoidd immedialely see that after the 
aubtnctien ttere must remain l ^. 

100. It happens also sometimes, that having added two or 
more fractions together, we obtain more than an integer | that 
is to say, a numerator greater than the denominator : this is a 
case which has already occurred, and deserves attention. 

We found, for example, article 96, that the sum of the five 
fractions |, |, |, |, and f, was \y, and we remarked that the 
value of this sum was 5 integers and ^^, or ^^. Likewise | -|. 
« , or j\ + T^, makes ||, or 1/^- W« !*»▼« ^f ^ perfcrm «he 
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actual divisimi oC ib« nnoierator hy tbe deiiQiiiiiiajtQr». to see bow 
many integers there are for the quotient, and to set down the 
remainder. Nearly the same must be done to add together 
numbers compounded of integers and fractions ; we first add 
the fractions, and if Aetr suai {Iroducea one or moreintcgers^ 
these are add^ to tfie other inte^rs. Let it be proposed, for ex- 
ample, ia add S| and 2| ; we first take the sum of | and.|» or of 
I and I* It is jt or 1^ } then the aum total is 6^* 



CHAPTBR X. 

Of the MvUiplicatian aiid Divmon of Fractions. 

lot. Thb fide for ihefwlUpUeatum of a fraction by an integer^ 
or whole numbier, U io fpultvfl$f ike niimerat^saBi^ by the gtoen f 
number, andfioito cha/Kge the dewnnimtor : thust 

St timeSf or twice \ nakes |» or 1 inl^egw^ 
« £ limesi or twice ^ vakee f ; 
$ tmeef or4hvioe| midces ^ or | $ and 
4 times -^ BOAkes f f or 1^^^, ov l|^ 
Bntf im&Umi of this rde, ivomaf use thai rf J^Mding the denom^ \ 
imtor by^ tie given intager ; md this is pr^abi^ toA^n it can (is 
nes^ tetttse if simtens the opeiroliem. I^el it be required^ for 
esam^ to midilply' | by 3 ; if we molt^ tikie Hotnerator by 
the given integer we obtain y , which prodact we must reduce 
to |. Btft if we do not phange the numeratort and. divide tlie 
denominator by the integer, we find imiiiediately |« or 2 1 for 
the given product likewise 4^ nidtipiied by 6 gives y , or 3^, 
102. In general, therefore, the product of the multiplication 

of a fraction -r- by c is -r ; and it may be remarked, when the 



Uikger is exactly equal to the denomvoator, that the product must 

he equal to the numerator* 

r4 taken twice gives 1 ; 
So that < I taken thrice gives 2 ; 
L7 taken 4 times gives S* 

And in general, if we multiply the fraction -r by the number 

bf the product must be a, as we have already shewn j for since 



$0 £i§!im. &^U U 

4 expresses the qaotient resulting frotki the division of the divi- 
b 

dend a by the divisor 6, and since it has been demonstrated that 
the quotient multiplied by the divisor will give the dividend^ it 

is evident that -r multiplied by h must produce a. 

103* We have shewn how a fraction is to be multiplied by an 
integer ; let us now consider also haw a fraction is to he divided 
by an integer ; this inquiry is necessary before we proceed to the 
multiplication of fractions by fractions. It is evident, if I have 
to divide the fraction | by 2, that the result must be | ; and 
that the quotient of f divided by 3 is f • The rule therefore is^ 
to divide the numerator by the integer without changing the de* 
nominator. Thus, 

If divided by 2 gives -^y ; 

II divided by 3 ^ves -^-^ ; and 

II divided by 4 gives -^-j ) &c. 

104. This rule may be easily practised, provided the nume- 
rator be divisible by the number proposed ; but very often it is 
not : it must therefore be obs^lrved that a fraction niay be trans- 
formed into an infinite number of other egressions, and in that, 
number there must be some by wMch the numerator might be 
divided by the given integer* If it Were required, for example, 
to divide | by S, we should change the fraction into |, and then 
dividing the numerator by S, we should immediately have | for 
the quotient sought. 

In general, if it be proposed to divide the fraction -r by c, we 

ae 
change it into r-y and then dividing the numerator a c by r, 

write T- for the quotient sought. 

105. When therefofe a fraction ^ is to be divided by an integer 

c, tve have only to multiply the denominator by that number, and 
leave the numerator as it is. Thus f divided by 3 gives /^, and 
• divided by 5 gives ,V- 

This operation becomes easier when tlie numerator itself is 
divisible by the integer, as we hav^e supposed in article 103. 
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Fmr etample, ^V^^^^y ^ would pyei^ according to our last 
role/^j^V' ^^^ ^y ^^^ first rule, which is apjdicable here/ we 
obtain -/y, an expression equivalent to ^^^ but more simple. 

Mm 

106. We shall now be able to understand how one fraction -x 

may be multiplied * by another fraction ~. We have only to 

c 
consider that -^ means that c is divided by d; and on this prin- 

ciple^ we shall first multiply the fraction -r by c^ which pro- 

duces the result -r- ; after which we shall divide by d, which 



ae 



gives ^. 

Hence the following rule for multi]^ying fractions ; mtdtijdif 
separately the numerators and the deiwminators. 
Thus 5 by I S^^^s ***® product ifor^ ; 
I by ^ makes TrV ; 
i ^7 •{% produces ^|, or ^*y ; &c. 

107* It remains to shew how one fraction may be divided by 
another. We remark firsts that if Vie two fractions have the same 
number for a denominatorf the (|tt?mon takes place only with 
respect to the numerators ; for it is evident, that ^ is contain- 
ed as many times in -f^ as 3 in 9> that is to say, thrice ; and in 
the same manner, in order to divide ^^ by ^^3^, we have only to 
divide 8 by 9, which gives |. We shall also have -^^ in ^^, 3 
times : ^l^ in ^%%, 7 times ; /^ in /y, ^ ; &c. - 

108» But when the fractions have not equal deninninatorst we 
must have recourse to the method already mentioned for reduc- 
ing them to a common denominator. Let there be, for exam- 

a c 

pie, the fraction -r to be divided by the frac|ion -^ ; we first re- 

duce them to the same denominator : we have then j-^ to be 

a 

be 
divided by r^ ; it is now evident, that the quotient must be. 

represented simply by the division of a d by 6 c ; which gives r— . 

o c 

\ 
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Hence the Moving rale : MdOptif Uie fHUfiemfor Ijf tta 
iend by the denofOdnBtor of the divisor, and titt dimnmnaior of^ihe 
dividend by the fmmenUor of the dMrnn^ ; tttf fini product wiU bt 
the numerator of the quotient, and the second tviU be its denomi^ 
nalor^ 

109. Applying this ride to the division of f by |, we shall 
have the quotient -^f ; the division of f by ^ will give f or | or 
1 and I ; and »| b^ | wUI give ^f ^ w |- 

110. This rule for division is often represented in a manner 
Biore easily remembered, as follows : Inroef't the fraetion lohieh 

I is the divisor, so that the denominator may be in the place of the 
j mumeriUor, and the latter be written under the line ; then multiply 
the Jraction9 which is the dividend by this inverted fraction, and 
2&e product wUl be the quotient sougktm Thus ^ divided by | is 
the same as | multiplied by f » which makes ^9 or 1 1. Also | 
divided by | is the same as | multiplied by f, which is ^^ ; or 
14 divided by f gives the same || multiplied by |» the product 
of which is ^i^, or {• 

We see then» in general^ that to divide by the fraction ^^ is the 
same as to muUiphi by ^,Qr Q ; thai division by ^ amounts to mirf- 
Uplication by\,orby S, ^c. 

111. The number 100 divided by | will give £00 ; and 1000 
divided | wiU give SOOO. Further, if H vrere required to divide 
1 by -xirVir' ^^ quotient would be 1000 ; and dividing 1 by 
TwVinr' ^^^ quotient is 100000. This enables us to conceive 
that» when any number is divided by 0, the result must be a 
number infinitely great ; for even the division of 1 by the small 
fraction ^^^^^^^^ gives for the quoti^t the veiy great num- 
ber 1000000000. 

112. Every number when divided by itself producing unity» 
k Is evident that «/taction divided by itsetf must also give 1 for 
the quotient. The same follows from our rule : for, in order to 
divide ^ by !» we must multiply | by ^, and we obtain ^f , or 1 ; 

and if it be required to divide -r by -r, we multiply *t by — ; 

ab 
now the prod«ct — ^ is equal to l« 

/ 
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113* Webfiv^ Qtill taexplsun aii expression ivbich is fre- 
quently used. It may be asked» for example^ what is the half 
of I ; this means that we must multiply | by ^. So likewise, if 
the value of 4 of I were required, we should multiply | by |, 
which produces \^ ; and | of -f^ is the same as -^^ multiplied by 
^ which produces W. 

114. Lastly, we must here observe the same rules with respect 
to the signs + and ^*^, that we before laid down for integers^ 
Thus + ^ multiplied by *— ^ ma^es — | ; and — | multipled by 
— 4 gives + -f^j. Farther, — | divided by +| makes — t^|; 
and — I divided by — f makes + yl or + 1. 



CHAPTER XL 

Of Square JV\*m6er5. 

Iis/The product of a nurnberf when mtdtipUed (nf itsdfii^ 
EfJSkd a square ; and fir this reasanf the numberf considered in 
rela&&n to such a product^ is etdled a square root. 

For example, ^hen we multiply 12 by 12, the product 144 is 
a square, of which the root is 19, 

This term is derived from geometry, which teaches us that 
the contents of a square are found by multiplying its side by 
itself. 

116. Square numbers are found therefore by multiplication^ 
that is to say, by multiplying the root by itself. Thus 1 is the 
square of 1, since 1 multiplied by 1 makes 1 ; likewise, 4 is the 
square of 2 ; and 9 the square of 3 ; S also is the root of 4, and 
S is the root of 9. 

We shall begin by considering the squares «f natural numbers, 
and shall first give the following small table, on the first line of 
which seyeral numbers, oc roots, are placed, and on the second 
their squares* 



Numbers. 
Squares. 


1 
1 


2 
4 


3 
9 


4 
16 


5 
<25 


6 

36 


7 
49 


8 
64 


9 


10 
100 


11 

121 


12 

144 


13 

169 



SfuLMg. 



.5 



54 






SmC» 1# 



117. It wtn %« i^ad&y peniehrefl) ilktttheMK6B of aqluire 
irambers thus aminged has a singuhir property ; imi^l]{» tbat^ 
if each of them be sabtracted from that whieb ifBtt€diiitel7« 
follows, the remainder always increase by ^, and form, thbr 
series $ 

3, 5, 7, 9, 11* IS, 15, 17, 19, St, &C 

1 18. The squares df fractions are found in the same mmmer^ fry 
mnttiplying any given fraction by itsdf. For exam{4e> the sqitara' 



of I is ^, 



The square of 









1$ 



9 



&C. 



We have only therefore to divide the square of the numerator 
by the square of the denominator, and the fraction, which ex- 
presses that division, must be the square of the given fraction'* 
Thus, 1^ is the square of |; and reciprocally,! is the root 

119. When the square of a nuxed number, or a number, com-; 
posed of an integer and a fraction, is required, we have only to 
reduce it to a single fraction, and then to take the square of that 
fraction. Let it be required, for example, to find the square of 
2^ ; we first expreefli this numbo* by |, and taking the square 
of that fraction, we have y , or 6^, for the value of the squaro 
of ^* So to obtain the squaro of d|, we say 3^ is equal to V } 
4:berdbre Its square is equld to ^^*, or to 10 and t\.. The 
squares of the numbers- batween S and 4, supposing them to 
ittcreUse by one fourth, are as follows : 



M umbers. 



Squares. 






i<>t\ 






i^ 



s| 



14tV 



te 



From this small table we mayjnfer, that if a root contain a 
fraction, its square also contains one. Let the root, for example, 
be l-/^ ; its square is 4||, or 2^|^ ; that is to say, a little great- 
er than the integer 2. 

120. Let us proceed to general expressions. When the root 
is a 9 the square muat be a a; if the root be 2 a, the ^square is 4 a a ; 



^taiulfi* t^ Simple ^wHtks. ^ 

«kkh shews ttet by 4s«ibtiii^ ths rootf ths sfaars becomes 4 
tkats.fifaiw. So U the reot .be S a, tbe. eiiuare. is9i^ a; and if 
lfaeri«Mithe4 a# tbe squmise is ,l@aa. But if the root be ab, the 
squiirBtsaaift; aod if the root be a i c» the square is aai6cc 
1£1, Thus when the root is composed of two, or more furors, 
we mMpl/if their squares U^g^lherf and redprocalig, if a square 
be composed of two or more foctors, 4^ which each is a s^piare, we 
hmve anlg ta nmUphf t^eOier the tools iff those squares, to obtain 
the compute root tfihe square proposed. Thus, as SS04 is e^ual 
to 4 X 16 K S6» the square root of it is 2 x 4 x 6| or 48 ; and 
48 is foimd to be the true square mot of 2304, because 48x48 
gives £304. 
^ ISS* Let us now consider what rule is to be observed' 
vith regard ta the signs + a^id ^-^ Fi^rst, it is evident that 
if the r<set has tlie sign +p that is to say, is a positive wim* 
ber; its square laust necessarily be a positive number also^ 
because + by 4-. makes +: the square of +a wiil be+aop 
But if the root be a negative number, as — *a, the square is still 
positive, for it is +aa ; we may therefore conclude, that +aa^ 
is the squ^e b(Ub of +^ wd of — a, and that consequently every 
square has two riMts, one positive aud the other lujgative. The 
square root of 25, for example, is both + 5 and -^ 5, because 
■^ 5 mult^lied by — 5 gives 25, as well as + 5 by 4.5. 



CHAPTBRXIL 

{^Square Roots, and o/* Irrational Mimhers residtingfrom ihenu 

123. What we have said in the preceding chapter is chiefly 
this : that the square root of a given tiumh^ is nothing but a 
number whose square is equal to the given number ; and that 
we may put before these roots either the positive or the negative 
sign. 

124. So that when a square number is given, provided wc 
vetain in out* memory a sufficient number of square numbers, it 
IB easy to find its root If 196, for example^ be tbe given num« 
ber, we know that its square root is 14, 
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Fractions Itke'ivifte are eaUIjr nanq^ed : ii is ewHent/tor 
ejLtanfitt that ^ is the square root of f {-« To be conTirced of 
thiS) we have only to take the 8i}aare root of the nuineratav and 
that of the denomlndtor. 

If the nttmb^ proposed be a mixed natnber^ an IS^, vre reduce 
it to a single fraction^ which here is Y, and we immedialely' 
perceive that ^9 or S f, must be the square root of 1S|. 

1S5. But when the giteti number is not a squarsy as Id^ for 
example^ it is not possible to extract .its square root : or to find 
a number^ wbidi, multiplied by itself^ will give the product 12. 
We know» however, that the squbre rodt of 13 must be greater 
than 3, because 3x3 produces only 9 : and less than 4, because 
4x4 produces 16, which is more than 12. We know also, that 
this root is less- than 3| ; for we have seen that the square of . ^ 

3 1, or I is 1£ ^. Lastly, we may approach still nearer to this 
root, by comparing it with 3 -^j ; for the sqoareof 3 ^Vj <«• of 4f 
is V?V'^^' I^^It' ^ that this fi*actioti is stiH greater than the 
root required j but very little greater, as the diflfercnce of the 
two sqares is only ^|-y. ' I • 

126. We may suppose that as 3 4^.aild^%^^ ***® numbers greater 
than the root of 12, it might be possible to add to 3 a fraction 
a little less than -^^9 and precisely such that the square of the 
sum would be equal to 12. 

Let us therefore try with 34, since ^ is a little less than /^^ 
Now 3^ is equal to y, the square of which is y/, and conse* 
quently less by || than 12, which may be expressed by *,«/• 
It is therefore proved that 3^ is less, and that 3^^^ is greater 
than the root required. liet us then try a number a little greater 
than 349 hut yet less than 3^^,, for example, 3^'^. This number, 
which is equfal to ^9 has fi^r its square VW* Now, by reduc- \ 

ing 12 to this denominator, we obtain ^^Yt * ^hich shews that 
3-/f is still less than the root of 12, viz. by -^1 j. Let us there- 
fore substitute for -^^^ the fraction -/y, which is a little greater,* 
and see what %ill be ttie result of the comparison of the square of. 
3-/^ with the proposed number 12. The square of 3^^ is ^y ; 
now 12 r^uced to the same denominator is Y/^' ; so that 3-^^ is 
still too small, though only by j^-^9 whilst 3 ^^ i^^ been found 
too great 
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12r. It is evident tlMorfifiiney that whatevw fraction b^ joined 
t« $9 the. square of thatenm aiust always contain afractiw, and 
can never be exactly equal to ikhe uijteger l£. Thas^, although 
we know that the square root of 1£ is greater than S ^^ aqd less 
than S -^j9 yet we are unaUe to assign an in|M*me4iale fr^Ption 
between these two, which, at the same t^mOf if added to s, would 
express eactly the square root of 12« Notwithstanding this, 
we are not to assert that the square root of 12 is absolutely and 
in itself indeterminate ; it only fcdlowsfrom what has be^n said* 
that this rooty though it necessarily has a determinate magni- 
tude, cannot be expressed by Ipsctioas. 

. 128. There i$ therefore a sort of wimbers which amnot he 
4m^Hei bjf Jractions, and which are tieverthfilees determinate 
quantUiefi ; the square root of 12 furnishes an exam^e. We 
call this.new species of numbers, irrational numbers; they occur 
whenever we endeavour to find the square root of a number 
which is not a square* Thus, 2 not being a perfect square, the 
square root of 2, or 4he nuinber which, multiplied by itself, 
would produce 2, is an irrational quantity. These numbers are 
also called surd quantities, or incommensurables, 

129. These irrational quantities, though they cannot be ex- 
jmssed by fractions, are nevertheless magnitudes, of which we 
may form an accurate idea. For however concealed the square 
root of 12, for example, may appear, we are not ignorant, that it 
must be *a number which, when muUipUed by itself, would 
exactly produce 12 ; and this propei;ty is sufficient to give us an 
idea of the number, since it is in our power to approximate its 
value continually. 

. 130. As we are therefore sufficiently acquaiiUed with the nature 
of the irrational numbers, undler our present consideration, a par- 
ticolar sign has been a^eed on, to express the square roots of all 
numbers that ^ are not perfect squares. This sign is written 
thus v> ^"^ ^" ^^^^ square rooU Thus, \/ii represents the 
square root of 12, or the number which, multiplied by itself, 
produces 12. So, va" represents the square root of 2 ; v'3~that 
of 3 ; vl that of | and, in general, \/Z represents the square 
soot flf the number a. Whenever therefore we would express the 



«q«are moA-cf « ifunAer vMeh b not a sqinuwy w« seed oid^ 
iBike U6d »( the oMrk V 1^7 pi<^*V i^ befiMretW mimb«r. 

l^l. The €jiplai»ftlloiif iiliich we hav« giiHDn o^ 
berSf will feadity enable us to apply to them the known mcttiods 
)^ cakalatton. Far knowing that the aqvare mot of H, midti* 
plied by itdftf, roust produce 2 ; we know also, that the muttipli* 
cation x/2 by vF ni^gt necessaf4ty pnMuee s ; that, in the same 
manner, the roultrplication of V3 by s/s must give 3 : that \/F 
by ^T makes 5 ; that v§ by v4 BMikes | $ and, in general, that 
i^Trntdtiplied ky \/T produces a. 

133. i9u< wAen if i^ required to fimttiply vr'Ajf y^ ^^ product 
%mU fte /mfid to be ^/^b ; because we have fiftewn before, tiiat if a 
square has two or more factors, its root must be composed of 
the roots of those factors. Wherefore we find the square root 
of the product a ft, which is \/ab9 by multiplying the squai'e root 
of a or \/7, by the sqwce root of b or v^T It is evidiM^ Cmm 
this, that If i werQ equal to a, we should have \/7a lor the pno* 
duct of Vo^ ^ V^ ^^^ V«<> is evidently a, since a a is the 
square of a. 

133« In division, if It were required to divide V? foi* exam* 

pie, by \/57 ^® ^'^t^*'^ V T" » ^"^^ ^^ ^'^'^ instance the irration- 
ality may vanish in the quotient. Thus, having to divide \/Ti 
by \/T, the quotient is W , which is reduced to vl* ^^^ conse- 
quently to |, because ^ is the square of |. 

134. When the number, before which we have placed the 
radical sign v, 4s itself a square, its root is expressed in the usual 
way. Thus v^ i^ the same as 2 ) v^ ^^^ same as S; \/S6 the 
same as 6 ; and vli^ the same as ^.^ or 3^. In these instances 
tiie irrationaUly is only apparent, and vanislies of course* 

135* It is easy also to molt^y irrational numbers by erdi- 
nary nnmber& For example, 2 nmttLpUed by ^T makes 2 viT 
and 3 times \/2 make 3 v^^T In the second exaraplep howe?er, 
as 3 is equal to v^T w© ^^Y ^^'so express 3 times %/¥ by V9" 
times vST ^^ ^7 vis. So 2 v^J" is tbe same as V4a> ^'^d 3 Vo" 
the same as \/9a* And, in general, b \u has the same vulue 
as the square root nf b b a, or vabb ; whence we infer recipro* 
cally, that when the number which is preceded by the radical 
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aifB coatehw a tqmiti. we ttMj trice tke raa(«f fli«t «q[«M« ami 
put it befeM tbe tt(pi» at we dtooM do in writing 6 s/» tmteMlt 
^ V*^' J^^f tiiis, tlie fiiUowing redvctieM wUl to essay 






VS, OP ^2*4 
V^ OP V?i6 

\^jE^ OP Vs^ ^ 



HB«fiiial 



Is V2"j 
4 V^; 



and so on. \ 

136. Division is founded on the same ppinciples« yiT dvclitd 

V2* 



in tbe same autimerf 



Via 

T^ Ms equal to< 

via 

vr 






., 0PV4, orij 



OP Vv®** ^ > 



, OP \/4t or 2* 



FarQier 



2 -^ 
3 



^■gr i^is equal t 



12 



1 



^tOPvlfOPvTf 

^3 



V^44 



Lv?" 



#opv*^SoPVa4^ 



i>p \/6^» or lastly 2 v^g"« 

157. There is nothing in paptictilap to be ohscpvcd with 
pespect to the addition and subtraction of such quantities^ be- 
cause Me only connect them by the sijnis + and — . Fop 
example, y^* added to \/T is written yi* + ^3* j and \/T *«**- 
frtictedfrom y/s is written ^5 — VaT 
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138. We may obsM*V€ lasUj, tb«t in order to disttiigiiiflh im- 
tlonal numbersi we call all otbier nunnbers^ both integral aad frao- 
tipnaly rati0nal numbers. / 

So that^ whenever we speak of rational numbersy we under- 
stand integers or fractions. 



CHAPTER XIII. 

Of Impossible or Imaginary Quantities, which arise from the 

same source* 

139. Wb have already seen that the squares of numbers, 
negative as well as positive, are always positive, or affecled 
with the 8ign+; having shewn that— •a multiplied by--ia 
gives +aa9 the same as the product of + a by -fa. Wherefore, 
in the preceding chapter, we supposed that all the numb^v, of 
which it was required to extract the square roots, were positive. 

140. When it is required therefore to extract the root of a 
negative number, a very great difficulty arises ; since there is 
no assignable nnmber, the square of which would be a nc^tive 
quantity. Suppose, for exaipple, that we wished to extract the 
root of — -• 4 $ we require such a number, as when multiplied by 
itsdf, would produce «— 4 ; now tliis number is neither + £ nor 

— 2, because the square, both of + 2 and of-— 2, is + 4, and not 

— 4. 

141. We must therefore conclude, thatfAe square root ^ a 
negative number cannot be dther a positive number , or a negative 
numberf since the squares of negative numbers also take the sign 
plus. Consequently the root in question must belong to an en- 
tirely distinct species of numbers; since it cannot be ranked 
either among positive, or among negative numbers. 

142. Now, we before remarked, that positive numbers are all 
greater than nothing, or 0, and that negative numbers are all less 
than nothing, or ; so that whatever exceeds 0, is expressed by 
positive numbers, and whatever is less tlian 0, is expressed by 
negative numbers. The square roots of negative numbers, 
therefore, are neither greater nor less than nothing. We can- 
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Bdt say hewtrer^ that they ate ; for miiltiplied by pro- 
daces 0^ and conseqaently docs'iiot gite a negative number. 

145. Now, since all nombers, which it is possible to conceive, 
are either greater or less than 0, or are itself^ it is evident 
that we cannot rank the square root of a negative number 
amongst poskiible numbers, and we most therefore say that it is 
an impossiUe quantity. In this manner we are led to tlie idea 
of numbers which from their nature are impossible. These num- 
bers are u9uaU'!i called imaginarti quantities, because they exist 
merely in the imagination. 

144. All such expressionst as V^l? V—S, V— 3, V^, ^•f 
are consequently impossible, or imaginary numbers, since they 
represent roots of negative quantities : and of such numbers we 
may truly assort, that th^ are neither nothing, nor greater than 
nothing, nor less than nothing ; which neces6ai*ily constitutes 
them imaginary, or impossiUe. 

145. But notwithstanding all this, these numbers present 
thooselves to - the mind | they exist in our imagination, and we 
still hare a sufficient idea of them ; since we know that byv^ 
is meant a number which, multiplied by itself, produces — 4. 
For this reason also, nothing prevents us from making use of 
these imaginary numbers, and employing them in calculation. 

146. The first idea that occurs on the present subject is, that 
the square of v^ ^^^ example, or the product of ^^^3 by 
V^% must be — a ; that the product of v^l by v^^i is — 1 ; 
and, in general, that by multiplying v-^ by \/^a, or by taking 
the square of \/^, we obtain — a. 

147. Now, as — a is equal to -fa multiplied by -«- 1, and as 
the square root of a product is found by multiplying together 
ihe roots of its factors, it follows that the root of a multi- 
ped by **-• U or \/wi« ^ equal to Vo* multiplied by v^i* 
Now Va~ is a possible or real number, consequently the whole 
impoisikUUf of an imaginary quantity may be always reduced to 
V^i. For this reason, \/7Z4 is eqiuil to \/i multiplied by 
v/^i, and equal to £ \/^h on account of v^ l^eing equal to £. 
For the same reason, \/Zj9 is reduced to ^9" x V^i, or 3 v*^! i 
and \/Z^ is equal to 4 y"*-!. 

Eul. JUg. 6 
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148. MoreoTer^ as x/TT maltiplied by vr nrakts v39 we 
shall have ve'far value of \/Z4 i]mhi|iKdl by v^ils ; iind v^ ^ 
Sy for the value of the product of y^Zi by v--^^ ^^ aee, tbcre>» 
fore, that two maginary numbers, mutt^rfted tog^hcTf ptoiuee « 
realf of po^U/le one* 

But, on the c<mlrary, a p^sgl^e numberf wuMfiUi by am mf 
possible numbevf gives always an tnui^fiary praUuei : ihmh V^ 
by v+5 gives v^^^« 

149. It is the same if ith regard to diviflioB | fin* v« dtviM 

by \/r making K, it is evident that VZ4 divided by yHi will 

make v+49 or £ ; that v+d divided by v/Hs iHH |(lv« yCTi 
and that 1 divided by v^Hi gives lilLf or %Ali 1 because 1 is 

equal to \/Tu 

150* We have before observed, that the square root of any 
number has always two values, one positive and the other 
negative ; that y^T for example, is both + £ and — 2, and that 
in general, we must take — -y'cT as weD as +\/'a' for the square 
root of a. This remark applies also to imaginary numbers ; 
tlie square root of — a is both + y/Z^ and — ^/Ila ; butwe must 
not confound the signs + and — , which are before the radical sign 
v^, with the sign which comes after it. 

151. It remains for us to remove any doubt which may be 
entertained concerning the utility of the numbers of which we 
have been speaking ; for those numbers being impossible, it 
would not be surprising if any one should think them entirely 
useless, and the subject only of idle speculation. This however 
is not the case. The calculation of imaginary quantities is of the 
greatest importance: questions frequently arise, of which we 
cannot immediately say, whether they include any thing real 
and possible, or not. Now, When the solution of such a ques- 
tion leads to imaginary numbers, we are certain that what is 
required is impossible.* 

* This i» followed in the original by an example intended to illuatrate vbat 
is here said. It is omitted by the Editor, as it implies a deg^ree of acquaint* 
ance with the subject^ which the learner cannot be supposed to possess at this 
stage of his progress. 



Cha(ul4. 



OfBimple QuanhtUs. 



43 



CHAPTER XIV. 

Of Cubic JV\*m6ef5. 

15d« Whew a nunAer has been tmiitipHed twice Ay itsdfs W9 
iMM t^ ike mM/e Mngj i»ken the $qmre of a number hae been 
mMiplM ^nce HMte by Mai fiimtber, we Main apreduet whidi ie 
toted a cuACf ar a gMc mmber* Thus, the cube of a is a a a» since 
itis the product obtained by inultiplyiBg a by itself^ or by Qy and 
thai square oa again by a» 

The cubes of the natural numbers therefore succeed each 
oiher in the fnUowing order. 



Numbers* 
Cubes. 


1 
1 


2 
8 


3 


4 

64 


5 
125 


6 
216 


7 
343 


8 
512 


9 
729 


10 


1000 



153. If we consider the differences of these cubes, as we 
4id those of the squares^ by subtracting each cube from tliat 
which comes after it^ we shall obtain the foOo wing series of num- 
bers : 

r, 19, sr, 61, 91, i2r, i69, 2ir, an. 

At first we do not obserff^ any regularity in them ; but if we 
take the. respective diffmnces of these numbers, we find the 
following series : 

12, 18, 24, 30, 36, 42, 48, 54, 60 ; 
im which tibe terms, it is evident, increase always by 6. 

I54« After the definition we have given of a cube, it will not 
lie difficult to find the cube itf fractional numbers } ^i& the cube 

aaavD manner, we have oidy to take the cube of the numerator 
and that of the denominator separatdy, and we shall have as 
the cube of |, for instance, |-|. 

155. if it be required tojind the cube cf a mixed fiuvfAer, we must 
first reduce it to a single fraetiM, and tihen proceed in the manner 
thai has been described. To find, for example, the cube of 1|, 
"we mast take that of |, which ia V, or d and 4. 80 the cube 
of 1^, or of the single fraction |, is VV' ^^ H7 5 &nd tlie cube 
of 3^, or of y is «|iS or S4J^, 
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t56* Sinceaanis the cube of a, thatof a6 wilibe aaablft ; 
ivhence we see, that if a number has two or more factors, we 
may f ltd Us cube by multiplying together the c$tbes if those factors. 
For example, as 12 is equal to S x 4, we multiply the cube of Sy 
which is 27, hj the cube of 4, which is 94, imd we obtain 1728, 
for the cube of 12. Further, the cube of 2 a is 8 a a a» and conao- 
quentl J 8 times greatar than the cube of a »* and likewise^ the 
cube of 3a is 2ra aa, that is to say, 27 times greater ttian the 
cube of a. 

157. Let us attend here also to the signs + ani-^» His 
evident that the cube of a positive number + a must also be 
positive, that is +aaa. But ifit be required to cirtiea negative 
number — a» it is found by first taking the square, which is 
+ aa9 and then multiplying, according to the rule, this square 
by — a, which gives for the cube required — aacu In this 
respect, therefore, it is not the same vHth cubie numbers as toiUi 
squares, since the latter are always positive : whereas ike cube 
of —I 18 —"i, that of -^2 is — 8, that of — 8 is —27, and 

so 01U 



CHAPTER XV. 

Of Cube Boots, and of irrational mmbers resulting from thenu 

158. As we can, in the manner already explained, find tlie 
cube of a given number, so, when a number is proposed, we may 
also reciprocally find a number, which, multiplied twice by itself, 
will produce that number. The number here sought is called, 
with relation to the other, the cuberooL 6o that the cube root if 
a given number is the number whose cube is equal to that .gioe» 
number* 

159. It is easy therefore to determine the cttl>e root, when, the 
number proposed is a real cube, mtch as the examples in the last 
chapter. For we easily perceive (hat the cabe root of I is 1 ; 
that of 8 is 2 ; that of 27 is d ; that of 64 is 4, and so on. And 
in the same manner, the cube root of .^£7 is-— 8 ; and that of 
— 125 is — 5. 
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Fartlier^ if the propMed number be a fraction, as -j^^ tfi» cube 
root of it must be | ; and tiiat of ^^ is |. Lastly, the cube 
root of a mised number S|^ most be 4, or \\ : because S^^ is 
eqaal to ff. 

160. But if tbe proposed number be not a cube, its cube root 
oannot be expressed either in integers, or in fk*actional num- 
bers. For exam{def 43 is not a cubic number ; I say there- 
fore that it is impossible to assign any number, either integer 
or fractional, whose cube shall be exactly 43. We may how- 
ever affirm, that the cube root of that number is greater than 
3, since the cube of 3 is only SiHf ; and less than 4, because 
the cube of 4 is 64. We Iluow therefore, that tfie cube root 
required is necessarily contained between the numbers 3 
and 4. 

16U Since the cube root of 43 is greater than 3, if we add a 
fraction to 3, it is certain that we may approximate still nearer 
and nearer to the true value of this root : but we can never 
assign the number which expresses that value exactly ; because 
the cube of a mixed number can never be perfectly equal to an 
integer, such as 43. If we were to suppose^ for example, 3^, or 
i to be the cube root required, the error would be 4 ; for the 
cube of I is only ^^^^ov 42|. 

16^. This therefore shews, that (he cute rod qf 43 cannot be 
expressed in any way, either by integers or by fractions. How- 
ever we have a distinct idea of the magnitude of this root ; 

s- 
which induces us to use, in order to represent it, tlie sign y/, 

which we place before the proposed number, and which is read 

cube rooU to distinguish it from the square root, which is often called 

simply tihe root. Thus v^43 means the cube root of 43, that is to 
say, die number whose cube is 43, or which, multiplied twice 
by itself, produces 43. 

163. It is evident also, that aueh expressions cannot belong 
.to rational quantities, and that they rather form a particular 
species of irrational quantities. They have nothing in common 
with square roots, and it is not possible to express such a cube 
root by a square root ; as, for example^ by \/ii ^ for the square 
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of vl3 being ^^9 its cube will ke iZ\f^C9MCfvmaiiy still irra- 
tioiial^ and such cannot be e^ual to 4S. 

164. If the pi'oposed number be a real cube^ our expressions 

become rational i \^\ is equal to 1 ; \/8 is eipud to S ; \/^ is 

s 

equal to 3; and,geuerallyf\/^u,9, isequal to a. 

165* If it were proposed to nmtHply one cvhe rmft, Va, ^ anMier^ 

Vb, ^A^ product must be Vab ; for we know that the cube root of 
a product a 6 is found by multiplying together the cube roots of 

the faotoni ( 1 56). Hence^ aiso^ if we dwide y/tL iy Vt>» ^ 9*^ 

3 

UadwiUbe ll. 

3 8 _ ■ 

166. We further perceiTe^ that 2 vT ^ ^9^ ^ V^«» becanse 
Q is equivalent to vs ; that 3 y^a is equal to \/27 o^ and b s/a is 

3 

«qual ^y/abhh. 609 reciprocally » if the niimber under the vwHf 
cal sign has a fiMtoT' which is a cube, we may make it disappear 

by placing its ouhe root before the sign. For exaaiiple> iasteai 

3 339 

of V64a we may write 4%/^^^ and 5v^r instead of i/iSsa* 

fiei^e v'ls MS equal to 2 v^ because 16 is equal to S x 3* 

167. When a number proposed is negative^ its cube root is 
<M>t subject to the same difficulties &at occurred iu treating of 
^uare roots. For, since the cubes of negative numbers are 
negative^ it follows that the cube roots of negative numbers are 

only negative. Thus, v--8 is equal to «— 2, and V— 27 to •--« S. 

3 3 3 

It follows also, that v— 12 is the same as — v^i2, and that v-^ 

3 
tnay be expressed by — v^a, Wheaoe we see, that the sign -— ^ 

when it is found after the sign of the cube root, might also hare 

heen placed before it We are not thereibre here led to irapos- 

fiible, or imaginary numbers, as we were in considering the 

iiqttare roots of negative numbers. 
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CHAPTER XVL 

Of Powers in general* 

168. The product, which we obtain by fmdtiplying a number 
several times by itself , is called a power. Thus, a square which 
arises from the muliipGcation of a number by itself, and a cube 
which we obtain by multiplying a number twice by itself, are 
powers. We say also in the former case, that the number is raised 
to the second degree, or to the second power ; and in the latter, that 
the nwnber is raised to the third degree^ or to the third power^ 

169* We distinguish these powers from one another by the 
number of times that the given number has been used as a factor* 
For example^ a square is called the second power, because a 
certain given number has been used twice at a factor ; and if 
a number has been used thrice as a factor, we call the pro« 
duct the third power, which therefore means the same as 
liie cube« Multiply a number by itself till you ba?e used it four 
HimeB as a factor, and yoa will have lis fourth powers w what is 
eomlmoiily called the bi*quadtate. From what has been said it 
will be easy to understand what is meant by the' fifth, sixtli,. 
seventh, &C., power of a number. I only add, that the names of 
these powers, after the fmnrth d^ree, cease to have any other 
kut these numeral distinctions. 

tro. To iHnstrate this still further, we may observe, in the 
first place, that the powers of I remain always the same^ because^ 
whatever number of times we multiply 1 by itself, the product 
is found to be always 1. We shall tlierefoi*e begin by repre-- 
isnting the powers of % and of d. They succeed in the following 
order : 



\ 
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Powers. 



I. 

II. 

UL 

IV. 

V. 

VI. 

VII. 

VIII. 

IX. 
X. 

XI. 

XIL 
XIII. 
XIV. 

XV. 

XVI. 

XVII. 

XVUI. 
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Of the number %Mt tbe iwniber 3. 



■i^V^n 



II I * 



4 

8 

16 

S2 

64 

X28 

£56 

51S 

1024 

2048 

4096 

8192 

16384 

S2768 

655S6 

isiors 

262144 



3 
9 

2r 

81 
943 

729 

2187 

6561 

19683 

59049 

177147 

531441 

1594323 

4782969 

14348907 

43046721 

129140163 

387420489 



But the powers of the namber 10 are the most remarkable ; 
for on these powers tbe system of our arithmetic is founded. A 
few of them arranged in order^ and beginning wilih the first 
power^ are as follows : 

L II. IIL IV. V. VI. 

10. 100, 1000, 10000, 100000, 1000000, &c. 

171. In order to illustrate this subject, and to consider it in a 
more general manner, we may observe^ that tbe powers of any 
number, a, succeed each other in the following order. 

I. II. III. IV. V. VI. 

a, aOf aaOf naaaf aaaua, aaaaaot&c* 
But we soon feel the inconvenience attending this manner of 
writing powers, which consists in the necessity of repeating 
the same letter very often, to express high powers ; and the 
reader also would have no less trouble, if he were obliged to 
count all the letters, to know what power is intended to be 
represented. Tbe hundredth power, for example, could not be 
•conveniently written in this manner^ and it would be still more 
difficult to read it. 

172. To avoid this inconvenience, a much more commodious 
metliod of expressing such powers has been devised, which from 



itt exttasiv^ iiM deserrdi to Ve carefully exphiitied ^ vi%. To 
oipresaf for example,^ the hundredth powei-, we simpler write the 
nlimber 100 aboi^e the huiriber whone hnndredth power we would 
express^and a little towards itbe right-hand ; thus a ^<^® means 
a raised to 100, and represents the hundreth power rf su It must 
be observed, that the iuMe exponent is given to the number writ* 
ten abproe thtii; ivhose p&wtr, or degree, H represeiitSy and ivhich in 
the present instance i$ 100. 

17^. in the same iAanner» a* signiiies a raised to 2^ or the 
second power of a, which wd represeht ^metiihes also by aaf 
because tMh these expressions are written and understood with 
equal facility. But tof express the cube, or the third power a a a, 
we write a^ according to the rule, that we may occupy less room. 
Ste d^ (Signifies tbe fourth, a' the fifth, and a* the sixth power 
of a. 

174. Itf ai word, all the powers of a will be represented by a, 
a* 9 a*, a*, a*, a*, a^, a', a*, a*®, &c. Whence we see that in 
this manner we mfgM very properly have ^^ritten a^ instead 
of a for the first term, to^ shew the order of the series more 
dearly. In fact z^ is no niore than a, as this unit shews that the 
Utter 9^ is to he written only once. Such a series of powers is 
called also a ^eiometriical progression, because each term is 
greater by one than the preceiding. 

1 75. As in this series of powers each t^rrtf is found by multi- 
plying the preceding term by a, which increases the exp«)nent 
by 1 ; so when any term is given, we may idso find the preced- 
ing one, if we divide by a, because this diminishes the exponent 
by I. This sbe#9 thiiA the term which precedes th^ first term a^ 

must necessarily be --, or 1; now^ if we proceed according to 

the exponents^' nre immediately conclude, that the term which 
precedes the fll*st must be a^. Hence we deduce this remark- 
able property ; that a^ iM pofhstaMy equal io 1, however great or 
small the value qf the number a may bt, and even when a is noth- 
ilig ; that is to say, a^ is e^ilal to 1. 

176. We may (Continue oui^ series of powers in a retrograde 

order, and that in two diflbrent ways ; first, by dividing Always 

by a, and secondly by diminishing the exjpdnent by dnity. And 
JSttl. Mg. 7 
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It is eridflirt that, whether we follow the one or Hie other, tb« 
terina are still perfectly equal. This decreasing series la 
represented, in both forms, in the following table, which must be 
read hackwarda, or from right to left. 



' 


1 


1 


1 


t 


1 


1 


a 


aaaaaa 


aaaaa 


aaau 


aaa 


aa 


« 


1 


a^ 


I 

a* 


I 
a' 


-^ 


? 


a-« 


a— 


C-* 


g-a 


«-» 


.-.». 


a^ 



177. We are thus brought to understand the nature of powen, 
whose exponents are negative, and are enabled to assign the 
precise ralue of these powers. From what has bera said, it ap* 
pears tha^ 

rij then 



is equal to 

a* 

178. It will be easy, from the foregoing notation, to find ttc 
pawtTS ojaprodudt ah. They mvit rndnttty be ah, or »* h', 
a* b*, a* b*, a* bS a* b', ^c. Jndthe ptnuers ofjraciiota wtQ 
bejimnd m the same manner ; for exompfa thau flf g- ore, 

a' a* ^ ^ •■ "^ — *r 

b»' E»' b»' b*' bP b*' b»* 

179. Lastly, we have to consider tlie powers of negative num- 
bers. Suppose the given number to be — a; itspoworavill 
form the fdlowing series : 

~-<h +00, — o", +o», — a'» +a; Sx. 



We mi^ olnetr^ that 41io8e powers only become iMigatire 
whose exponents are odd numbers^ and that, on the contrary, 
all the powers, which have an even number for the exponent, 
are positive. So that, the third, fifth, seventh, ninth, &c., pow- 
ers have each the sign — ; and the second, fourth, sixth, eighth, 
&c* powers are affected with the sign +• 



CHAPTER XVn. 

Of the ealeulatian of Fawers, 

180. We hare nothing in particular to observe with regard 
to the addition and subtraction of powers; for we only repre- 
sent these operations by means of the signs -f- and — , when the 
powers are different. For example, a^ + a* ta tiie swn qf the 
geetmd and ihird powers of 9i ; and a' — a^ U rohai remaine 
when we enbtrad the fourth power of ^ from the fifth ; and nmJther 
ef these results can be abridged. When we have powers of the 
same kind, or degree, it is evidently unnecessary to connect 
them by signs ; a^^+a* makes 2 a^, &c. 

18t. But, in the multiplication of powers, several things re^ 
quire attention. c 

First, when it is required to multiply any power of a by a, 
we obtain the succeeding power, that is to say, the power whose 
exponent is greater by one unit. Thus a', multiplied by a^ 
produces a^ ; and a', multiplied by a, produces a^. And, in 
the same manner, when it is required to multiply by a the 
powers of that number which have negative exponents, we must 
add 1 to the exponent. Thus, a^^ multiplied by a produces a^ or 
1 ; which is made more evident by considering that a' ^ is equal 

1 1 A 

to — , and that the product <tf — by a being -, it is consequently 

equal to 1. Likewise a-* multiplied by a produces a"*^, or 

— ; and a"*^ ^, multipled by a, gives a *, and so on. 
a 

182. Next, if it be required to multiply a power of a by an^ 
or the second power, I say that the exponent becomes greater 
by 2. Thtts^ the product of a' by a' is a^ ,* that of a* by a^ 
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S a* ; fbat of a« by a^i^ «• • atid^ dMM gMiia^f^ i^ ntilil^jsS 

5jf a^ mdkes a>^*. ^iM ff|fOfrf to negative exp&nmiUt t»e tAoll 
Aare a^» or a^ /or tAe proiuficf a*^ kp a^ ; for tt~^ being equil 

1 
to -^, it is the same as if we ha4 divide^ aa,\y^ a; coQsecjueQtly 

the product required is -£, or a. So a""*, miillKpIied 5y a^ |»rd- 

dttCM a*, or 1 ; and a""*, muQtpKed ftjf a', produces a"*. 
^ 183, It is no less evident tba^, to multiply any power of a by 

a^f we must increase its exponent by three units ; and that 
consequently the prddurt of a« by tt* is »***"'• And whenever it 
is requtred ia multiply together hvo powers ^s^, the produet wiill be 
also a power of a, and q, power whose exponent wiU he the sum ((f tM^ 
exponents of th^ ty)o given powers. For exs!kmple» a^ multiplied bl" 
a' will make a*9 and a}* multi|)Iied by a' will preducc^ aVS &c« 

184. From thes» considerations we may eas^y deterioiae ttM^ 
hil^hest poyrers* Tc^ findj^ for inst^nce» the tweaty-^fourth power 
of 2, 1 Qia|tip)iy the twelfth power by the twelft^h power^^ hecauaa 
2»* is eqM^ to 2** X 2»*. Now we have ^eady/seen that 
2^> is 4096 ; I say therefore that tlie number 16777216* or th!a 
product of 4096 by 40^6, expresseathe power r^ii^redy 2*^^ 

185. Lelj^as proceed to division. We shall remark in iftuei 
i^rst place, that to divifle a power ^ a fry a» ve mm^ sfibtrci/^ 1 
from the exponent, or diminish U bjf unUy^ Thus a*s divided by 

a, gives a* ; a®, w 1, 'divided l^y a, ia equal to or* o«»— '^ ^er^p 

a. 

divided by a, gives ar^* 

186. If we have to divide a given power of a by 4*» we must 
diminish the exponent by 2 ; and if by a^, we must subtract 
three units from the exponent of the power proposed, go^ in 
general, whatever power of ait is required to divide by another 
J^ovfer of ^f the rule is druiays. to ubtikutiheexpotlMt0^seconA 

from the exponent qf the Jirst of tliese powers. Thu3 «**, divided 
by a"* 9 will give a^ ; ft* divided by o', will give a""*; and cr^f 
divided by a* , Will give ar^. 

187. From, what has been saj.d above, it is ea^y to understand 
the method of Snding the powers of powers, this being done by 
multiplication. When, we seek, for example, the square, or thQ 
second power of a*, we find a* ; and in the same manner we 
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find a^* fiir the AM iMMV^r ih* the cube of aK To Main tte 
square qfapawerf we harcemiliifie dmble U$ expmiewt ;^its eubef 
W€ mumi tfij^ tine expomvit f wA ^a oik Tho sfiMuro of a" is 
a*« ; th e cube of a* is o'^ ^ th« seVmtb power of a'^ is a^% &c. 

188. The square of 9'f or the square of the square of a, 
beiiij; a^f we see why the fourth power is called the H-qaadrate. 
The square of a' is a* ; the sixth power has therefore received 
the name of the square-cubed. 

Lastly, the cube of a» being a*, we call the ninth power the 
eubo-eube. No other denominattioiis of this kind have been 
introduced for powers^ and indeed the two last are very little 
used. 



CHAPTER XVIII. 

Of Ibota vriih rdaiion to Powers in generaL 

189. SiKCB the square root of a given number is a number^ 
whose square is equal to that given number ; and since the cubo 
root of a given number is a number, whose cube is equal to that 
given number ; it follows that any number whatever being given^ 
w^igiyidwaya indicate aaeb rootaof ii» tb^ their fonrth, or 
tbeir ftMi» «r any other poweiv nay be equal to the given num- 
ber. To distingttirii these different kinds of roots better, we 
shall eidl the ayave root tbe second root ; and the cube root the 
tkirdrool; iiecaose^aceordiiig to this denomination, we may call 
tlle/Mr<A ¥0^ that whose hiqiiAdrate is equal t» a given num- 
ber ; and thej^ fosl^ that wtese fiflk power is e^aal to a given 

MiibeiP, '&€• 

190. As tht ftrams or«econd root, is narked by tbe «gn 

Vf and the cubic or third root by the sign v> ^^ *« fourth root 

is repfesented by tke sign v ; ^be fifth root by the^sign v ; and. 
sa on ^ it is evidettt ttiat aeeording to this mode of expression^ 

the sign of the square root ctt^hi to be V. But as of all reels 
this occurs most ' frequently, it has been agreed, fcr «ic sake of 
brevity, to onri* the number 2 ita the sign of this root. So that 
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v^en a radical sign bas no nmnbar pvefizedy ihis always shews 
that the square root is to be understood. 

191. To exf^ain this matter still further* we dhall here exhibit 
flie different roots of the number a* with their respective values : 



>is the< 



V« 

4 

B 
6 __ 

So that conversely ; 
The 2d T 



rad^ 



3d 
4th 
5th 
6tb 



>root of 



■flf 



flf 



?^^ 



ay 



TheSd 
The 4th 
The 5th 



►power of 




VT'l 



^a^ and so on. 



'«# 



«> 



L \/a J 



is equal to <^ a. 



<h 



flf 



The 6thJ 
and so on. 

19S* Whether the number a therefore be great or smallf wa 
know what value to affix to all these roots of different degrees* 

It must be remarked also* that if we substitute unity for Of all 
those roots remain constantly 1 ; because all the powers of 1 
have unity for their value. K the number a be greater than 1^ 
all its roots will also exceed unity. Lastly* if that number ba 
less than 1* all its roots will also be less than unity. 

193. When the number a is positive* we know from what was 
before said of the square and cube roots* that all the other roots 
may also be determined* and will be real and possible numbers. 

But if the number a is negative* its second* fourth* sixth* and 
all the even voots* become impossible* or imaginary numbers ; 
because aU the even powers, whether oj positive, or of negative 
numbers f are affected with the sign -f» Whereas the third, jifth, 
seventh, and all odd roots, become negative, but rational ; because 
the odd powers of negative numbers^ are also negative. 
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194. We bare here also an inexhaustible ^Nirce of new kinds 
of surd, or irrational quantities ; for whenever the number a is 
not actually such a power^ as some one of the foregoing indices 
rejjresentsy or seems to reqoiret it is impossible to express 
that root either in whole numbers or in fractions ; and conse- 
quently it must be classed among the numbers which are called 
krational. 



CHAPTER XIX. 

Of the Method of representing Irrational timbers by Fractiaiud 

Exponeids. 

195. We have shewn in the preceding chapter^ that the square 
of any power is found by doubling the exponent of that powers 
and that in general the square^ or the second power of a* , is 
a'*. The converse follows* namely* that the square root of the 
power tk*^ is a* 9 and that it is found by taking half the exponent cf 
that power, or dividing it by 2. 

196. Thus the square root of a* is a^ ; that of a* is a* | 
that of a* is a* ; and so on. And as this is general* the square 

root of a^ must necessarily be a^ and that of a' a^, Con- 

sequently we shall have in the same manner a> for the square 

root of a^ I whence we see that a^ is equal to va~; and this 
new method of representing the square root demands particnlai^ 
attention. 

197. We have also shewn that* to find the cube of a power as 
A" * we must multiply its exponent by S* and that consequently 
the cube is a***. 

So conversely* when it is required to find the third or cube 
root of the power a'* * we have only to divide the exponent by 
S* and may with certainty conclude* that the root required is a". 
Consequently a^,or a* is the cube root of a' ; a' is that of a* ; 
a^ is that of a* ; and so on. 

198. There is nothing to prevent us from applying the same 
reasoning to those cases in which the exponent is not divisible 



by 3^ and concluding that the cube root of a^ is a% and that the 
cube root ef m^ is a^^ er a '• CoMequently the tbtr4» or 
cube root of a also, or a^ must be a'« Whence it appears that 

1 3 __ 

199. It is the same with roots of a higher degree. The 
fourth root of a will be a ^f which expression has the same value 
as v^ The fifth root of a will be aJf which is consequently 

5 

equivalent to \/a; and the same observation may l>e extended 
to all roots of a higher degree, 

200. We might therefore entirely reject the radical signs at 
present made use off and employ in their stead the fractiond 
exponents which we have explained ; however* as we have been 
long accustomed to those aigwi» and meet with tbea^ in all 
books of algebra^ it would be wrong to banish tbem entirely^ 
But tliere is sufficient reason also to eaqdoy, as m now frequeadjr 
doney ike atlier method of notation, because it mamifestiy correa* 
ponds with what is to be represented* In ftet^-We S(de immediatffr 

ly that a^ is the square root of a, because we know that tHe square 

of a^f that is to say^ a> multiplied by a'f is equal to a^ or a. 

201. What has" now been said is suffdent to' shew how w# 
are to uttderstand all other QractionM exponents Chat may occur* 

4 

If we have^ for examplot a^, this means that we must first 
take the fourth power of a, and then extract its cube or third 

Toot ; so that d^ is the same as the common expressjmp \/a«« 

To find the value of a^, we must first take flie cifbe, or the 
third power of a, which is a*, and then' extract the fourth root 

S 4_ 4 

of that power ; so that a? is the same as y^a^ Also a^ is 

equri toy^^f &c. 

£02* When the fraction which repi^raents the es^nent ex* 
oeeds unity, we may express the '^lae of the given quantity it 

B 

another way. Suppose it to bed'; this qjjantity is equivalent 
to 41 ', which is the product of «< by a'* Now* tt^ bei»g 
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eqpial to v^ it is evMent that a^ is eqaal to a« ^^, So a '^^ 
OP a 7 is equal 'to a^V^* anda^, that is o^, expresses 

ii* v^a. These examp^ are sufficient to illustrate the great 
utility or fractional exponents. 
203. Their use extends also to fractional numbers : let there 

be given —r=, we know that tliis quantity is equal to ~; now 
we have seen already that a fraction of the form - may be ex- 

pressed by ar^ ; so instead of -= we may use the expression 

1 1 

a-¥. In the same manner^ j— is equal to a-7. Again, let 

vr 

the quantity — be proposed ; let it be transformed into this, 
■^, which is the product of a» by a^z; now this product is equi- 

valent to aS or to o ^, or lastly to a vST Practice will ren- 
der siipilar reductions easy. 

204. We shall observe, in the last place, that each root may 
be represented in a variety of ways. For v^ being the same 
as a^, and ^ bdng transformable into all these fractions, | , |, *, 
TVf -ft* *c*» »* >» evident that vr is equal to VaT, and to JaT and 
to va*. and so on. In the same manner y^ which is equal 
to a', win be equal to vS, and to vJ3, and to "^. And 

weaee also, that the number o, or oS might be represented by 
the following radical expressions : 

» »_ 4_ »___ 

\/a*, ^a^, y/a*, y-a*, &c, 

205. This property is of great use in multiplication and 
division : for if we have, for example, to multiply Va by v^ 
we write v.'S" for l/T, and ^a"! instead of v^j in this man- 
ner we obtain the same radical sign for both, and the multi- 
plication being now perfwmed, gives the product v^. The 

same result is deduced from «*+^, the product of a^ multi- 
Evl, Mg. i 
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plied by a' ; for 1 4.^ is |» and cooieqiMiitly tto pnidiict le^ 

quired is /i^ or v«** 

1 _ 1 3 1 

it were required, to divide Vat ^ •^j ^ VC ^ ^9 '^^ 

should have for thi quotient a^ '^, or a^ '', <Aa^ is sajf, a* 

6 

or^r. 



CHAPTER XX. 

Of the different methods of calculation, and of their mutual 

connexion. 

206. IIiTHEBTO we have only explained the different methods 
of calculation : addition, subtraction, multiplication, and divis- 
ion ; the involution of powers, and the extraction of roots. It 
«vill not be improper therefore, in this place, to trace back the 
origin of these different methods, and to explain the connexion 
which subsists among them ; in order that we may satisfy our- 
selves whether it be possible or not for other operations of the 
same kind to exist. This inquiry will throw new light on the 
subjects which we have considered. 

In prosecuting this design, we shall make use of a new cha- 
racter, which may be employed instead of the expression that 
has been so often repeated, is equal to$ this sign is sz, and is 
read is equal to. Thus, when I write a =s b» this means that a is 
equal to 6: so, for example 3^5 = 15. 

£07. The first mode of calculation, which presents itself to the 
mind, is undoubtedly addition, by which we add two numbers 
together and find their sum. Let a and h then be the two given 
numbers, and let their sum be expressed by the letter c, we shall 
have a + b = Cm So that when we know the two numbers a and 
b, addition teaches us to find the number c. 

208. Preserving this comparison a + 2) = c, let us reverse tha 
question by asking, how we are to find the number 5, when we 
know the numbers a and c. 

It is required therefore to know what number must be added 
to a, in order that the sum may be the number c Suppose, for 
example^ a = 3 and cczS} so that we must have 3 + 6=8; 
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h wiH evidently be found by snbtractinl; 3 from 8* So* in general^ 
to find bf we must subtract a from c, whence arises 6 = c — a; 
for by adding a to both sides again, we have 6-fa=:c — a + a^ 
that is to say = c, as we supposed. 
Such then is the origin of subtraction. 

209. Subtraction therefore takes place, when we invert the 
question which gives rise to addition. Now the number which 
it is required to subtract may happen to be greater than that 
from whic h it is to be subtracted ; as, for example, if it were 
required to subtract 9 from 5 : this instance therefore furnishes 
us with the idea of a new kind of numbers, which we call nega- 
tive nun;bers, because 5 — 9 = «-* 4. 

210. When several numbers are to be added together which 
are all equal, their sum is found by multiplication, and is called 
a product. Thus a b means the product arising from the multF- 
piication of a by ft, or from the addition of a number a to itself 
b number of times. If we represent this product by the letter 
e, we shall liave ftft = €f and multiplication teaches us how to 
determine the number c, when flie numbers a and b are known. 

211. Let us now propose the following question : the numbers 
a and c being known, to find the number b. Suppose, for 
example, a = 3 and c =: 15, so that 3 6 = 15, we ask by what 
number 3 must be multiplied, in order that the product may be 
15 : for the question proposed is reduced to this. Now this is 
division : the number required is found by dividing 1 5 by 3 ; 
and therefore, in general, the number b is found by dividing c 

by a 5 from which results the equation J = — . 

212. Now, as it frequently happens that the number c cannot 
be really divided by the number a, while the letter ( must how- 
e\er have a determinate value, another new kind of numbers 
presents itself; these are fractions. For example, supposing 
a = 4, c = 3, so that 4 & = 3, it is evident that ( cannot be an 
integer, but a fraction, and that we shall have ( = |. 

213. We have seen that multiplication arises from addi- 
tion, that is to say, from the addition of several equal 
quantities. If we now proceed furtlier, we slmll ))erceive 
that from the multiplication of several equal quantities ,to- 
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gethcr powers ai^ derived. Those powers are represented in 
a general manner bj^ the expression a^, which signifies that the 
number a must be multiplied as many times by itself, as is 
denoted by the number h. And we know from what has been 
already said, that in the present instance a is called the root, 6 
the exponent, and a^ the power. 

S14. Further, if we represent this power also by the letter c^ 
we have a* = c, an equation in which three letters a, h c, are 
found. Now we have shewn in treating of powers, how to find 
the power itself, that is, the letter c, when a root a and its 
exponent b are given. Suppose, for example, a ==; 5, and 6 = 5, 
so that c = 5 ' ; it is evident that we must take the third power 
of 5, which is 125, and that thus c = 125. 

215. We have seen how to determine the power c, by* means 
of tlie root a and the exponent b $ but if we wish to reverse the 
question, we shall find that this may be done in two ways, and 
that there are two different cases to be considered : for if two 
of these three numbers a^ 6, c, were given, and it were required 
to find the third, we should immediately perceive that ttui 
question admits of three different suppositions, and consequently 
three solutions^ We have considered the case* in which a and b 
were the numbers given, we may therefore suppose further that 
e and a, or c and b are known, and that it is required to deter*^ 
mine the third letter. Let us point out therefore, before we 
proceed any (tirther, a very essential distinction between invo- 
lution and the two o|ierations which lead to it. When in 
addition we reversed the question, it could be done only in one 
way ; it was a matter of indifference whether we took c and a, 
or c and 6, for the given numbers, because we might indiffer- 
ently write a + bfOV b + a. It was the same with muHiplica- 
tion ; we could at pleasure take the letters a and ft for each 
other, the equation ab = c being exactly the same as ba = c» 

In the calculation of powers, on the contrary, the same thing 
docs not take place, and we can by no means write h^ instead of 
a^ . A single example will be sufficient to illustrate this : let 
a = 59 and 6 = 3 1 we have a^=z5^z:z 125. But 6« = 3* =» 243 : 
two very different results. 



SECTION II. 



OF THE DIFFERENT METHODS OF CALCULATION APPLIED TO 

aOMPOVND qUAMTITIVS. 



CHAPTER I. 

* 

€^ the Mdition of Compouni Quantitw. 

ABTICUB 216. 

Whbn two or more expressions, consisting of serenil terms^t 
are to be added together, the operation is frequently represented 
merely by signs, placing each expression between two paren- 
theses, and connecting it with tlie rest by means of the sign +m 

If it be required, for example, to add the expressions a + b+c 
and d -f- e +ff we represent the sum thus : 

(a + ft + c) + (d + e+/). 

SIT. It is evident that this is net to perforin addition, hut only 
to represent it. We see at the same time, however, that in 
order to perform it actually, we have only to leave out the 
parentheses ; for as the mimber d+e +f is to be added to the 
other, we know that this is done by joining to it first + d, then 
•f* f, and then +/; which therefore gives the sum 

a + b + c + d + e+f. 

The same method is to be observed, if any of the terms are 
affected with the sign — ; they must be joined in the same way> 
by means of their proper sign. 

218. To make this more evident, we shall consider an exam- 
ple in pure numbers. It is proposed to add the expression 
15 — 6 to 12-— 8. If begin by adding 15, we shall have 
12 .^ 8 ^ 15 ; now this was adding too much, since we had only 
to add 15 *— 6, and it is evident that 6 is the number which we 
have added too much* Let us therefore take this 6 away by 
writing it with the negative sign, and we shall have the true 
sum, 12-^84.15 — 6, 
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¥7hich shews that the sums are found hf writing aU the terms, 
each with its proper sign. 

219* If it were required therefore to add the expression 
iJ I—, e .— ./ to a — 6 + c» we should express the sum thus : 

a — b + c + d — e — ff 
remarking however that it Is of no consequence in what order 
we write these terms* Their place may be changed at pleasure^ 
provided their signs be preserved. This sum might, for exam- 
ple^ be written thus : 

c — e + a — f+ d — - 6. 

£20. It frequently happens, that the sums represented in 
this manner may be considerably abridged, as when two or 
more terms destroy each other ; for example, if we find in the 
same sum the terms -f a— -«a, or 3a-— 4a-f a: or wlien two 
or more terms may be reduced to one. Examples otHuB second 
reduction : 

— 6c + 10c:=z + 4c; 

5a — 8o=»— 3a; — rft + fts — 66; 
— 3c — 4c = — 7c; 

Qa'^5a + az=:^Qa;^ — S& — 5& + 2 6=^— 6 ft. 

Whenever two or more terms, therefore, are entirely the same with 

regard to letters, their sum may be abridged : but those cases 

must not be confounded with such as these, 2aa + 3a, or 

2(3 — 64^ which admit of no abridgment 

9,9,1. Let us consider some more examples of reduction ; the 
following will lead us immediately to an important truth. Sup- 
pose it were required to add together the expressions a -f- ft and 

a ft; our rule gives a + 6 + a — ft; nowa + a = 2a and 

b .^ b = ; the sum then is 2 a : consequently if we add together ^ 
the sum of two numbers (a + ft) and their difference (a— ft,) 
we obtain the double of the greater of those two numbers. 

Further examples : 

3 a — £ J — c la^ — 9,aah + 9,ahb 
5 5_6c + a| — aah-^9,ahh — 6^ 



4a+3ft-— 7c 



a^ — 3aaft + 4aftft — ft^ 



Chap. S. Of Compound ^ntiim^ iS 
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CHAPTER IL 

Of the Subtraction of Compawnd Quantities. 

S£2. If we wish merely to represent sabtracticni, we inclose 
each eiqiression within two parentheses, connectini^, by the sign 
'^f th^" expression to be subtracted with that from which it is to 
be taken. 

When we subtract, for example, the expression d,r-^e+f 
from the expression a — b + c^ we write the remainder thus s 

(a — 6 + c)~(rf — c+/)j 
and this method of representing it suflS^ciently shews, which of the 
two expressions is to be subtracted from the other. 

£23. But if we wish to perform the subtraction, we must 
observe, first, that when we subtract a positive quantity + b 
from another quantity a, we obtain a*-^ b : and secondly, when 
we subtract a negative quantity — b from a, we obtain a-f-& ; 
because to free a person from a debt is the same as to give him 
something. 

2£4. Suppose, now, it were required to subtract the expres- 
sion 6 — d from the expression a — c, we first take away b ; 
which gives a'-^e-^-^b. Now this is taking too much away by 
the quantity d, since we had to subtract only b — d; we must 
therefore restore the value of d, and we shall then have 

a^^c — b + d; 
whence it is evident, that the terms of tlte expression to be suitract" 
ed must have their signs changed, and be joined, with the contrartf 
signs, to the terms ojthe other eocpressUm. 

£25. It is easy, therefore, by means of this rule, to perform 
subtraction, since we have only to write the expression from 
which we are to subtract, such as it is, and join the other to it 
without any change beside that of the signs. Thus, in the first 
example, where it was required to subtract the expression 
d — e +/£jpom a — 6 + c, we obtain a^^b + c — d + c — f. 

An example in numbers will render this still more clear. If 
we subtract 6 ^— £ + 4 from 9 — 3 + £, we evidently obtain 

9 — 3 + 2 — 6+£ — 4; 
for9 — 3+£=:8; aIso,6 — £ + 4 = 8; now 8 — 8 = 0. 
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S26, Subtraction being therefore subject to no difficulty, wo 
bave only to remark* that, if there are found in the remainder 
two« or more terms which are entirely similar with i^gard to 
the letters, that i*emainder may be reduced to an abridged form^ 
by the same rules which we have given in addition. 

327. Suppose we have to subtract from a -f 6, or from the sum 
of two quantities, their difference a^— *6, we shall thefi have 
a + b — a+b; now a *— a = 0, and 6 + ( = 2 6 ; the remainder 
flought is therefore £ b, that is to say, the double of the less of 
the two quantities. 

£28. The following examples will supply the place of further 
illustrations. 



aa + ab + bb 
lb+ab^--aa 

2a a. 



3 c — 4b + 5 c\a^ + Saab +S abb + b^ 



26+4C — 6a 



9a — 66-f c. 



a^ — Saab + Sabb — h* 



6aab + Zb^. 






+ 3V*. 



CHAPTER in. 

Of the MultiplicaUon of Compofund Quantities. 

229* When it is only required to represent multiplication, 
we put each of the expressions, that are to be multiplied together, 
within two parentheses, and join them to each other, sometimes 
without any sign, and sometimes placing the sign x between 
them. For example, to represent the product of the two expres- 
sions a'^b + c and d — e+./, when multiplied together, we 
write. 

(a — b + c) X {d — e +f.) 

This method of expressing products is much used, because it 
immediately shews the factors of which they are composed. 

230. But to shew how multiplication is to be actually per* 
formed, we may remark, in the first place, that in order to 
multiplyf for example, a quantity, such as a— *& + c, by 2, each 
term of it is separately multiplied by that number ; so that the 
product is 

2a-— 26 + 2 c. 



> / 
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N<y«r fbe same thing takes place with regard to all other 
numbers. If d were the number, bj which it ia required to 
multiply the same expression, we should obtain 

ad — ftd+ijd. 

231. We supposed d to be a positive number ; but if the factor 
were a negative number, as — e, the rule heretofore given must 
be applied; namely, that two contrary signs, multiplied together, 
produce — , and that two like signs give +. 

We shall accordingly have 

— ae + be — ce. 

232. To shew how a quantity, wl, is to be multiplied by a 
compound quantity, d — e; let us first consider an example in 
common numbers, supposing that J: is to be multiplied by 7 — 3, 
Now it is evident, that we are . here required to take the quad- 
ruple of .^ ; for if we first take w9 seven times, it will then be 
necessary to subtract 3 Jl From that product. 

In general, therefore, if it be required to multiply hy* d — e, 
we multiply the quantity A first by d and then by e, and subtract 
this last product from the first ; whence results dA-^eJi.' 

Suppose now .4 = a — 6, and that this is the quantity to be' 
multiplied by d — e; we shall have 

dA = ad — id 



whence the product required =>ad*->6d-— ae4-5e. 

233. Since we know therefore the product (a — V)x (d— -e,) 
and cannot doubt of its accuracy, we shall exhibit the aaraa 
example of multiplication under the following form : 

a — b 
d — c 



ad^-*bd-^ae'>\'be. 

This shews, that we n^ust multiply each term of Vie upper ex* 
pression by each term of the lower, and that, with regard to the 
signs, we must strictly observe the rule before given ; a rule 
which this would completely confirm, if it admitted of the least 
doubt. 

EfuLMg. 9 
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234. It will be easy^ according to this rule, to perform the 
following example^ which is, to multiply a + b by a — b: 

a + h 
a—h 



aa + ab 
— ab—bb 

Product aa^-^bb. 

£35. Now we n)ay substitute^ for a and b, any determinate 
numbers ; so that the above example will furnish the following 
theorem ; viz: T%e product of the svm of two nuniherSf muUiplied 
hf their difference, is equal to the difference of the squares of those 
numbers. This theorem may be expressed thus : 

(a + b)x (^a'^b)=:aa — 66. 

And from this, another theorem may be derived ; namely. 
The difference of two square numbers is always a product, and 
divisiUe both by tiie sum and by the difference of the roots of those 
two squares. 

236. Let us now perform some other examples : 



10 


2a — 3 
a+2 






4-4a- 


-6 




Qaa + a*^ 


6, 



II.)4oa — 6a + 9 
£a 4-3 

8a' — 12aa + 18 a 

+ 12aa— 18a+2r 

— — — — ^M— — »— — ^»^|p» ■■III ■ 

8 a» +Q7 
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in.) 30fl~3a6— ftJ 



6 a* — 4aa& — 2a66 

— 12aa&-f- 8aft^+4i^ 

6as .^ 15 111,^^5 oftft 4.4 6* 



KW" 



IV.) fla + 2nft + 26fc 
a a — 2a ft 4- 2b 6 

a^ + 2a*b+2aa6& 
— -20^ 6*^4 aafrb-— 4a6^ 

4-2aa66 +4aft3 +45^ 

mhh^Mkm ■■■•*■■■■• ■■■■■^■■a ■■«■■■«■■■•■■■• ■MaaMaHMMMaaa^i^iB^MiBaiaBHaBBi 

a* +4 6*. 

V.) 2aa — Sa6 — 4 66 
Saa-^2a6 4. 66 



6a*~9a'6 — 12a a6 6 

— 4a*6 + 6aa66<rf-8a6' 

+ 2aa66 — 3 a 6* — 4 6* 

6a* — 13a3 6 — 4aa66+5o6»~4 6^ 



VL) aa + 66 + cc — a6— ac— 6c 
a+ 6 + c 



i«MMii«BMMMHMtM 



a' +2riLft4.a>c<r-La^«p6 — snCc^-^abc 

^jti^fr+6» + 6.ae— -^t^A-6 — a6c-:^66c 

XLfte+^irire + c^ — a6c--~^'«uucr*i6ce I 

a» — 3a6c-f.6* + c^ 

237. When we have more than two quafUiUes to muUiply to^ 
gether, it wiU easily be understood that, after having TwuUiplied 
two of them together, we must then multiply that product by one 
of those which renudn, and so on. It is indifferent what order is 
observed in these mvltiplicaHons* 



Let it be proposed, for example, to fiad the vdue, or prodict^ 
of the four following factors, vi»» 

I. n. III. IV. 

(a + b) (aa + ab + bV) (a — *) (on — ab + bb). 
We will first multiply the factors L and H. 
II. a a + ab + bb 
h a+ b 



a^ +aab + abb 
+ aab+abb + b^ 



1. 11. a^ +2aa6 + 2a66 + fr». 
Next let us multiply the factors III. and IT. 
IV. a a — ab + bb 
m. a — b 



a^ — aab + abb 
— aab+abb — 6' 



III. rV. a»— 2aa6 + 2u66 — &»• 
It remains now to multiply the first product I. II. by this 
' ' second product III. IV. : 

a^ +2aab + 2abb + b^ I. II. 
af—2aa ft + £ aA *— 6* Ml. IV. 

a« +2 a* 6 +2 a* 66+ a^ b^ 

— 2a« 6 — 4 a* 6 6 — 4o* 6* — 2aa6* 

2 a* 66 + 4 0^6^ +Aaab^ +&ab' 

— «36«— 2a«6^— aaJ'— &• 

*" ■ < III II I II . 1 ■ II I !■ I I I I ■ I .1 ■■ I. I I I 

a«~6». , 
And this is the product required. 

238. Let us resume the same example^ but change the order 
of it, first multiplying the factors I. and III. and then II. and 
IV. together. 

I. a +6 
IIL a—b 



aa + ab 
—ab — bi 



h III. ssaa— 66. 
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IV. aa — ab+bb 



a^ +a^b + aabb 
— 'U* b^^aabb-^ab^ 

aabb +ab^ +b^^ 

Ih TV. zn a^+ a abb + b^. 
Then multiplying the two products L III. and IL lY. 
II.lY.=a^ + aabb + b^ 
I. IIl. = aa — bb 



a* +a^bb + aab^ 
— a*bh—aab^ — b^ 

we have a* — 6*, 
which is the product required. 

2S9. We shall perform this calculation in a still different 
manner^ first multiplying the V\ factor by the TV^. and next 
the IP. by the III^ 

IV. aa — aft +*6 
I. a + b 



■> 11 im 



a^ — aab + abb 

a»b — abb + b^ 



I. IV. = a^+6\ 



II. aa + ab + bb 

III. a — b 

a^ +aab + abb 
.^^aab — abb^^b^ 



II. ra.=«3_5«. 

It remains to multiply the product I. IV. and II. III. 
LIV.=a*+ft» 
ILIII. =o»— 5* 



«• + a» 6* 
— .a^ b^ — 6* 



and we still obtain <i^ — b^t^is before. 
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240. It will be proper to illustrate this example hj a numeri- 
cal application. Let us make a = 5 and ft = S, we shall have 
a + b=:5 and a — ft = l; further, aa=z9, aTf=z6, bb=:4. 
Therefore aa + ab + bb= 19, and a a — ab+bb=:7. So that 
the product required is that of 5 x 19 x 1 X 7, which is 665. 

Now a* =729, and ft* = 64, consequently the product re- 
quired is a* ^^ ft' = 665, as we have already seen. 



CHAPTER IV. 

Of the Divisim cf Compound (fuanUties* 

141. "When we wish simply to represent division, we make 
use of the usual mark of fractions, which is, to write the de- 
nominator under the numerator, separating them by a line ; or 
to inclose each quantity between a parenthesis, placing two points 
between the divisor and dividend. If it were required, for 
example to divide a -|- ft by c -|- d, we should represent the quo- 

tient thus -—-. $ according to the former method i and thus, 
c 4" o 

(a + ft) : (c + d) according to the latter. Each expression is 
read a + b divide^ by c -|- d. 

£42. Wheal it is required to divide a compound ^piardity ftya 
simple one, we divide each term separately. For example ; 
6a — 8ft + 4c, divided by 2, gives 3 a —-4 ft-f £ c ; 
and (aa — 2a ft) : (li)=:a^— *2ft. 
In the same manner 

(a* — 2aaA + 3flaft): (a)=zaa — 2aft + Saft; 
(4aaft — 6aac-|-8aftc) : (2a)=s2aft*-Sac+4ftc; 
(9aaftc — 12aftftc4-15(iftcc) :(3aftc)=:3a — 4ft-|-5c, &c. 

243. If it should happen that a term of the dividend is not 
divisible by the divisor, the quotent is represented by a fraction, 

as in the division of a + ft by a, which gives 1 + — • Likewise, 

a 

(a a ^— o ft + ft ft) : (a a) = 1 H — ^ ' 

"^ ^ ' a aa 

For the same reason, if we divide 2 a + ft by 2, we obtain 

ft 1 

a + ~ ; and here it may be remarkc^ that we may write -^ ft. 
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h 1 h 

instead of --, because -3 times h is equal to — . In the same 

If \ ^If Q 

manner >- i» the same as -- I, and — the same as - &• &c. 
3 3 3.. 3 

244. But when the divisor is iteelf a compound quantity^ 
division becomes more difficult* Sometimes it occurs where we 
least expect it ; but when it cannot be performed, we must con- 
tent ourselves with representing the quotient by a fraction^ in 
the manner that we have already described* Let us begin by 
considering some cases^ in which actual division succeeds. 

£45. Suppose it were required to divide the dividend ac — be 
by the divisor a ^^hf the guatient must then be such as, when 
mvUifUed by tfie divisor a — b, rvill produce the dividend a c — be* 
Now it is evident, that this quotient must include c, since with- 
out it we could not obtain ac. In order, therefore, to try 
whether c is the whole quotient, we have only to multiply it by 
the divisor, and see if that multiplication produces the whole 
dividend, or only part of it. In the present case, if we multiply 
a— ^ ft by c, we have ac-^-b c, which is exactly the dividend ; 
so that c is the whole quotient. It is no less evident, that 

(aa-^aft): (a-f ft) = a; (3aa—- ^afc) : (3a — 2 6) = a; 
(Saa — 9 aft) : (2 o — S 6) =± 3 a, &c. 

246. We cannot Jail, in this way, to find a part of the quotient ; 
^/theref^, what we haroe found, when muUipUed by the divisor^ 
does not yet exhaust the dividend, we have only to divide the 
remainder again by the divisor, in order to obtain a second part of 
the quotient ; and to continue the same method, until we have found 
the whole quotient. 

Let Qs, as an example, divide aa + 3aft + 2ftftbya + ft;itis 
evident, in the first place, that the quotient will include the term 
a, since otherwise we should not obtain a a. Now, from the 
mulliplication of the divisor a 4- ft by a, arises a a -|. a ft ; which 
quantity being subtracted from the dividend, leaves a remainder 
2a ft + 2 ft ft. This remainder must also be divided by a -|.ft ^ and 
it is evident that the quotient of, this division must contain the 
term 2 ft. Now 2 6, multiplied by a -f ft, produces exactly 2 a ft + 
2 ft ft ; consequently a + 2 ft is the quotient required ; which, mul- 
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tiplied by the divigor a+bf ought to produce the dividend 
aQ+ Sab + 2bb. See the whole operation : 

a + 6) a a + S a & + 2 ft 6 (a + £ ( 
aa + ab 

&ab+^bb 
^ab+^bb 



0. 
247. T&i^ ofMsrotoii tc;ifi be JacUUaUd if loe chooee om^ ik^ 
Utvm efthe divisor to be wtUten frsU ond thefif in mrrangiug Ae 
terms of the dividend, begin wUh the highest powers of that first 
term ^ the divisor. This term in the preceding example ^aa u ; 
the following examples will render the operation more clear* 
a^— 6) a^'^Saab + 3abb'^h^ (aa-^%ab + bb 
m^^^aab 



»^2aa b + Sabb 
— ^aab + 2abb 

abb^b^ 
0. 

aa + ab 



-— aft*-ftft 
-~aft— ftft 



I' » < I »^^>l^^T*-^^^^^'W^i— ^^^i^»^i— ™— ^— ^■™*— — ^n^— ^i— ^^^^^1,^. 



3a~£ft)l8aa — 8ftft(6a + 4ft 
ISaa — \Zab 



12 a6 — 86ft 
12aft-~8ft6 



a» +aab 



— aab — abb 

abb+b^ 
abb+b* 

0. 

^>i»^*M<faa»— II « ■ I ' ■ . I . ■ ■ .1,1. . . .1 1 11 ■ iiiw^i^i^Mi III I I 

2a — 6) 8c»* — 6* (4aa+i^ab + bb 
8«« — 4aab 



4 aab — b^ 

r 

4 aab — 2/1*6 



2abb—b^ 
Qabb—b* 

0. 



ca^^Qab+bb) a* — 4a« 6 + 6ao66 — 4o6»+6* 
aa — 2ab+bb) a* — 2a^ b + aabb 

— ^a^b + 5aabb — 4a 6» 

— 2a^ b + 4aabb — Qab* 



aabb — 2ab^ +b^ 
aabb — 2a6« +6* 



0. 



m^ii f 



a— '2 06 4-4 66) a^ +4aa66+ 16 6'*( aa + £a6 + 4 66 

fl* — 2a'6 + 4aa66 



2 a* 6 + 16 6* 

2a«6 — 4aa66 + 8a6' 

4aa66 — 8a6» + l66* 
4aa66 — 8a6« + 166-* 

■ 1 1 II I I — —» ^— ■— ^a>»— »— ^»i 

0. 
Eld. Mg. 10 
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fl4 — 2a*6 + £aabfr 



A««M^adMrfM 



2a* 6 — 2«a** + 46* 
3a*&'^4aa&ft+4a&* 



9iaabb — 4a6* +46* 
daa&& — 4a6»+46* 

0, 



1 Qx + xx) 1 — 5a: + 10a?a: — 10a* + 5a:*— a:* 

l_3a;+3a:a; — a?3) i—2x + xx 



— 3ar + 9a?a:- 

— aa; + 6a;ar- 


-10a;* 
-3ar* 




3a:a:- 

3a? a?- 


-6a?* + 3a?* 





- 


-a?* +2a?* — 
-af3 + 3a?* »— 





0. 



CHAPTER V. 

(^ ike Reselution if Fractions into infinite series. . . 

M%m Wfi]&N tbe dividend k not divisible by the divisor^ thft 
quotiMit is «4pressed, as vrfe have airiBadv «bM*ted> by a frack- 

tion. 
Thus, if t^e have to diVid© 1 fey 1 — fl, ^TO obtain the fraction 

— - — • This, -however, does not prevent us from attempting the 
1 —a 

division, according to the rules that have be«n given, and con- 
tinuing it as £ar as we please. We shaU not fail to find the true 
quotient^ though under di&rent forms* 
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S4d« To prove tbis» let us actii^7 divkle the dividend 1 by - 
tbe divisor 1 <— a, thus : 

l~fl)l(l + j^;or, 1 — a)l(l+fl + j^^ 

1 — a 1 — a 

remainder a "o / 



remainder a a 
To find a greatet* number of forms> we have only to continue 
dividing fl a by 1 — a; 

1— a) aa (1^^+^-—^^^ then 1— fl) a« (f^^+i;;;^ 
aa-^a^ a^ — fl* 

a* 
and again 1 — a) o* (a* + JZZ^ 

a^ — a' 



a', &c. 

S50. This shews that the fraction » may be exhibited un- 

i ""^ (I 

der all the following forms : 

Now, by considering the first of these expressions, which is 
1 4. — — , and remembering that 1 is the same as = — -, we 

have 

^+riZ^"" I— a"*"!— a"" 1—0 1— a* 

If we follow tbe same process wiUi regard to the second 

expreiritfi I +a + r^^f that i^ to say 5 if we reduce tbe in- 
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tegral part 1 + a to the same denoniinator 1 •— a, we shall have 
~^ 9 to which if we add + :; , we shall have -^ — it^ 

that is to say, . 

In the third expression, 1 -f a -f a a + - — — , the integers 

reduced to the denominator 1 — a make ; and if we 

1 — a ^ 

add to that the fraction • we have : wherefore all 

1 — a I —a 

these expressions are equal in value to , the proposed 

fraction. 

251. This being the case, we may continue the series as far 
as we please, without being under the necessity of performing 
any more calculations. We shall therefore have 

1 a* 

or we might continue this further, and stiU go on without end. 
For this reason, it may be said, that the proposed fraction has 
been resolved into an infinite series, which is 

to infinity. And there are sufficient grounds to maintain, that the 
value of this infinite series is the same as that of the fraction 
1 

252. What we have said may, at first, appear surprising; 
but the consideration of some particular cases ^ill make it easily 
understood. 

Let us suppose, in the first place, a = 1 ; our series will 

become 1+1 + 1 + 1 + 1 + 1+ If &c. The fraction , , 

1 —a 

to which it must be equal, becomes -r:. Now» we before remark- 
ed, thkt •- is a number infinitely great ; which is^ therefore^ 
)iere confirmed in a satisfactory manner* 
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But if we suppose a ;= 2> our seried becomes s 1 -f S -f- 4 + B 

+ 16 + S2 + 64, &c. to infinity^ and its value must be ^^^;;^9 

that is to say, — - z= — 1 5 which at first sight will appear ah- 

surd. But it must be remarked, that if we wish to stop at any 
term of the above series, we cannot do so without joining the 
fraction which remains. Suppose, for example, we were to stop 
at 64, after having written 1 + 2 + 4 + 8 + 16 + S2 + 64, we 

190 IS8 

must join tiie fraction , or — r, or — 1£8 ^ we shall 

therefore have 127 — 128, that is in fact — 1. 

Were we to continue the series without intermission, the frac- 
tion indeed would be no longer considered, but then the series 
would still go on. 

£53. These are the considerations which are pecessary, when 
we assume for a numbers greater than unity. But if we suppose 
a less than 1, the whole becomes more intelligible. 

For example, let a == | ; we shall have 

which will be equal to the following series : 

^ +T +i + T +tV +77 + tV + t1t^ &«• ^ infinity. 
Now, if we take only two terms of this series, we have 1 -f- \f 

and it wants |, that it may be equal to = 2. If we take 

three terms, it wants \ ; for the sum is l|. If we take four 
terms we have 1|, and the deficiency is only -J. We see, there- 
fore, that the. more terms we take, the less the difference becomes, 
and that, consequently, if we continue on to infinity, there will 
be no difference at all between the sum of the series and 2, 

1 



the value of the fraction •- . 

1 —a 



254. Let a = 4 : our fraction will be = •; r =4 =14, 

»^ 1 — a ^""T 

which, reduced to an infinite series, becomes 

1 +7 + T + "ST + TT "t" "5177' ^* 

and to which r is consequently equal. 
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Wlien we take two tera)s» we have l^f and there wants ^. If 
we take three terms^ we have ]^, and there will still be v^ anting 
1-V* Take four terms, we shall have m, and the difference is 
^j. Since the error, therefore, always becomes three times 
less, it must evidently vanish at last. / 

1 1 

255. Suppose = 45 we shall have = = 3, and 

'^'^ ^ I— fll — f 

the series i 4. 4 4. | + ^ + 4 « + ^Y,, &c. to inanity. Takisg 

first l|, the error is 14 ; taking tiiree terms, which make . ^ 

the error is | j taking four terms we have Q^^f and the error 
is ^^ 

IS jy. 

256. If o = if the fraction is ; r = — = 14 5 and the se- 

ries beoones i+^ + j\^^^ + ,4,, &c. The two first (emiB 
making 1+4* will give ^ for the error ; and. taking one term 
more, we have l-/^, that is to say, only an error of ^. 

257. In the same manner, we may resolve the fraction ■» 

into an infinite series by actually dividing the numeirator 1 by 
the denominator 1 + a, as folbws : 

1+a) 1 (I — a + aa^a* +a* 
1+a 



— a 




aa 

aa + a^ 




— a* 
_a3- 


-a* 




a* 



— o*, &;c. 
Whence it follows, that the fraction -— - is equal to the series, 

^ 1+41 

1— + aa — a'+a* — o« +a«'— a%&c. 
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£58. If we mftke a = 1, We have this remarkable comparison : 
^ =^ = X — 1 + 1 — 1 + I — 1 + 1 — I, &c. to infinity. 



1 + a 

This will appear rather contradictory ; for if we stop at — 1, 
the series gives t) ; and if we finish by -|- 1^ it giTes 1* But this 
is precisely what solves the diflScuIty ; for since we must go on 
to infinity without stopping either at — 1^ or at + 1, it is evi- 
dent that the sum can neither be nor 1^ but that this result 
muHt lie between these two^ and therefore be =: |. 

259. Let us now make a = ^^ and our fraction will be 

— — - = !> which must therefore express the value of the series 

1 — i + i — i +tV — 7? + tV &c. to infinity. 
If we take only the two leading terms tif this series^ we have ^f 
which is too small by ^. If we take thrt^e terms, we have |» 
which is too much by -^j. If we take four terms, we have f 

which is too small by -^-j^ &c* 

1 

260. Suppose again a = ^ j omr fraction will be = = ^, 

and to this the series 1 — -J + i — tt+tt — m + vIt* &c# 
continued to infinity, mutt be equal. Now, by considering only 
two terms, we have |« which 4a too small by ■^■^. Three terms 
make ^, which is too much by ^^. Four terms make ||, which 
is too small by y^« iMid ao on* 

261. The fraction may also be resolved into an infinite 

I + a ' 

series another way ; namely^ by dividing 1 by a -f 1, as follows : 



' ^a aa a* a* »' 



1+- 



ji 

a 

a aa 



1_ 

aa 

aa a^ 



\ 



%6 Sg^bm^ h^dLfU 



a^ a* 

1 
a* 

a* 

Conseqaentlr, our fraction — -— -^ is equal to the infinite 

II 4* I 

series — -— l--5-^-i + -r — n* ^» I^t us make a = I, 

a a a a^* a* a* u 

and wiB shall have the series 

— l + l~l + l — 1, &c. = J, as before. 

And if we suppose a = 2, we shall have the series 

¥ — T+ir TT+f¥ T4« '**^» — ¥• 

262. In the same manner, by resolving the general fraction- 

— --T into an infinite series^ we shall have. 
a -f- 



•'• 
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•^ ,c Jc 65c 5'c 
a + 6) c ( + — 3- 



c + 


6c 
a 








be 


«M« 


•m^m 




a 




he 



bbc 





a 


aa 




« 






bbc 










aa 








/ 


bbe 


+ 


bU 






aa 


a» 



6»c 

6» c b^e 
a* a* 



6*c 



• 



,4 9 



Whence it appears^ that we may compare . with the series 

c be bbc b^ e ^ x^-js-x- 

L —- -., &c, to ififinitT, 

a aa ' a^ a^ 

Let a = 2^ & = 4, c = 3f and we shall have 

^-T==r7-: = l = l==|--3 + 6--i2,&c. 

Let at=ilO,b=:l, and c = 11» and we have 

c 11 

a ^ b "" 10 + 1 ■" IT "^ TW +T»<rv ~ TrTiTTr* «*^» 

If we consider onij one term of this series^ we have ^^, which 
is too much by j\^ ; if we take two terms^ we have ^y^, which 
is too small by ^i^ ; if we take three telrms^ we have ^%^^f 
which is too much by ^ ^Vv* ^^* 

263. When there are more than two terms in the divisor^ we 
may also continue the division to infinity in the same manner* 

Thus^ if the fraction ; were proposed^ the infinite 

aeries^ to which it is equals would be found as foUbws : 
EuL Mg. 11 
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l_a+aa)l (1 +a— a»— «* + o* +a%&c. 



A' 


>— aa 
















A' 


— aa 


+ 


a» 


m 














-« 


a» 






• 


— 


fl3 


+ 


a* 


— 


fl« 










.^ 


a* 


+ 


a« 















a* 


+ 


a» 


— a« 



a« 



fl« -—flT ^fl 



8 






a^ • 



We have therefore the equation of 

__i =l+a — a» — a^+a*+a'' — a* — a*®, &c. 

1 — o + ao 

Here, if we make a = 1, we have 

1 = 1 + 1 — 1 — 1 + 1 + 1 — 1 — 1+1+ t>&c* 
which series contains twice the series found above 

1 — 1 + 1 — 1 + 1, «cc. 
Now, as we have found this = |, it is not astonishing that we should 
find !» or 1 , for the value of that which we have just determined. 
Make a = |, and we shall then have the equation 

Supiiose a = |, we shall have the equation 

^ 9 i_j_i«-.i.«-.i-L 1 Jtr 

■J — T — ^ +T TT — TT + 7TT> ^^* 

If we take the four leading terms of this series^ we have Yt > 
which b only 7^7, less than ^. 
Suppose again a = |, we shall have 

-Y = ^ = l+j jy — YT + T1T> *^» 

This series must therefore be equal to the preceding one ; and 
subtracting one from thegth^r, | — tjV — t4 + tVt* "*^* "^^ = ^» 
These four terms added together make — /y 
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£64. The method, \vhich we have explained, serves to resolve^ 
generally, ail fractions into infinite series ; and, therefore, it is 
often found to be of the greatest utility. Further^ it is remark- 
able, that an injinite uries, though it never ceases, may have a de- 
termviote value. It may be added, that from this branch of 
mathematics inventions of the utmost importance have been de- 
rived, on which account the subject deserves to be studied with 
the greatest attention. 



CHAPTER VI. 

Of the Squares of Compound Quantities. 

£65. When it is required to find the square of a compound 
quantity, we have only to multiply it by itself^ and the product 
will be the square required. 

For example, the square of a+b is found in the following 
manner : 

a + b 
a + b 



aa + ab 

ab + bb 

aa + 2ab + bb. 

£66. So that, when the root consists of two terms added together, 
Bsa + b, the square comprehends, Ist,. the square of each term, 
namely, a a and bb; 2dlyf twice the product of the two terms, name- 
ly, £ a b. So that the sum a a -f £ a ft -f 6 Ms the square of a -f A. 
Let, for example, a = 10 and 6 = 3, that is to say, let it be requir- 
ed to find the square of 13, we shall have 100 + 60 +9, or 169. 

£67. We may easily find, by means of this formula, the 
squares of numbers, however great, if we divide them into two 
parts. To find, for example, the square of ST, we consider that 
this number is = 50 +• 7 ^ whence we conclude that its square is 
= £500 + 700 + 49 = 3£49. 

£68. Hence it is evident, that the square of a + 1 will be 
aa+2a + i: now since the square of a is a a, we find the square 
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a -f 1 by adding to that Qa + 1 ; and it must be observed, tbat 
this 2 a -f 1 is the sura of the two roots a and a + 1. 

Thus, as the square of 10 is 100, that of 1 1 will be 100 + SI. 
The square of 57 being 3^49, tbat of 58 is 3249 + 115 = 3S64« 
The square of 59 = 3364 + 117 = 3481 ; the square of 

60 = 3481 + 119 = 3600, &c. 

S69. The square of a compound quantity, as a -f 6, is repre- 
sented in this manner : (a + by. We have then 

(a + hy =aa + Qah + bb, 
whence we deduce the following equations : 

{a + iy =zaa + 2a + l; (a + 2)* =aa + 4a + 4; 
(a + S)*=aa + 6a + 9; (a + 4)» =:aa + 8a + 16; &c. 

£70. If the root is a — b, the square ^t^isaa— -Sab-fbb, 
which contains also the squares of the two tennSf but in such a 
manner that we must take from their sum twice the product qfthos$ 
two terms. 

Let, for example, a a 10 and ft= — 1, the square of 9 will be 
found =r ! 00 — 20 -I- 1 = 81. 

£71. Sincewehavetheequation(a-^&)'=:aa— £afr + frfr, we 
shall have (a — 1)» = a a — £ a + 1. 2ft€ square offk — 1 isfnind, 
therefore, by subtracting from a a ^Ae sum of the two roots a and 
a — 1, namely f 2 SL — U Let, for example, £2 = 50, we have 
a a = £500, and a— 1 = 49 : then 49* = 2500 — 99 = £401. 

£7£. What we have said may be also confirmed and illustrated 
by fractions. For if we take as the root | +| (which make 1) 
the squares will be : 

/T + ¥T+i| = ||,thati8l, 

Further, the square of | — ^ (or of ^) will be 

273. When the root consists of a greater number of terms, 
the method of determining the square is the same. Let us fin^, 
for example, the square ofik 4. b + c. 
a + b + c 
a + b+c 



aa+ab + ac +bc 

ab + ac + bb+bc+cc 

aa+2ab + ^ac + bb'^2bc + c$^ 
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We see that it indudes^ jirsU the square of each term qf the root, 

and beside that, the donUe products of those terms multiplied two by 
two. 

274. To illustrate this by an example, let us divide the num- 
ber 256 into three parts, SOO +50 + 6; its square will then be 
composed of the following parts : 

4000Q ^fi. 

2500 • 256 

36 - 

20000 - 15?6 

2400 1280 

600 512 



65536 65536 

which is evidently equal to the product of 256 x 256. 

275. When some terms qf the root are negative, the square is 
still found by the same rule ; but we must take care what signs we 
pr^ix to the double products. Thus, the square of a — b — c be- 
ing aa + bb + cc — 2a6 — 2ac+2bc, if we represent the 
number 256 by 300 — 40 -^ 4, we shall have. 

Positive Parts. Negative Parts. 

-^ 24000 
— 2400 



+ 90000 


1600 


320 


16 


+ 91936 


— 26400 



— 26400 



655S6> the square of 256, as befoi*e* 
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CHAPTER VII. 

Of the Extraction of Boots applied to Compotmd Quantities. 

276* In order to give a certain rule for this operation, we 
must consider attentively the square of the root a + b, which is 
aa + ^ab + bb, that we may reciprocally find the root of a 
given square* 

9,77. We must consider therefore, first, that as the square 
aa + ^ab + bbis composed of several torms, it is certain that the 
root also will comprise more than one term | and that if we 
write the square, in such a manner that the powers of one of the 
letters, as a, may go on continually diminishing, the first term 
will he the square of the first term of the root. And since, in 
the present case, the first term of the square is a a, it is certain 
that the first term of the root is a. 

278. Having, therefore, found the first term of the root, that 
is to say a, we must consider the rest of the square, namely, 
2 a ft + 6 6, to see if we can derive from it the second part of the 
root, which is b. Now this remainder 2ab + bb may be repre« 
sentedby the product, (2 a + ft) b. Wherefore the remainder 
having two factors, 2 a -f ft and ft, it is evident that we shall find 
the latter, ft, which is the second part of the root, by dividing 
the remainder 2aft+ftftby2a + ft. 

279. So that the quotient, arising from the division of the 
above remainder by 2 a + ft, is the second term of the root re- 
quired. Now, in this division we observe, that 2 a is the double 
of the first term a, which is already determined. So that 
although the second term is yet unknown, and it is necessary, 
for the present, to leave its place empty, we may nevertheless 
attempt the division, since in it we attend only to the first term 
2 a. But as soon as the quotient is found, which is here ft, we 
must put it in the empty place, and thus render the division 
complete. 

280. The calculation, therefore, by which we find the root of 
the square aa-f2aft-fftft, may be represented thus : 
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aa 



2a + V)9,ah + hh 



0. 
28 1. We may, in the same manner, find the square root of 
other compound quantities, provided they are squares^ as the 
following examples will shew. 

aa 



5La + ^V)^ah+%hh 
6a& + 9ifr 



0. 



4aa— •4afr4-66(2a-^& 
4aa 



4a — i) — Aah + bh 
— Aab + hh 



0. 



9pji + £4 ji 9 + 16 9 9 (3|i 4-4 9 
9pp 



£4p9-f I699 



0. 



^5 XX — 60 a: +36 (5 a: — 6 

Z5XX 



10a: — 6) — 60a: + S6 
— 60 a: + 36 

0. 
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282. When there is a remainder after the dirision, it is a 
proof that the root is composed of more than two terms. We 
then consider the two terms already found as forming the first 
party and endeavour to derive the other from the remainder, in 
the same manner as we found the second term of the root. The 
following examples will render this operation more clear. 

aa + 2ab — ^ae — 2ftc+A6 + cc(a+6— c 

aa 



2a + b) 2a6 — 2ac — ^bc+bb+ca 
Qab +bb 



Qa + ^b — c) — 2ac-^Zbc + cc 

— 2ac-— 2frc-(«cc 

0. 



a^ + 2a^ + Saa + 2 a + l(aa + a + l 
a* 



2aa+a) 2a^ + daa 
2a'+ a a 



ftaa+2a + iymkaa+2a + l 

2aa+2a + l 



0. 



*■ '■ I 1 ^ 



ii4 — 4a^b + Sab^ +4b^ (aa— £ai~2 66 



a* 



2aa — 2a6)— 4a«ft + 8a5*+46*^ 
— 4a^ b + 4aabb 

Zaa — 4ab — 2bb) — 4aabb + Sab^ +4b* 

— 4aafti + 8a6'+46^ 



0. 
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2a^Saab) — 6 a' 6 + 15 o* 6 6 

~6a' 6+ 9"a*6ft 



3a» — 6ao6 + 3a6ft)6a*t& — 20a« 6« +15aa6* 

6a*6J~18a»t» + 9aa6* 






0. 



£83. We easily deduce from the rule which we have explain- 
edf the method which is taught in books of arithmetic for the 
extraction of the square root. Some examples in numbers : 



• • 



• ' • 



• • 



529 (23 .. 
4 



ir64 (42 
16 



2304 (48 
16 



43) 129 
129 



0. 



82) 164 
164 

0. 



4096 (64 
36 



124) 496 
496 



88) 704 
704 



0. 



9604 (98 
81 



188) 1504 
1504 



0. 



• • • 



15625 (125 
1 



22) 56 
44 

245) 1225 
. 1225 



0. 



• • • 



998001 (999 
81 



189) 1880 
1701 



1989) 17901 
17901 



0. 



JBhtLMg. 
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£M. Bill 44ieii tterto isii rettiauiier after tbe ^Ibold operation, 
it 18 li ^W(^i that the nutnder proposed is not a squai^^ and con- 
sequently that its root cannot be assigned* In sncii cases, the 
radical sign, which we before employed, is made use of. It is 
written before the quantity, and the quantity itself is placed 
between parentheses^ or under a lineb Thus* the square root of 
a a -f 6 6 is repi'esented by \/(4 a+6 h\ or by Va a-^h b ; and V(i— *jp)» 
or VI =^'^ expressed tbe square root of 1 — xx. Instead of 
%Ub VMkti Agnt ^ ma^ Use the fractioMd expenMni f ) arid 

xeppesent the square root otaa+bb, for instancoi by^ {aa + b by, 

or by aa+td'^ *• 



CfiAl^TER VIII. 

Of the calculdfi&n cf Irratiotud ^uantBUls. 

285. When it is required to add together two or more irra- 
tional Vjitianfities, this is doAe, aicc6rding to the method brfore 
laid dowhjp by writing all the terms in succession, each with its 
proper sign. And with regard to abbreviation, we must remark 
that in$tettd vf viT + vC^"' exa m pl e , wt write ^ \^i w^^ktit 
y/jH" — ^7 s 0, bbcause these two terms destroy one another* 
Thus, the qiiantitka S + x/Tand l+^^i added togetheff make 
4 + 2 x/T or 4 +V8"; the sum of S + x/T^nd 4 — V3" is 9 ; 
and that of 2 \/T '+S y/T and \/z — V? !s S vST ^t2 viT 

2S(S, Subtrabtioh also is very easy, since we have only to add 
the proposed nlimbers, changing first their signs : the following 
example will shew this : let us subtract the lower number from 
the upper. 

^ — Vr+svr— 3vr+4vr 
i+2vr — ^vr—- 5v5"+6 4/r 

287. In multiplication we must recollect that VaT multtpli^. 
Jy Va produces'vi ; and that if (he numbers wUchJM&w Hie sign 
x/ are different, as a and b, we have v^rb for the product of \/r 
multiplied by vbT After this it will be easy to peHbrm tbe fol- 
lowing examples: 
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2ft8. What we have said applies also to iB)j^;ina^ry guf^ntiti^ ^ ; 
we shall only observe further, that v^TT midtiplied by V^IT pro- 
duces — a. 

If it were required to find the cube of — 1 + \/^^, we 
should take the square of that number, and then multiply that 
square by the same number : see the operation : 

— l+V=T 

— 1+V-.3 



imm 



— 1 + v^ZIT 

a + sviTj 
—fi^z^ + e 



2 + 6 = 8. 

289. In the divimn of surds, jve haroe only to express the pro- 
posed quantities in the form ^ a fraction ; this may be then chang- 
ed into another eocpression having a rational denominator. For if 
fhe denominator be a + v"^ for example, and we multiply both 
it and the numerator by a — vC ^he new denominator will foe 
a a -— 6, in which there is no radical sign. Let it be proposed 

to divide 3 + 2 vs" by 1 + V2"; we shall first have "^^^^ . 

1 + \/2 

Multiplying now the two terms of the fraction by 1 — 4^2^ we 
shall have for the numerator : 
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3 + 2VF 

1 — V2"" 



3 +2V2 
— 3 vF — 4 



and for the denominator : 

1 +vF 

1— V2 



— V2 —2 



1 — 2 = — 1 

Our new fraction therefore is . "^^ "" — ; and if we again 

mnltiply the two terms by — 1, we shall have for the numerator 

VF + If and for the denominator + 1. Now it is easy to^ shew 

3 4-2 \/F 
that vS" + 1 is equal to the proposed fraction ^ ^^ j for 

\/F + 1 being multiplied by the divisor 1 + VC ^^^^^ 

l+\/F 
1+V2 



+ V/F + 2 



we have 1+2^2 +2 = 3 + 2 Vs.. 
Another example : 8 — 5 v^s" divided by 3 — 2 vF makes 

8—5 s/2^ ^ Multiplying the two terms of this fraction by 

3 — 2 -v/2 N 

3 + 2/ \% we have for the numerator^ 

8 ~ 5 vF 
3 + 2 V2" 



24 — 15^2 

+ 16vF — 20 

24 + vF ~ 20 = 4 + VF, 

and for the denominator^ 
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3 — SVF 

3 + 2 vr 



9 — 6v§" 
+ 6 vF — 8 

9 — 8 = + l. 
Consequently the quotient will be 4 + \/2. The truth of this 
may be proved in the following manner : 

4+ vF 

3~2V3 



12+3V2" 
— 8^5"— 4 



12— Sv^F — 4 = 8— 5 V2" 
290. In the same manner, we may transform such fractions 
into others, that have rational denominators. If we have, for 

example, the fraction - — -; — ;=-, and multiply its numerator^uid 

denominator by 5 -f 2 \/ti we transform it into this 

j =5+2 V6. 

In like manner, the fraction — ; ' ' assumes this form, 

— 1 + V— 3 



2 + 2 V'^T 1 + %/=T 



— 4 —2 



And ^i + ^i becomes=: ^^+y^^ =ll + 2v/3o, 

291« n^en <A^ denominator contains several termSf we may in 
the same inanner make the radical signs in it vanish one by one» 

Let the fraction --= := = be proposed : we first mul- 

tiply these terms by vio + \/T + V^ i^nd obtain the fraction 
Vio -ir V2 -t^v ^ Then multiplying its numerator and denom- 

inator by 5 +2 ^6^ we have 5 yio + H ^2"+ 9 V3" + 2 veS- 



CHAPTER IX. 

Of Cubes, and the Extraction ^ Cube Roots, 

292. To find the cube of a root ft + b, we only multiply its 
•quare aa + 2ab + bb again by a + b, tlius» 

au + ^ab+bb 
a + b 



a^ +^aab+abi 

aab + ^abi + b* 



and the cube will be z=za* +Saab + Sabb + b^, 

It containSf therefore^ the cubes cf ike two parts of the root, and 
beside that, Saal + Sabb^aL quantity equal to (Sab)x(a + b); 
that is, the triple product of the two parts, a and b, multiplied by 
their sum. 

293. So that whenever a root is composed of two terms, it is 
«a8y to find its cube by this rule, i^^or example, tiie nuniber 
5 = 3+2; its cube is therefore 27 + « + 18 ^ ,5:= 125. 

Let 7 + 3 = 10 be the root ; the cube will be 

343 + 27 + 63 >c 10 = 1000. 
To find the cube of S6, let us suppose the root 36 r= 30 -|. 6, 
and we have for the power required, 

27000 + 216 + 540 X 36 = 46656. 

294. But if, on the other band, the cube be given, namely^ 
a^ + Saab + S abb + b^, and it be required to find its root, we 
must premise the following remarks: 

First, when the cube is arranged according to the powers of 
one letter, we easily know by the first term a^, the first term a 
of the root, since the cube of it is a^ ^ if, therefore, we siAtract 
that cube from the cube proposed, we obtain the remainder, 
Saab + Sabb+b^, which must furnish the second term of the 
toot. 

295. But as we already know that the second term is .+"6, 
we have principally to discover how it may be derived from the 
above remainder. Now that remainder may be expressed by 
two factors, as (3 a a + 3 a 6 + 6 1) >c (i) ; if, therefore, we divide 
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hj Saa + Sah+bb,W0 obtaia the second part 9f the root +b, 
ivbich is required. 

^96. But as this second term is supposed to be unknown^ the 
divisor also is unknown ; nevertheless we have the first term of 
that divisor, which is sufficient ; for it is 3 a a, that isg^thrice the 
square of the first term already foundj; and by means of this, it ^ 
is not difficult to find also the other part, b, and then to complete 
the divisor before we perform the division. For tbts purpose^ 
it will be necessary to join to 3 a oCthrice the product of the two 
termi^ or 3 a 6, and b 5, or^the square of the second term of the root^ 

297. Let us apply what we have said to two examples of .other 
given cubes. 



4 



I. 



n9 



12aa+4%a + 64 



0. 



II. 



•»^ 



a»— .6a*+ Ida'*— £0a' + 15a>«6a +1 



341*— -6«» +4a'a) -*.6a*4. l5a'*~lM)a* 

■■ I* I M i n i 



W^mm^mmtm^ 



3 a*— .'12a» + 12aa+3a«~6a+j[)Sa*— I2.a» + I5aa — 6a^l 

Sa* — 12a' + I5aa~6a + 1 



0. 

^8. The ana^is which we 'httve given is the foundation of 

the common rule for the extraction of the cube root in numbeni. 

An eii:aitqde'of *the operaUon ^tn the number 219^ : 

• '. 

2197 (10 + 3 = 13 

1000 



300 

90 

9 



1197 



399 



1197 



0. 
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Let us also extract the cube root of 3496578S 



9eoc* z* 



• « 



84965783 (300+20 + 7 
27000000 



270000 

18000 

400 


7965783 


288400 


5768000 


307200 
6720 

49 


2197783 


313969 


2197788 



0. 



CHAPTER X. 

Of the higher Powers of Campownd QuarUiHes. 

299. After squares and cubes come higher powers^ or 
powers of greater number of degrees. They are represented 
by exptments in the manner which we before explained : we 
have only to remember^ when the root is compound^ to inclose 
it in a parenthesis. Thus (a + ()' means that a + 6 is raised 
to the fifth degree, and (a — 6)* represents the sixth power of 
a—- >&. "We shall in this chapter explain the nature of these 
powers. 

300. Let a + ( be the root» or the first power, and the higher 
powers will be found by multiplication in the following manner : 



t 
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tt 4-6 



o* + ab 
+ ab + bb 

(a+ft)« = a* + 2a6 + W 
a +b 



a3 4- 2aab + abb 

+ aab + Qabb + b^ 



(a+ft)^= a^ + Saab + Sabb + 6« 
a +6 




a* + 3tt'6 + 3aa66 + ab^ 

+ aH + Saabb + Sah^ + b^ 

(«+ 6)*= a* + 40^6 + (kuM + 4fl6» + 6* 
^ fl +6 


* 



J^^ </:«<,/- 4 /' 



:? 

u 



a* + 4a*6 + 6a^bb 4. 4fltf/»' + a6* 

+ aH + 4a^bb + 6aub^ + Atab^ + h' 

(a+by =r a* + 5aH + lOam + lOaab^ + 5ab^ + 6' 
a +b 



a« + 5a*fr + JOa*66 + loa^b^ + 5aab^ + ab' 

+ a^b+ 5aHb + lOa^A^ + 10aa6* -f 5a*' + *• 

(a+80« «= a* + 6a«6 + l5aHb + ^OaH^ + ISaab* + 6ab' + &• 
SOU The powers of the root a— « 6 are found in the same 

manner, and we shall immediately perceive that they do not 

differ from the preceding, excepting that the 2d/ 4th, 6th, &c. 

terms are affected by the sign minus ; 
Eui.Jllg. 13 
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(a^by=a—b 
a — b 

aa — b 
— ab + bb 



a — ft 



a' — ^4uib + (M 

— aab + Qabb — 6^ 

(a-«ft)3=a^ — Saat + Sabb-^b^ 
a -ft 



a* — Sa*ft + Saerftft — ab^ 
— a'ft + 3aaftft — 3aft*+6* 



(a— ft)*=a* — 4c3ft + 6flaftft — 4aft« +ft* 
a —ft 



* »*■ 



a« — 4a*ft + 6a*66 — 4aflft3 +oft* 

— o*6 + 4a«ftft — 6aaft» +4flft* — 6* 



(a~ft)«=a« — 5a*ft + lOa^ftft— lOooA* + 5oft* — ft' 
a —ft 

a« _5a<ft^ tOa^ftft— lOn^ft^ + 5aflft* — aft* 
— a«ft-f 5fl*6ft — I0a«ft3+I0aoft* — 5aft* +*• 



(a— ft)«= e« — 6a«ft + I5a*66 — 20a*ft» + I5aaft* — 6flft« +&•. 

Here we see that all the odd powers of ft have the sign — '^ 
while the even powers retain the sign +• The reason of this is 
evident ; for since — ft is a term of the root, the powers of that 
letter will ascend in the following^ieriesy — ft, -f ftft^ — ft'^ + ftS 
.— .ft', ^^«« &c. wWcb clearly shews that the even powers must 
bo affected by the sign +, and the odd ones by the contrary 
sign — . 
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$02. An important question occars in this place ; namely^bow 
we may find, without being obliged always to perform the same 
calculation, all the powers either of a + 69 or a — 6. 

We must remark, in the first place, that if we can assign all 
the powers of a -f 6, those of a — - ft are also found, since we 
have only to change the signs of the even terms, that is to say, 
of the second, the fourth, the sixth, &c. The business then is 
to establish a rule, by which any power of a + b, hawereer hi^hf 
may be determined without the neces$ity of calculating all the pre^ 
ceding ones. 

303. Now, if from the powers which we have already deter- 
mined we take away the numbers that precede each term, which 
are called the coeffidewtSf we observe in all the terms a singular 
order ; Jirstf we eu the first term 9iof the root raised to the power 
which is required ; in the following terms the powers of a diminish 
coatinally by unity^ and the powers of b increase in the same 
proportion ; so that the sum if the exponents of a and of h i$ 
always the samCf and always equal to the exponent of the power 
required ; and^ lasUy9 we find the term b by itsdf raised to the 
same power. If, therefore, the tenth power of a + 6 were 
required, we are certain that the terms, without their coefficients 
would succeed each other in the following order ; a^^f a^b^ a^b^^ 
a'^b^ a«6*, a«6», a*6«, a»6%a'ftS o,b\ 6»«. 

304. It remains, therefore, to shew how we are to determine 
the coefficients which belong to those terms, or the nugibers by 
which they are to be multiplied. Now, with respect to the first 
iemif its coefficient is always unity ; and with regard to the 
secondf its coefficient is constantly the exponeiit (f the power ; but 
with regard to the other terms, it is not so easy to observe any 
.order in their coefficients. However, if we continue those coeffi- 
cients, we shall not fail to discover a law, by which we may 
advance as far as we please. This the following table will sbew^ 



A 






100 SgAm. 6eGL.2» 

PoW6l«* OiefficientS). 

I. 1, 1 ^ 

11. 1,2,1 

III. 1, 3, 3, 1 

IV. 1, 4, 6, 4, 1 
V. 1, 5, 10, 10, 5, 1 

VI. 1,6, 13,20, 15,6, 1 

VII. 1,7,21,35,35,21,7,1 

VIII. 1, 8, 28, 56, 70, 56, 28, 8, 1 

IX. 1, 9, 36, 84, 126, 126, 84, 36, 9, 1 

X. 1, 10, 45, ]20, 210, 252, 210, 120, 45, 10, 1, &C. 

We see then, that the tenth power of a+ 6«vill be a*® -f. 
10a»ft +45a»6& + 120a^ft3 ^ gioa**'* + 252a*ft» +210a*6« + 
120fl«6'' +45aa6» +\Oab^ -^.h^^. 

305. ^f itA regard to the coefficients^ it must be observed^ that for 
each power their sum ttimt be equal to the number 2 raised to the 
mme power. Let a=l and frrrl, each term, without the 
coefficients, will be = 1 ; consequently, the value of the power 
will be simply the sum of the coc^fficients ; this sum, in the pre-> 
ceding example, is 1024, and accordingly 

(1 + l)i<» = 2i» = 1024. 
It is the same with respect to other powers ^ we have for th6 
I. 1 +1 = 2 = 2S 
11. 1+2 + 1 = 4 = 2*, • 

III. 1 + 3+3 + 1 = 8=2^3, 

IV. 1+4 + 6+4 + 1=16 = 2*, 

V. 1+ 5.+ 10+ 10 + 5 + 1=32 = 2* 
VI. 1+6 + 15 + 20 + 15+6 + 1 =64 = 2« 
VII. 1+7+21 + 35 + 35+21+7 + 1^128 = 2% &c. 

306. Another necessary remark, with regard to the coeflfe. 
cietits, is, that they increase from the beginning to the mtddle, 
and then decrease in the same order. In the even powers, the 
greatest coefficient is exactly in the middle ; but in the odd 
powers, two coefficients, equal and greater than the others, are 
found in the middle, belonging to the mean terms. 

The order of the coefficients deserves particular attention ; 
for it Is in this order that we discover the means of determining 
them for any power whatever, without calculating all the pre* 
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ceding powers. Wo shidl explain this method^ reserving the 
demonstration however for the next chapter. 

307. In order to find the coefficients of any power proposed, the 
seventh, for example, let us write the foUowingJractions, one after 
the other ; 

7 e 9 4 3. S. 1 
T» ¥• 7» 7S* T» T* y 

In this arrangement we perceive that the numerators begin by the 
exponent of the power required, and that they diminish successively 
hy umty ; while the denominators follow in the natural order of the 
numbers, !» 2, 3, 4, ^c. ^ow, the first coefficient being always 1^ 
the first fraction gives the second coefficient. The product of the 
twofirstfractions, mtdtiplied together, represents the tlurd coefficients 
The product (f the three first fractions represents the fourth cotffi* 
dsnt, and so on. 

So that the first coefficient =s 1 ; the second = -^ = 7 ; the 
third = ^ X I = 21 ; the fourth = ^ x | X 4 = ?5 j the fifth 
= T ^ f ^ I X i =. 35 ; the sixth =4.x|X|X$X| = 21; 
the seventh = 21 x | = 7 ; the eighth = 7 x 4- = !• 

308. So that we have, for the second powers the two fractions 
^, I ; whence it folhtws, that the first coefficients 1 ; the second 
= « = 2 5 and the third = 2 x | = U 

The third power furnishes the fractions ^, |, ^ ' therefore 
the first coefficient = 1 ; the second = ^ = 3 ; the third 
3= 3 X I = 3 ; the fourth =4x|xi = l. 

We have for the fourth power, the fractions ^, |> |» i 5 con- 
sequently the first coefficient = 1 5 the second ^ = 4 ; tbe third 
4 X 1 = 6; the fourth 4 x | X | = 4 ^ and the fifth 4 x | X i 

xi=i. 

309. This rule evidently renders it unnecessary for us to find 
the preceding coefficients, and enables us to discover imme- 
diately the coefficients which belong to any power. Thus, for 
the tenth power^ we write the fractions ^-^, ^ |, I, ^, f , ^^ ^, |, 
yVf by means of which we find 

the first coefficient = 1, 
the second =? y = ^0, 

the third =:10x|=j=45, 

the. fourth 5= 45 X | = 120, 

tbe fifth =120X J=aio, 



fbe sixth = 310 x } == 252, 

the seventh = 25S x {■ = 210, 

the eighth = 210 X ^ = 120, 

the ninth = 120 x | =s 45, 

the tenth = 45 x | = 10, 

the eleventh = 10 X^^V^ ^* 

310. We may also write these fractions as they are, without 
icomputing their value ; and in this way it is easy to express 
any power of a + ft, however high. Thus, the hundredth power 

ot a + b will he (a + 6)i«o =aio«+ »»« x a**6+ llZ-T ^ 

. 98&3 . ^^Q X 9^ X 98 _.^ , 100 X 99 X 98 X 97 ,_. . , 
^ ^ 1X2X3 ^ 1X2X3X4 ""t-> 

&c.. whence the law of the succeeding terms may be easily 
deduced. 



CHAPTER XL 

Of the Transposition of the Letters, on which the demonstration of 

the preceding ride is founded* 

311. If we trace back the origin of the coefficients which we 
have been considering, we shall find, that each term is presented, 
as many times as it is possible to transpose the letters, of which 
that term consists ; or, to express the same thing differently, 
the coefficient of each term is equal to the number of transposi- 
tions that the letters admit, of which that term is composed. In 
the second power, for example, the term a bis taken twice, that 
is to say, its coefficient is 2 ; and in fact we may chafige the 
order of the letters which compose that term * twice, since we 
may write a b and ba; the term a a, on the contrary, is found 
only once, because the order of the letters can undergo no 
change, or transposition. In the third power of a -f 6, the 
term aab may be written in three diflTerent pays, aab^abaf 
baa; thus the coefficient is 3. Likewise, in the^ fourth power, the 
term a' 6 or a a a 6, admits of four different arrangements, aaabf 
aaba9 abaa, baa a; therefore its coefficient is 4. The twm 
a abb admits of six transpositions, aabb^ abba^ baba^ abab^ 
bbaa, baab, and its coefficient is 6. It is the same in all cases* 
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312. In fact, if we consider that the fourth power^ for example^ 
of any root consisting of mere than two terms, as (a + 6 -f ^ + ^^9 
is found by multiplying the four factors, I. a + h + c + d; 
II. a + h + c + d;' III. a + b + e + d; IV. a + b + c + d; we 
me may easily see, that each letter of the first factor must be 
multiplied by each letter of the second, then by each letter of 
the third, and, lastly, by each letter of the fourth. 

Each term must therefore not only be composed of four letters, 
but also present itself, or enter into the sum, as many times as 
those letters can be difierently arranged with respect to each 
other, whence arises its coefficient. 

313. It is therefore of great importance to know, in how 
many difierent ways a given number of letters may be arranged.^ 
And, in this inquiry, we must particularly consider, whether 
the letters in question are the same, or difierent When they 
are the same, there can be no transposition of them, and for this 
reason the simple powers, as a', a^, a^, &c., have all unity for 
the coefficient. 

314. Let us first suppose all the letters diff*erent ; and begin- 
ing with the simplest case of two letters, or a b, we immedi- 
ately discover that two transpositions may take place, namely^ 
ab and ba. 

If we have three letters a be, to consider, we observe that 
each of the three may take the first place, whUe the two others 
will admit of two transpositions. For if a is the first letter, wo 
have two arrangements, abCfQcb; iftisin the first place, we 
have the arrangements baCfbca; lastly, if c occujues the first 
place, we Ija^yyiilat two arrangements, namely, cab^cba. And 
consequently the whole number of arrangements is 3 x 2 = 6. 

If there are four letters, abed, eachmay occupy the first place; 
and in €ach case the three others may form six different ar- 
rangements, as we have just seen. The whole number of 
transpositions is therefore 4x6 = 24 = 4x3x2X1. 

If there are five letters, abcde, each of the five must be the 
first, and the four others will admit of twenty-four transpo- 
sitions ; so that the whole number of transpositions will be 
5x 24 =120 = 5X4X3X2X1* 

315. Consequently, however great the number of letters may 
be^ it is evident^ provided they are all different, that we may 
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easily detemine the iraniber of transpositionst and tiiat we siay 

make use of the reilowin|;' table : 

Number of Letters. Number of Transpositions, 
V —,^ / ^ ^ / 

I. 1 = 1. 

II. 2X1 = 2. 

III. 3X2X1 = 6. 

IV. 4 X S X 2 X 1 = 24. 
V. 5X4X3X2X1 = 120. 

VI. 6X5X4X3X2X1 = 720. 

VII. 7X6X5X4X3X2X1 = 5040. 

VIII. 8X7'X6X5X4X3X2X1= 40320. 

IX. 9x8xrx6x5x4x3x2xl = 362880. 

X. 10X9X8X7X6X5X4X3X2X1 = 362880Q. 

S16. But, as we have intimated, the numbers in this table 
can be made use of only when all fite letters are different ; for 
if two or nore of them are alike^ the number of transpositions 
becomes much less ; and if all the letters are the same^ we have 
only one arrangement. We shall now see how the numbers in 
the table are to be diminisbed^ according to the number of letters 
that are alike. 

317. When two letters are given, and those letters are the 
same, the two arrangements are reduced to one, and conse- 
quently the niMnber, which we have found above, is reduced to 
the half ; that is to say, it must be divided by 2. If we hate 
three letters alike, the six transpositions are reduced to one ; 
whence it^ fellows that the numbers in the table must be divided 
by 6 = 3 X 2 X U And for the same reason, if four letters are 
alike, we must divide the numbers foimd by 24 or 4 x 3 x 2 x 1# 
&c. 

It is easy therefore to determine how many transpoutions the 
letters aaabbc, for example, may undergo. They are in number 
6, and consequenily, if they were all dtfierent, they wouM 
admit of6x5x4x 3x2X 1 transpositions. But since a is 
found thrice in those letters, we must divide that number of 
transpositions by 3 x 2 x 1 ; and since b occurs twice, we mast 
again divide it by 2 x 1 ; the number of transpositions required 

•11 *i. /• 1.^ 6x5x4x3x2x1 -..,« -^ 

Will therefore be = — - — — - — = 5 x 4 X 3 = 60. 

3X2X1X2X1 
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dlS. It win now be eftsy f<Nr us to determiiie the coiffibients 
of all the ternm of any power. We sliiill give an example of the 
seventh power (a + by. 

The first term is a^, which occurs only once ; and as all the 
other terms have each seven letters* it follows that the number of 
transpositions for each term would be7x6x 5 x4 xS x^X 1» 
if all the letters were different But since in the second 
term* a*b, we find six letters alike, we must divide the above 
product by6x5x^xSx^xU whence it follows that the 

bXdX4x3X-iXl * 

In the third term a' b b, we find the same letter a five times» 
and the same letter b twice ; we most therefore divide that 
number first hjSx^tXSx^Xh and then also by £ x 1 ; 

irhencfc results the coeffident ^x 6 x5 X4x3 x2x i ^ 7x6^ 

5x4xTx axixaxi 2x1 

The fourth term a* b^ contains the letter a four times, and the 
letter b thrice ; consequently, the whole number of the transpo- 
sitions of the seven letters must be divided, in the fiiDt pl&ce, 
by 4 X 3 X £ X I5 and secondly, by 3 x 2 X U and the coefll- 

7x6x5x4x3X2x1 7x6x5 



cient becomes s 



4X3X«X1X8XJ2XI 1X2X3* 



7x6x5x4 

In the same manner^ we find ^ — ^— -r — j for the coefficient 

1 X * X 3 X 4 ^ 

of the fifth term, and so of the rest ; by which the rule before 
given is demonstrated. 

319. These considerations carry us further, and shew us also, 
how to find ail the powers of roots composed of more than two 
teroMU We shall apply them to the third power of a -f 6 +c ; 
the terms of which must be formed by ail the possible combina- 
tions of three tetters, each term having for its coefficient the 
number of its transpositions, as above. 

Without performing the multiplication, the thii*d |)ower of 
^a + b + e) will hea^ +3aab + Saae + Sabb + 6abc+Sace 
+ b^ + Sbbc + 3bec + e^. 

Suppoie as=l,fr=sl, csslf the cube of 1 + 1 -fl^ or of 3, 
wfllbe 1^5+3 + 34.6 + 3 + 1 + 3 + B + 1 = £7. 

This result is accurate, and confirms the rate. 

»uL Jllg. 14 
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, If we had supposed a = 1, &= !> and = — * 1| we should 
hare found for the cube 6f 1 + 1 — U that is, of 1, 

1 +3_3 + 3 — 6 + 3 + 1 — 3 + 3~l = l. 



CHAPTER XII. 

Of the expression Iff liTational Powers by InfinUe Series, 

SSO. As we have shewn the method of finding any power of 
the root a +bf however great the exponent} we ar^ able to 
express^ generally^ thp power of a + 6, whose exponent is unde- , 
termined. It is evident that if we represent that exponent by 
n, we shall have by the rule already given (art. 307 and the fol- 
lowing): 

(a + 6)»=:=fl»+-^a«-^6+?X^a*-^6» + -5x^X 

3 12 3 4 

321. If the same power of the root a- — b were required, we 
should only change the signs of the second, fourth, sixth, &e. 

terms, and should have (a —-6)" =a" — -T^^T^ft+^X ^-^ — 

4 

' 322. l^hcse formulas are remarkably useful ; for they servo 
also to express all kinds of radicals. We have shewn that all 
irrational quantities may assume the form of powers, whose 

exponents are fractional, and that y/a =:a^; \/a =^0^$ &nu 

4 1 

^a = d^9 &c. We have therefore, also, 

. ^ (a+ 6) = (a + 6)^5 v' (fl + 6) = (a + 6J^ . . 

4 1 

and y^ (a, + 6) = (a + 6)''^, &c. 
Wh(»refi>r^ If we wish to find the square root of a + ib we 
have only to substitute for the (^ponent n the fraction |, ia tl^e 
general formula, [art. 320,] and we shall have first, for the 
coefficients, 
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^--;— ^— = — — • Then, a« = a^ = Vo anda*-^ = --=:; 

fl»-*=s — =:; a^^'rr =» &c., OP we might express those 

aV«* aax/a or 

powers of a in the following manner ; a* = \/a ; a"*^ = — = 
a , • o* (I* , a* a* o^ a* 

• > 

323. This being laid down, the square root of a + 6, may be 
expressed in the following manner : 

V' (o + 6) = 

» a 24 aa£4 6 a^ 2 4 

324. If a, therefore, be a square number, we may assign the 
value of v^and, consequently, the square.root of a +b may be 
expressed by an infinite series, without any radical sign. 

Let, for example, a=icCf we shall have x/T = c ; then 
I b Ihb I b^ 5 b^ ^ 

We see, therefore, that there is no number, whose square 
root we may not extract in the same way ; since every number 
may be resolved into two parts, one of which is a square repre- 
sented by c c. If we require, for example, the square root of 6, 
we make 6 = 4 + ^9 consequently c c = 4, c = 2, 6=2, whence 

results v/e" = 2 + i — tV + A — kN** *<^- 
, If we take only the two leading terms of this series, we shall 
have 2^ =:|, the scjuare. of which, V, is ^ greater than 6 ; but 
if we consider three terms, we have 2-^^ = 41' ^^^ square of 
which, VtV' ^^ ^^^" tW ^^ smalL 

325. Since, in this example, f approaches very nearly to the 

true value oi x^Ei we sjiall take for 6 the equivalent quantity 

V — i* Thus cc.^^-^ ; c = |; ft = — i; and calculating only 

— —4. * 

the two leading terms, we find \/6 =| + ^x-75 = | — Ix-f 
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= I *-^ tV ^ ii • ^I^^ square of this fractioi), being; VvV * ^^^ceeds 
the square of \/6"only by ^^y. 

• Now, making 6 = VttV — ttt* 8® that c =5 1^ and 6 =s — , J^ j 
and stiti taking only ttie two leading terms^ we have 

the square of which is Vt/tsW* ^^^ ^9 ^h^n reduced to the 
same denominator^ is = VrrrVinr 9 ^^^ error therefore is only 

326. In the same manner^ we may express the cube rootcf 

s t 

a + b by an infinite series. For since v (a + ^) = (a'f ^)^f 

we shall have in the general formula n s ^, and for the coeffi* 

n I n-^l 1 n — 2 5 n — S 2 

cieiite,-j=-j-^=--j -^ = — gj ^^=.-_j 

"7 ■ = — 7^9 &c*9 and with regard to the powers of Op we shaU 

ha?ei^ = ^/r, a»-l=^ ; ii»-««5^; o^ =^, &c. 5 «ieii 

" a ~ a a ft* 

TTrr X 6* ~» Ac. 

327. If a therefore be a cube> or a = r'9 we have \^a =£9 tod 
the i*a^al signs will vanish ; for we shall have 



3 



1 b I bb 5 b* 10 b^ 



528. We have, therefore, arrived at a formoia, which will 
enable us to find by approximiUionf as it is called, the cube root 
of any number ; since every number may be resolved into two 
parts, as c^ + 6, the first of which is a cube. 

If we wish, for example, to determine the cube root of 2, we 
represent S by 1 + 1, so tlmt c = 1 and 6 s 1, consequently 

x/2 =1+4 — 1+ /j, &c., the two leading terms of this 
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series make 1| = | the cube of which, |4,» is too grest by |$* 
Let us then make ^ = 77 — 1^9 we have e=^ and 6 = — ^^ 

and consequently ^2 = 4 + 7 ^ '^* These two terras give 

I — 1^ = TJ' the cube of which is ^IJi- Now, 2 = 4tU w 
so that the error is -^tIHt* In this way we might still approx- 
imate, and the faster in proportion as we tiM^e a greater number 
of lermsi. 



CHAPTER Xm. 

€(f the resobtUon cf Migative^ Peww^ 

329. We have already shewn, that we may express — by or^ ; 
we may therefore also express —j-r by (a + 6)~* ; so that the 

fraction -^ may be considered as a power of a + 6, namely, 

that power whose exponent is •— 1 ; and from this it follows, 
that the series already found as the value oi (a + by extends 
also to this case. 

330; Since, therefore, — --, is the same as (a. -f bV^V let us 

suppose, in the general formula, n = --*- 1 ; and we shall first 

K ft -^^ 1 II ^"^ 2 

have for the coeflBicieiits -.= — 15 — * — =5.^ 1 ; — *— = -«- 1 ; 
-— — = — 1, &c. Then, for the powers of a ; a^^ss a~* = — ; 



1 - . 1 _ . 1 



— 1 



a«-» = a-»=^; a*-*=5:-3;a»-*=:^-y, &c. Sothat (a + V) 

same series that we found before by division. 

331. Further, r . .^4 being the same with (a + *)-•♦ let ua 

(a-i-by ■ ^ ^ 

reduce this quantity also to an infinite series. For this purpose, 
we nuist suppose n s — S, and we sliail first have for the coeffi* 



^ c t- 



<\ 
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cients ^- ^5 ^t= -; ^_ ^; — _ _ 

* 5 11 

— -— , &c. Then^for the powers of a: a»= -=-: a"~^ = -?; 

o"-* = -^ ; ar^ — -7, &c. We therefore obtain (a + ft)-* «= 

(a + 6)a "" a« 1 ^ a3 + 1 ^ 2 ^ a* T ^ "2 ^ 3 ^ a« ■*" 
|x-^X-^x|x^, &C. Now, f = 2| »x| = S;fx 
^X i =^9 4^1X7X^ = 5, &c. Consequently, we have 

. 632. Let us proceed and suppose n == — S, and we shall have 

• 

a series expressing the value of . il\s 9 or of (o + 6)-^ The 
coefficients will be -y = j; __=_-. __ = _-; 



n •— • 3 6 1 

^ -: — --, &c. and the powers of a become, a* = -^ ; a"^* = 

4 4 . a* 

1 •^ Ifi uu- 1 1 36.3 

-.; a»- = -„ &c., which gives (^^= ^3 - 1 ^-I + T 

4 > .3 4 5 fc5 3 4 5 6ft*. 

^ "2; a"^ ~ T^.^ ^ 1 ? + 1 ^ 2 ^ 1 ^ 1 «^' *^- 

1 ft ft* ft3 ft* ft« ft6 * fcT 

= -. — 3 ^ + 6-.— 10^7 + 15-— 21 -7 + 28 --^36~- 

+ 45— ,&c. 
Let us now make n = -* 4 ; we shall have for the coefficients 

T = ~ 1 ' ""2 ~"2' "3~""~"S' ""r"-~T *^^'' 

and for the powers, a" = -^ ; a""^ = -- ; a**"* = — ; a""^ = -r J 

1 1 1 4 ft 

a**^ = —, &c., whence we obtain 5 z — --rrr = — — -7 x -7 + 
a^ C^ + ft) « 1 a^ 

45ft« 4 56 fta 4567ft*. 



'"^ 
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= L_44+10g^2O*^+S5.*.:-ie,^-;<fcc. 
c* a' a^ . a^. a* a? 

353. The different cases that have beeo coniidered en^ible us 
to concludet* with certatnty^ tliat we shall have^ generailyf for any 
negative power of a + & ; 

1 __ 1 m h m 111+ 1 fe* m in+l 

And by means of this formula^ we may transform att such 
fractions into infinite series, substituting fractions also, or frac- 
timial exponents^ for m^ in "order to ezpreisa irrdtfonal -quan- 
tities. 

334. The following considerations will illustrate this svbject 
further. ' ; 

We have seen that, 

1 _ J » ^_?^x^-:*'& 
a + 6 "" a fl2 + ^3 fl* ■*" a* ?» ^* 

If, therefore, we multiply this series by a + h^ the product 

ought to be = 1 ; and this is found to be triie, as we shall ^see by 

performing the multiplication : 

1 ft fta 53 J4 65 

i +-• — -r+ -T — -: +>«c. • - 

a + b 

6 6« 53 6* ^' c 
1 + 5 + -, i +> &c. 

«■ 

^ 6 6» 6» &^ ^ A^ . 

1. 

335. We have also found, that 

1 _ 1 26 syb_4b^ £il_^ill Arc 

If, therefore, we multiply this series by (a + &)*, the product 
ought also to be = 1. Now (a + b)^ ss a a +2 ab + bb. See 
the operation : 
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1 ftft . Shb 46* 56* ^*' . •_ 
aa <i« a* a* '^ o* a^^ 



N*fc 



26 366 46» 56* 6i»« ^ 

a aa a^ ^, c* «• ^ 

26_46^ 66»^86* 106* « 

"^"o aa a* a* a' "~^ 

6 6 2 63 S6* 4 6' . 
+ r + — Z-— — T- +» *c» 



a a a» ' a« a* 



1 = the product^ which the nature of the thing reqaired. 
336. If we multiply the series which we found for the valve 

<>f / , .x. » by a + 6 only, the product ought to answer to the 

^a+ o)* 

fraction — r— ;> or be equal to the series already founds namely^ 

a + ft 

5 + — — —+—, &c, and this the actual multiplication 

will confirm. 

1 263664 6»5 6*. 
a a a* a* a* a' 

a + 6 



1 36 3664 6' 5 6*^ 
— — — H — ; r -I — T-f &c. 

6 266 S6» 46* „ 
aa a* a* a' 

1 6 66 6» 6* 
a aa ^ a^ a^ ^ a* ^ 



~T^ 
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OF BATIOS AND FROPOETIONS. 



CHAPTER. I. 

Of Arithmetical Uatio, or of the differenu between two lumbers. 

ARTICIiE 337. 

Two quantities are either equal to one anotlier, or they are 
sot. In the latter case, where one is greater than the otrier, 
we may consider their inequality in two different points of view : 
we may aslCf how much one of the quantities is greater than the 
oth^r ? Or, we may ask, how many times the one is greater 
than the other I The results, which constitute the answers to 
these two questions, are both called relations or ratios. We 
usually call the former arithmetical ratto^ and the latter geomet^ 
rical ratio, without however these denominations having any 
connexion with the thing itself : they have been adopted arbi- 
trarily. 

338* It is evident, that tlie quantities of which we speak must 
be of one and the same kind ; otherwise, we could not determine 
any thing with regard to their equality or inequality. It would 
be absurdt for example, to ask if two pounds and three ells are 
equal quantities. So that in what follows, quantities of the 
same kind only are to be considered ; and as they may always 
be expressed by numbers, it is of numbers only, as was men* 
tioned at the beginning, that we shall treat. 

339. When of two given numbers, therefore, it is required to 
find, how much one is greater than the other, the answer to this 
question determines the arithmetical ratio of tl»e two numbers. 
JSovff since this answer consists in giving the difference of the 

jBuI. Mg. 15 ♦ 
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two nuinberSy it foUows, that an arithmetical rfttio is nothing 
but the differenu between t«'x> numbers : and as this appears to 
be a better expression^ we shall reserve the words nUio and 
rdation, to express geometrical ratios. 

340. The difference between two numbers is found, we know, 
by subtracting the less from the greater ; nothing therefore can 
be easier than resolving the question^ how much one is greater 
than the other. So that when the numbers are equaly the dif- 
fbrenre being nothing, if it be inquired how much one of the 
numbers is greater than the other, we answer, by nothing. For 
example^ 6 being = 2x3, the difference between 6 and 2 x 3 is 0* 

341. But when the two numbers are not equal, as 5 and 3^ 
and it is inquired how much 5 is greater than 3, the answer is^ 

Q; and it is obtained by subtracting 3 from 5. Likewise 15 

is greater than 5 by 10 ; and 20 exceeds 8 by 12. 

342. We have three things, therefore, to consider on this 
subject } 1st, the greater of the two numbers ; 2d, the less ; and 
3d, the difference. And these three quantities are connected 
together in such a manner, that two of the three being given^ 
we may always determine the third. 

Let the greater number = a, the less = 6, and the difference 
z=d; the difference d will be found by subtracting 5 from a, so 
that d = a — 6 ; whence we see how to find d, when a and b are 
given. 

343. But if the difference and the less of the two numbers, or 
6, are given, we can determine the greater number by adding 
together the difference and the less number, which gives a = 
b + d. For, if we take from b + d the less number b, there 
remains d, which is the known difference* Let the less number 
= 12, and the difference = 8 j then the greater number will be 

= 20. 

344. Lastly, if beside the difference d, the greater number a 
is given, the other number b is found by subtracting the differ- 
ence from the greater number, which, gives 6= a — d. For if 
I take the number a-- d from the greater number a, there 
remains d, which rs the given difference. . - ■ * 

345. The connexion, therefore, among the numbers a, b, d^ is 
of such a nature, as to give the three following results : 1'^ d = a 
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«-^ft; 2^ aszh + d; S^ ftr=a-— »i(; and if one of thtse three 
comparisons be just, the others must necessarilf be so also. 
Wherefore, geherallj, itcc^x + y,\t necessarily follows, that 

$46. With regard to these arithmetical ratios we must remark, 
that if ive add to the two numbers a and by a number c assumed 
at pleasure, or subtract it from them, the difference remains tfte 
same. That is to say, if d is the difference between a and b, 
that number d will also be the difference between a + c and 
h + c, and between a-^c and ft — c. For example, the differ- 
ence between the numbers 20 and 12 being 8, that difference 
-will remain tlie same, whatever number we add to the numbers 
20 and 12, and whatever numbers we subtract from them. 

347. The proof is evident ; for if a — ft = d we have also 
(a + c) — (b + e)^d; and also (a — c) — (ft — c) = d. 

348. If we double tlie two numbers a and b, the difference will 
also become double. Thus, when, a -— ft =: d, we shall have, 
2a — 2ft=2d; wni, generaUyf na-^nbs=nd, whatever value 
we give fo n. ' .. 



CHAPTER II. 

Of Jhithmetical TropgrHon. 

349. WiiEif two arithmetical ratios, or relations, are equal, 
this equality is called an arithmetical proportion. 

Thus, when a — ft = d and p — *q = d, so that the difference 
is the same between the numbers p and g, as between the num- 
bers a and ft, we say that these four numbers form an arithmeti- 
cal proportion ; which we write thus, a — • ft =r ^^ "^ 9» expressing 
clearly by this, that the difference between a and ft is equal to 
the difference between p and q. 

350. An arithmetical proportion consists therefore of four 
terms, which must be such, that if we subtract the second from 
the first, the remainder is the same as when we subtract the 
fourth from Ihe third. Thus, the four numbers. 12, 7, 9, 4, form 
an arithmetical proportion, because 12 — 7 = 9 — 4.*' 

* To shev that these terms make such a proportioDt some write them 
thus ; 1;^ • • 7 : : 9 • . 4v 
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3bl^ JfTien rve have an arithmetkdl pr^&rtuni9 a» a**— b sp 
*-* q, we may make the seeofid and third change places^ writ;mg 
&*^pr=ib — q; arid this equality wiU be no less tme ; far* since 
a — 6 =p — 9» add h to both sides^ and we have a^xb +p — q; 
then subtract p from both sides^ and we have a^^pzak — g. 

In ihe same manner^ as IS — f == 9 •— 4, so also 

12 — 9 = 7 — 4. 

352. We mayf in every aritt^metietU proportion, put Uu second 
term aka in the piace of the firsts if 7i?e make the same transposU 
tion of the third andjburth. 'I'hat is to say, if a — ft =s p -—i- f, 
we have also b — a==: q -^p. For 6 — a Ls the negative rf 
a -<- fty and q -^p i8 also the negative of ji — q. Tbus» stUce 
12 — r =: 9 — 4, we have also 7 — 12 =4 — 9. 

S5S^ Eut the great property of ereery arit/imeticel proportion is 
this ; that the sum of the second and third term is always equal to 
the sum of the first and fburth. This propei'ty, which we must 
particularly consider, is expressed also by saying that, tlie sum 
of tlie means is equal tu the «um of the extremes* Thus, since 
12 — 7 = 9 — 4, we have 7^9= 12-^^5 ^<>^ the sum we fiiid 
is 1 6 in both. 

354. In order to demonstrate this principal property, Jet 
a — b = p — q; if we add to both J + g, we have a + q==b + p; 
that is, the sum of the first and> fourth terms is equal to the sum 
of the second and third, JSlnd conversely 9 if four mimberSf a, b, p> 
q, are such^ that the sum of the second and third is equal to the sum 
of the first and fourth, that is, if 6 + p = o -f- g, we conclude, 
without a possibility of mistake, that these mimbcrs are in arith- 
metical proportion^ and that a — b=p — q. For, since 

a + q=b+p, 
if we subtract from both sides b + q^ we obtain a — 6 = p — q. 

Thus, the numbers 18, iS, 15, 10, beinjg^ such, that the sum 
of the means (13 + 15 = 28,) is equal to the sum of the ex- 
tremes (18 4- 10 = 28>) it is certain, that they also form an 
Arithmetical proportion ; and, consequently, that 

18 — 13 = 15 — 10. 

355. It is easy, by means of this property, to resolve the fol- 
lox^ng question. The three first ter^s of an arithmetical pro- 
portion being given to find the fourth ? Let a, b, p, be the three 
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fifBt terms^ and ha lis expresa the fourth by qf which it is 
ri?quirecl tn deteriiitne> tiien a+.q^sih -\-p^ by subtracting a 
from both 8ides» we obtain 9 s 6 'tf^p — « a* 

Thus« ^Ae fourik term is found by adding together the second and 
thirds and siiitrading iM first from that sum. I^ppose^ for ex^ 
ample, that t9» 28^ i 3, ar« tl^ three first terms given, the sum 
of the second and third is e=4] ^ take from it the first, Which is 
199 there remains -29, for the fourth tei'm sought, and the arith- 
metical pn)portion will be represented by 19 — 28=;sl3— •SS, 
or, by 28 — 19 = 22 — 13, or, laetly^.by 28 — 22 = 1 9 — 13* 

356. When in an arithmetical proportion, the second term is eqwd 
to the thirdf we have oidy three numbers ; the property of which 
is this, that the first, minus the second, is equal to the second, 
minus the third ; or, that the difference between the first and 
the second number is equal to the difference between the second 
and the third. The three numbers, 19, 15, 11, are of this kind, 
since 19— 15= 15— II* 

357. Three mch numbers are said to form a continued arith- 
metical proportion, which is sometimes written thus, 19 : 15 : 11. 
Such proportions are also called arithmetical progressions, par^ 
ticidarly if a greater number of terms fdlono each other according 
to the same laio. 

An arithmetical progression may be either increasing, or 
decreasing. The former distinction is applied when the terms 
go on increasing, that is to say, when the second exceeds the 
first, and the third exceeds the second by the same quantity ; 
as in the numbers 4, 7, 10. The decreasing progression is that, 
in which the terms go on always diminishing by the same quan- 
tity, such as the numbers 9, 5, J. 

258. Let us suppose the numbers a, b, c, to be In arithmetical 
progression ; then o -— • 6 = 6 — • c, whence it follows, from the 
equality between the sum of the extremes and that of the means, 
that 2 ft = a -f c; and if we subtract a from both, we have 

c.;=2& — a. 

359. So that tvhen the two first terms a, b, of an arithmetical 
progression are given, the third is fonnd by taking the first from 
twice the second. Let 1 and 3 bo the two fii*st terms of an arith- 
metical progression, the third will be3=:2x3 — li=5. And 
these three numbers 1,3, 5 give the proportion 1 — 3 = 3 — 5. 
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3^0* By Ibllowin^ the same method^ we may pursue fhe 
arithmetical progression as far as we please ; wt have cm/y i» 
find the fourth by means cfthe second and tkhrdp in the same nuau 
ner as we determined the third by means of the first and second, 
and so on. Let a be the first terab and b the second, the third 
will be=sb — a, the fourth =4ft— 'Sa — bszSb-^Qa, the 
fifth 6ft— 4a-^2& + a=:4t-«3a» the sixth =8A — 6a— Sb 
+ Sa=5ft— 4a, the seventh =lOft— 8a— 4 6 + 3a = 6» 



CHAPTER HI. 

Of Jrithnieiical Progressions* 

361. We have remarked already, that a series of numbers 
composed of any number of terms, which always increase, or 
decrease by the same quantity, is called an ariihnuMcal progres- 
sion. 

Thus, the natural numbers written in their order, (as 1, S, 3, 
4, 5, 6, 7, 8, 9, 10, &c.) form an arithmetical progression^ 
because they constancy increase by unity ; and the series 25, 
Sd, 19, 16, 13, 10, 7, 4, 1, &c. is also such a progression, since 
the numbers constantly decrease by 3. 

362. The number, or quantity, by which the terms of an 
arithmetical progression become greater or less, is called the 
difference. So that when the first term and the difference are 
given, we may continue the atithmetical progression to any 
length. 

For example, let the first term == 2, and the diflbrence = 3, 
and we shall have the following increasing progression ; 2, 5 
8, 11, 14, 17, 20, 23, 26, 29, &c. in which each term is found, 
by adding the difference to the preceding term. 

363. It is usual to write the natural numbers, 1, 2, 3, 4, 5, &c« 
above the terms of such an arithmetical progression, in order 
that we may immediately perceive the rank which any term 
holds in the progression. These numbers writte^bove the 
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terms, may be called Miees ; and the above example is written 

as follows: 

Indices, 1234567 89 10 

Jbriih. Prog. % 5» 8, 11, 14, If, S0» 33, 26, 29, &c. 

wbere we see that 29 is the tenth term. 

364, Let a be the first term, and d the difiference, the arith-> 
metical progression will go on in the following order : 

12 3 4 5^6 7 

' 0, a -f d, a 4- 2<^ a + 3d, a + 4<i, a 4- 5(1, a -I- 6d, &c* 

whence it appears, that any term of .the progression might be 

easily found, without the necessity of finding all the preceding 

ones, by means only of the first term a and the difference d. 

For example, the tenth term will be = a -f 9 d, the hundredth 

term == a + 99 d, and generally/ the term n will be 

= a + (n— l)d. 

365. When we stop at any point of the progression, it is of 
importance to attend to the first and the last ^term, since the 
index of the last will represent the number of terms. If 9 there- 
fifey the first term = a, the difference = d, and the number. of terms 

=z n, we shall have the last teijin = a 4- (n — - 1) d, which is con' 
sequenUy found ky muUiplying the difference by the number of terms 
ndnus one, and adding the first term to that product. Suppose, for 
exam^e, in an arithmetical progression of a hundred terms, 
the first term is = 4, and the difference = 3 ; then the last term 
will be = 99 X 3 +4 =: 301. 

366* When we know the first term u and the last «;, with the 
number of terms n, we can find the ^Kfference d. For, since 
the last term « =: a «f (n «— l) d, if we subtract a from both aides, 
we obtain % — a = (n ^« 1) d. So that by subtracting the first 
term from the last, we have the product of the difference multi- 
plied by . the number of terms minus 1. We have, therefore, 
only to divide « — a by n — 1 to obtain the required value of 

the diflference d, which will be = . This result famishes 

n — 1 

the fallowing rule : Subtract the first term from the last, divide the 

remainder by the number of terms minus 1, and the quotieut wiU, 

be the difference : by meaiis of which we may write the whole 

progression. ' 
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367. Suppose^ for examide, that we have an arMbmeticsd 

progression of nine terras, whose first is = "2^ and last := 26p 

and that it is required to find ttie difference. We must subtract 

the first term* S* from the last, 26^ and divide the remaindf r» 

\vhich is 249 by 9 — h that is, by 8 ; the quotient S will be equal 

to the difference required, and the whole proj^ression will be 

41234 5 6 7B 9 
2, 5, 8, 11^ 14, ir, 20, 23, 26. 

To give another example, let us suppose that the first term 
£= 1, the last = 2} the number of terms = 10, and that the arith- 
metical progression, answering to these suppositions, is requir* 

2«*— 1 I 

ed ; we shaB immediately have for the difierence ^-- — - = — , 

and thence conclude that the progression is 

1 28 4 5 6 78 910 

If l-y* Iff 9 *jf9 l-yf l-y* 1 -yf ^fff ^-jr* • 

Another example. Let the first term = 2| the last == 12|, 
and the number of terms = 7 ; the difibrence will be 

and consequently the progression 

12 3 4 5 6 7 

2|, Vt* m- ^V H^ lOll, 12^. 
268. If now the first term a, f^he last term %f and the differ- 
ence if, are given, we may from them find the number of terms 
n. For since % — ^a :=z(n — 1) d, by dividing the two sides 

by d, we have — -j — = n — • 1. Now^ n being greater by 1 

than n — 1, we have n = *— — -|* 1 ; consequently, the mmber 

of terms is found by dividing the difference between the first and the 
last termf or z — a, 6y <te difference of the progression^ and adding 

unity to the quotientf — j — . 

For example, let the first term =4, the last = 100, and the 

difierence =/12% the number of terms will be — ~ — h 1 =: 9 ; 

12 

and these nine terms will be, 

123456789 

4, 16, 2u, 40, 52, 64, 76, 88, 100. 
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If the first term = 3^ the last ss 6, and difference ^ l^, the 

4 

number of terms will be — +1=45 and the^e four terois 

will be^ 

12 5 4 

^, 34, 4|, 6. 

AgaiDf let the first term =: 3|, the last = 7|, and the differ- 

fence = 1^, the number of terms will be = -^ ^ +1=4; 

which are^ 

H^ 4^ 6|, rf 

869. It must be observed, howfif er, that as the number of terms 
is necessarily an integer, if we had not obtained such a number 
for n, in the examples of the preceding article, the questions 
Would have been absurd. 

Whenever we do not obtain an integral number for the value 

of —^ — , it will be impossible to resolve the question $ and cod* 

sequently, in order that questions of this kind may be pussible^ 
9$ -—a must be divisible by d. 

. S70. From what hap been said, it may be concluded, that we 
have always four quantities^ or things^ to consider in arithmetic- 
al progresHion ; 

L The first term a« 
XI. The last term «• 
IlL The differenced. 
IV. The number of terms n. 
And the relations of thfse quantities to each other are such, that 
if we know three of them, we are able to determine the fourth ; 
for^ 

I. If a, d, and n are known, we have z = a -f (n — • 1) d, 

II. If z, d, and n are known, we have a == z — (n — - 1) d. 

• / ., 

Z ^■■B ft 

IIL ff a, z, and n are known, we have d = • 

n— L 

IV. ijf a, 2| and d are known, we have n = -^ + 1. 
Evi. Mg^ 16 
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CHAPTER IV. 

Of the Summation of Arithmetical Progressions* 

37 !• It is often necessary also to find the sum of an arith« 
metical progression. This might be done by adding all the 
terms together ; but as the addition would be very tedious^ when 
the progi*ession consisted of a great number of termSf a rule has 
been devised, by which the sum may be more readily obtained. 

372. We shall first consider a particular given progression^ 
such that the first term = Q, the difierence = S, the last terra 
= 29, and the number of terms == 10 ; 

123456789 10 

e, 5, 8, 11, 14, 17, 20, 23, 26, 29. 

We see, in tliis progression, that the sum of the first and the 
last term = 31 ; the sum of the second and the last but one 
= 31 ^ the sum of the third and tlie last but two ;= 31, and so 
on; and thence we conclude, that the sum of any two terms 
equally distant, the one from the first, and the other from the last 
term, is always equal to the sum of the first and the last term. 

373. The reasons of this may be easily traced, For,'if we sup- 
pose the first = a, the last = ^, and the diffei^nce = d, the sum 
of the first and the last term is =: a + ^^ ; and the second term 
being =za + d, and the last but one =zC6 — d, the sum of these 
two terms is also =: a + %. Further, the third term being 
a + 2 d, and the last but two = » — 2d, it is evident that these 
two terms also, when added together, make a + %. The demon- 
stration may be easily extended to all the rest. 

374. To determine, therefore, the sum of the progression pro- 
posed, let us write the same progression term by term, inverted, 
and add the corresponding terms together, as follows : 

SL+ 5 + 8 +11+14 + 17 + 20 + 23 + 26 + 29 
29 + 26 + 23 + 20 + 17 + 14 + 11 + 8 + 5 + 2. 

31+31+31+31 + 31 + 31 + 31 + 31 + 31 + 31 

This series of equal terms is evidently equal to twice the sum 
of the given progression ; now the number of these equal terms 
is 10, as in the progression, and their sum, consequently, = 10 
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X 31 = dlO* So that, since this sum is twice the sum of the 
arithmetical progression, the sum required must be = 155. 

S75. If we proceed in the same manner, with respect to any 
arithmetiral progression, the first term of which is = a, the last 
=£ %9 and the number of terms = n ; writing under the given 
progression the same progression inverted, and adding term to 
term, we shall have a series of n terms^ each of which will be 
= a + (S ; the sum of this series will consequently be = n (a + »), 
and it will be twire the sum of the proposed arithmetical pro* 

gression j which therefore will be = ^ "^ — K 

376. This result furnishes an ^»y method of finding the sum 
of any arithmetical progression ; and may be reduced to the 
Ibilowing rule : 

MtMiply the sum of th< first and the last term by the number of 
termSf and half the product wiU be the sum of the whole progres* 
siofim 

Or, which amounts to the same, multiply the sum of the first 
and the last term by half the number of terms. 

Or, multiply half the sum of the first and the last term by the 
whole number of terms. Each of these enunciations of the rule 
will give the sum of the progression. 

577* It may be proper to illustrate this rule by some exam- 
ples. 

First, let it be required to find the sum of the progression of 
the natural numbers, 1, 2, 3, &c* to 100. This will be^ by the 

first rule, = ^^ ^ ^^^ = 50 X 101 = 5050. 

If it were required to tell how many strokes a clock strikes 
in twelve hours ; we must add together the numbers 1, 2, 3, as 

12 X 13 

far as 12 1 now this sum is found immediately = — - — = 6 x 

13 = 78. If we wished to know the sum of the same progres* 
sion continued to 1000, we should find it to be 500500 ; and the 
sum of this progression continued to 10000, would be 50005000. 
378. •Another question. A person buys a horse, on condition 
that for the first nail he shall pay 5 halfpence, for the second 8» 
for the third 11, and so on, always increasing 3 halfpence more 
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for each following one ; the horse having S2 nails, it is required 
to tell how much he will cost the purchaser? 

In this question^ it is required to find the sum of an arith*- 
metical progression* the first term of which is 5, the difference 
= $9 and the number of terms = 32. We must therefore beieiQ 
by determining the last term ; we find it (by the rule in articles 
365 and 370) = 5 -f 31 x 3 = 98. After which the sum requir- 

103 X 32 

ed is easily found = = 103 X 16 j whence we conclude 

^ 2 

that the horse costs 1 648 halfpence, or SU 8«. ^d. 

379. Generally, let the first term be = a, the difierenre = df 
and the number of terms = n ; and let it be required to find* by 
means of these data, the sum of the whole progression. • As the 
last term must be := a + (ii — I) d^ the sum oi the first and last 
will be = 2 d -f- (n — 1) d. Multiplying this sum by the nun^ber 
of terms n, \ve have 2na + n(rt — i)d; the sum required there* 

fore will be = n a -| — ^ ' . 

This formula^ if applied to the preceding example* or to a = 5^ 
d = 3, and n = 32, gives 5 x 32 + ^^^^' ^^ = 1€0 + 1488 = 

2 

1648 ; the same sum that we obtained before. 

380. If it be required to add together all the natural immbers 
from 1 to n, we have, for finding this su>ti, the first term =1, 
the last term = n, and the number of terms = n ; wherefore the 

sum required iq = — -i— = — i — - — i. 

If we make n = 1766, the sum of all the numbei*s, from 1 to 
1766, will be = 883 X 1767 = 1560261. 

381. Let the progression of uneven numbers be proposedi 1, 3, 5^ 
7, &c. continued to n terms, and let the sum of it be required : 

Here the first term is = 1, the difference = 2, the number of 
terms = n ; the last term will therefore be = 1 + (n — l) 2 =: 
2n --^ 1, and consequently the sum required = nn. 

The whole therefore consists in multiplying the number of 
terms by itself. So that whatever number of terms of this pro- 
gression we add together, the sum will be always a square^ namely^ 
the square oj the number of terms* This we shall exemplify as 
follows ; 



Chap. 4. Of UaHas aad ProportUm. i£5 

Indices^ 1 £ 3 4 5 6 f 8 9 ^10 &c» 
Progress, !» S, 5, 7, 9» ll, 13, 15» 17, 19, &c. 
Sum, \, 4, 9> 16, 9.5, 36, 49, 64, SI, 1«9, &c. 

382. Let the first term be = 1, the difference = 3, and the 

number of terms = 91; we shall have the progression 1,4, 7> 

10, &c. the last term of which will be 1 +(n — l)3=3n — £|, 

wherefore the sum of the first and the last term = 3 yi — 1, and 

., ,, - ., . . n (3 n— I) 3n»— tt 
consequently, the sum of this progression = — ^ -'= ^ 

If we suppose n = £0, the sum will be = 10 x 59 = 599. 

383. Again,. let the first term = 1, the difference = d, and the 
num'ber of terms = n ; then the last term will ba = 1 -f (n — 1) if. 
Adding the first, we have £ + (n — 1) d. and multiplying by the 
number of terms, we have 9,n + n{n'^ 0^9 whence we deduce 

the sura of the progression = n + -^ — - — t. . 
We subjoin tlie following small table : 

If a = 1. the sum is = n + — i i = — J— 

Si ' £ 

J . . 3n(n — 1) 3nn— It 
d = 3, -"+ 2 ' = g— 



2nn— -n 



• ^ , 4n(n — 1) 
d = 4, =w + — i.^ ^^ 

, - 5n(n — l)5nn — 3ii 

d = 6, g=w4- ^ \1"" ^ =:3»w-— £w 

£ 

J - , 7n(n — 1) 7nn — 5n 

a = 8, =114 ^-- i = 4nn — 3n 

d = 9, ^^ 9n(n^l)^ 9nn^7n 

' ^ £ -£ 

a =10, =n-4 2i ^=:5nn— •4n 

^ £ 
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CHAPTER V. 

Of Qeomttrical Ratio. 

S84, I'hb geometrical ratio of two numbers is found by resolv- 
ing the questioriy how many times is one of those numbers greater 
than the other ? This is done by dividing one by the other; 
and the quotient, tiierefore^ expresses the ratio required. 

385, We have here three things to consider; 1st, the first of 
the two given nutitbers, which is called the antecedent ; £dly. the 
other number, which is called the consequent; ddlj, the ratio 
of the two numbers, or the quotient arising from the division of 
the antecedent hy t.e consequent. For example, if the relation 
of the numbers 18 and 12 be required, 18 is the antecedent, IS 
is the consequent, and the ratio will be 4| = l^ ; whence we 
see, that the antecedent contains the consequent once an^ a 

38^ It is usual to represent . geometrical relation by two 
points, placed one above the other, between the antecedent and 
the consequent Thus a : b means the geometrical relation of 
these tw o numbers, or the ratio of i to a. 

We have already remarked, that this sign is employed to 
represent division, and for this reason we make use of it here ; 
because, in order to know the ratio, we must divide a by 6. The 
relation, expressed by this sign, is read simply, a is to 6. 

387. Relation therefore is expressed by a fraction^ whose 
numerator is the antecedent, and whose denominator is the con- 
sequent. Perspicuity requires that this fraction should be always 
reduced to its lowest terms; which is done, as we have already 
shewn, by dividing both the numerator and denominator by 
their greatest common divisor. Thus, the fraction ^1 becomes 
4, by dividing both terms by 6. 

388. So that relations only differ according as their ratios 
are different ; and there are as many different kinds of geomet- 
rical relations as we can conceive different ratios. 

The first kind is undoubtedly that in which the ratio becomes 
unity ; this case happens when the two numbers are equal, as 
in 3 : 3 ; 4 : 4 ; a : a ; the ratio is here 1^ and for this reason 
we call it the relation of equality. 
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Next follow those relations in which the ratio is another whole 
number ; in 4 : 2 the ratio is £, and is called double ratio } in 
12 : 4 the ratio is S, and is called triple ratio ; in 24 : 6 the ratio 
is if and is called qiuidruple ratio, &c. 

We may next consider those relations whose ratios areexpresr 
sed by fractions, as 12 : 9, where the ratio is ^ or 1| ; 18 : 2r» 
where the ratio is |, &c* We may also distingaish those rela* 
tions in which the consequent contains exactly twice, thrice, &c* 
the antecedent; such are the relations 6 : 12, 5 : 15, &c« tho 
ratio of which some call, subdupUf subtriple, &c. ratios. 

Further, we call that ratio rational, which is an expressible 
number; the antecedent and consequent being integers, as in 
11 : 7, 8 : 15, &c, and we call that an irrational or surd ratio^ 
which can neither be exactly expressed by integers^ nor by frac« 
tions, as in ^/T: 6, 4 : vs"* 

389. Let a be the antecedent, b H^^ consequent^ and d the ra* 

tio, we know already that a and b being given, we find d = ~. 

b 

If the consequent b were given with the ratio, we should find 
the antecedent a = 6 (2, because b d divided by b gives d. Lastly^ 
when the antecedent a is given, and the ratio d, we find the 

consequent ^ = -^ ; for, dividing the antecedent a by the conse- 

quent -j, we obtain the quotient d, that is to say, the ratio/ 

390. Every relation a : b remains the same, though we multi- 
ply, or divide the antecedent and consequent by the same num- 
ber, because the ratio is the same. Let d be the ratio of aib, 

a 
we have ^^ = t-; now the ratio of the relation nambia also 

if A ft 

^= d, and that of the relation — : -- is likewise —=:({• 
9 n n b 

391. When a ratio has been reduced to its lowest terms, it is 

easy to perceive and enunciate the relation. For, example, when 

a p 

the ratio -r-has been reduced to the fraction ~, we say a : ft = 

b 9 

piQfaib lip iQf which is read, a is to 6 as p is to q. Thus^ 
the ratio of the relation 6 : 3 being f, or 2^ we say 6:3 = 2:1. 
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We have likewise 18 : 12 = 3 : ^« and 24 : 18 = 4 : 8, and SO : 45 
= 2 : 8y &c. But if the ratio cannot be abridged, the relation 
will not become more evident ; we do not simplify the relation 
by saying 9:7 = 9:7. 

392. On the other hand, we may sometimes change the rela- 
tion of two very great numbers into one that shall be more 
simple and evident, by reducing both to their lowest terms. For 
•xample, we can say 28844 : 144^^2 = 2 : 1 ; or, 

10566 : 7044 = 3:2; or, 57600 : 25200 = 16:7. 

393. In order, therefore, to express any relation in the clear- 
est manner, it is necessary to reduce it t<i the smallest possible 
numbers. This is easily done, by dividing the two terms of the 
relation by their greatest common divisor. For example, to 
reduce the relation 57600 : 25200 to that of 16 : 7, we have only 
to perform the single operation of dividing the numbei'S 576 and 
252 by 36, which is their gi^atest common divisor. 

394. It is important, therefore, to know how to find the great- 
est commofi divisor of two given numbers ; but this requires a 
rule, which we shall explain in the following chapter* 



CHAPTER Vr. 

Of the greatest Common Divisor of two given numbers, 

395. There are some numbers which have no other common 
divisor than unity, and when the numerator and denominator 
of a fraction are of this nature, it cannot be reduced to a more 
convenient form. The two numbers 48 and 35, for example^ 
have no common divisor, though each has its own divisoi*s. 
For this reason we cannot express the relation 48 : 35 more 
simply, because the division of two nambera by 1 does not 
diminish them. 

396. But when the two numbers have a common divisor, it is 
found by the following rule : 

Divide the greater of the two numbers by the less ; next 9 divide 
the preceding divisor by the remainder; what remains in this 
second division will afterwards become a divisor for a third divis- 
ion, in xvhich the remainder of the preceding division wiU be the 
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dividend. Wt must amUmte tbis operation^ tUl we arrive at a 

dhnsion that leaves no remainder^ the divisor of this divisionf and 

cansequentty the last divisoTp will be the greatest common divisor of 

the two given ^numbers. 

See this operatien for the two niunbera 576 and 252. 

252) 576 (2 
504 

72) 252 (S 
216 

36) 72 (2 

72 

0. 

So thaty in this instance, the greatest common divisor is 36. 

397. It will be proper to illustrate this rule by some other 

examirfes. Let the greatest common divisor of the numbers 

504 and 312 be required* 

312) 504 (1 
312 



192) 31 2 ri 
192 




V 




120) 192 
140 


CI 






72) 


120 
72 


(I 






48) 


72(1 
48 






« 


24) 48 
48 


(2 



So that 24 is the greatest common divisor, and consequently 
the relation 504 : 312 is reduced to the form 21 : 13* 

398. Let the relation 625 ; 529 be given, and the greatest 
common divisor of these two numbers be required. 

EuL Mg. 17 
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529)6S5(1 

96) 5S9 (5 
480 

49) 96 (1 
49 

47) 49 (1 
47 



2) 4r (23 
46 






1) 2 (2 

€ 

0. 

Wherefore 1 is, in this case^ the greatest common divisor^ 
and consequently ve cannot express the relation 625 : 529 by 
less numbers^ nor reduce it to less terms. 

^ 399* It may be propers in this place^ to give a demonstration 
of the rule. In order to this, let a be the greater and b the less 
of the given numbers ; and let d be one of their common divisors ; 
it is evident that a and b being divisible by d, we may also 
divide the quantities a — - 6^ a — 2 fr^ a -^ 3 fr^ and^ in general^ 
a-^nb by d. 

400. The converse is no less true ; that is to say, if the num<> 
bers 6 and U'-^^nb are divisible by d^ the number a will also be 
divisible by d. For nb being divisible by d, we could not divide 
a — 91 ft by dy if a were not also divisible by d. 

40U We observe further, that if d be the greatest common 
divisor of two numbers^ b and a — n ft, it will also be the great- 
est common divisor of the two numbers a and b. Since^ if a 
greater common divisor could be found than d, for these num- 
bers, a and ftt that number would also be a common divisor of b 
and a — n ft ; and^ consequently, d would not be the greatest 
common divisor of these two numbers. Now we have supposed 
d the greatest divisor common to ft and a — nb; wherefore d 
must also be the greatest common divisor of a and ft. 



Chap. 6» Cf BatioB mud PraporHm. ISl 

402. These three things being laid down^ let us divide^ 
according to the rule, the greater namber a by the less b ; 
and let us suppose the quotient == n j the remainder will be 
a — n fty which must be less than b. Now this remainder a'-^nb 
kavtng the same greatest common divisor with 6, as the given 
numbers a and ft, we have only to repeat the division^ dividing 
the preceding divisor ft by the remainder a-«nft; the new 
remainder, which we obtain, will stiD have, with the preceding 
divisor, the same greatest common divisor, and so on* 

403. We proceed in the same manner, till we arrive at a 
division without a remainder ; that is, in which the remainder 
is nothing* Letp be the last divisor, contained exactly a cer* 
tain number of times in its dividend ; this dividend will there- 
fore be divisible by p, and will have the form mp ; so that the 
numbers p« and mp,'are both divisible by p; and it is certain, 
that they have no greater common divisor, because no number 
can actually be divided by a number greater than itself. Con- 
sequently, this last divisor is also the greatest common divisor 
of the given numbers a and ft, and the rule, which we laid dbwn^ 
is demonstrated. ^ 

404. We may give another example of the same rule, requir- 
ing the greatest common divisor of the numbers 1728 and £304. 
The operation is as follows t 

1728) 2304 (1 
1728 

576) 1728 (3 
1728 

0* 

From this it follows, that 576 is the greatest common divisor^ 
and that the relation 1728 :.2304 is reduced to 3 : 4 j that is to 
say, 1728 is to 2SQ4 the same as 3 is to 4. 



CHAPTER VII. 

Of Oeometrical Proportions, 

405. Two geometrical relations are equaU when their ration 
are equal. This equality of two relations is called a geometrical 
proportion ; and we write for example^ a : ft = c : d» or a : ft : : c : d^ 
to indicate that the relation a : ft is equal to the relation c : d $ 
but this is more simply expressed by saying* a is to as c to d. 
The following is such a proportion, 8 : 4 = 12 : 6 ; for the ratio 
of the relation 8 : 4 is 4^ And this is also the ratio of the rela* 
tion 12:6. 

406. So that aih^exd being a geometrical proportion, the 

ratio most be the same on both sides, and t = -^ 9 And, recipro- 
cally, if the fractions -r and -^ are equal, we have a ; ft : : e : d. 

407. A geometrical proportion consists therefore of four terms^ 
such, that the first, divided by the second, gives the same quo- 
tient as the third divided by the fourth*. Hence we deduce an 

''^portant property,, common to all geometrical proportiont 
which is, that the produd of the first and the last term is always 
^qual to the prodttctafthe second and third ; or, more simply, that 
ihc product of the extremes is equal to the product (f the means. 

408.'' In order to demonstrate this property, let us take the 

a c 
geometrical proportion a : ft = c : d, so that -r = 7* If ^® mul- 

be * 

tiply both these fractions by ft, we' obtain <k = -79 &nd multiply- 
ing both sides further by d, we have ad^be. Now a d is the 
product of the extreme terms, ft c is that of the means, and these 
two products are found to be equal. , 

409. RedprocaUyi if the four numbers a, b, c, d, are such, that 
the product of the two extremes a and d is equal to the product of 
the two means b and c, nve are certain tliat they form a geometric 
col proportion. For since a d = ft c, we have only to divide both 

sides by ft d, which gives ^ rj^ h^ ^^ T^ '2^ ^^^ consequent- 
lya:b = c:d. 
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410. The four terms of a geometrical prop&rtion9a8 a : b =: c : d^ 
may be transposed in different ways, nviUiaut destroying the pro^ 
portion. For the rule being always, that the product of the ex* 
iremes is equal to the product of the means, or a d = b c, tve may say;: 
V^ b : a := d : c ; S^^' a : c = b : d ; S*'*^* d^b = c:a; 
4twy. d : C = b : a. ^ 

411. Besides these foar geometrical proportionsy we may de- 
duce some others from the same proportion, a : 6 = c : cL ^ Wt 
may say^ the first term, jrftis the second, is to the first, ws the third 
+ the fourth is the third ; that is, a + b : a £= c -f d : a 

We may furtlier say ; the first — ike second is to the first as th% 
third — thejourth is to the thirds or. a — b : a = c — d : c» 

FoP) if we take tfae^product of the extremes and the means» 
we have ac — bczizac — ad, which evtdentty leads to the equal- 
ity a d = 6 c» 

Lastly, it is easy to demonstrate^ that a + b ib:=c + d : d; 
and that a — fr:6=:c — did. 

412. AH the proportions which we have deduced from a :brs 
e : d, may be represented, generally, as follows : 

ma + nb : pa + qb^mc+nd :pc + qd* 
For the product of the extreme terms i^mpac+npbc +m qad / 
+nqbd^ which, since adszbc, becomes tp pac+npb c + mqk€ 
+ nqbd. Further, the pi*oduct of the mean terms \smpae + 
mqbc + npad + nqbd; or, sincea d s6 c, it is ntp ac+mqbt 
+ npbc + nqbd ; so that the two products are equaL 

413* It is evident, therefore, that a geometrical proportion 
being given, for example, 6 : 3 = 1 : 5, an infinite number of 
others may be deduced from ft. We shall give only a few : 
3: 6 = 5: 10; 6 : 10 = 3 5; ^: 6=15 : 10; 

414. &fnce, in every geometrical proportion, the product of 
the extremes is equal to the product of the means, we may, 
when the three first terms are known, find the fourth from them. 
Let the three first terms be 24 : 1 5 =40 to .... as the product 
of the means is here 600, the fourth term multipTted by the first, 
that is by 24, must also make 600 f consequently, by divtdin|f 
600 by S4, the quotient £5 will be the fourth term required, and 
the whole proportion will be 24 ; 15=40 : 25. In general^ 
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tberefbrey if fha tbree first terms fireaibzse:....vreputd 

Ibr the anknown fourth ieHer ; and since a il =s ft (^ we divide 

be 
both sides by a, and have d=z — • So that the fourth term is 

d 

-= -f ^ and is found by muUiplying the second tenn^by the third, and 

dividing that produd by the first term. 

41|i. This is the foundation of thecdebrated Bide of T%ree in 
arithmetic ; for what is required in that rule ? We suppose three 
numbers given^ and seek a fourth, whkh may be in geometrical 
proportion ; so that the first may be to the fiecond, as the third 
is to the fourth. 
. 416. S(mie particular circumstances deserve attention here. 

First, if in two yropofi^ims the first and the third terms are the 
same, as in a : ft = c : d, and a :/= ci gf I say that the two 
secofid and the two fourth terms will also be in geometrical propor- 
turn, and that ft : d =/ : g. Fw, the first proportion being 
transformed into this, a : c = ft : d, and the secoml into this, 
a : c=/ : ^, it follo'^s that the relations ft : d and/: g are equals 
since each of them is equal to the relation a : c For example^ 
if 5 : 100 = £ : 40, and 5 : 15 =2 : 6, we must have 100 : 40 
s= 15 : 6. 

4ir. But if the two proportions are such, ibat the mean terms 
are the same in both, I say that the first terms will be in an 
inverse proporticui to the fourth terms. That is to say, if a : 6 
= c : d, and/ : ft = c : jr, it follows that a if=g : d. Let the 
proportions be, for example, £4:8 = 9:3, and 6:8 = 9: 1^ 
we have £4 : 6 = 1£ : d. The reason is evident f the first pro- 
portion gives ad::^bc; the second gives/|; = ftc; thereforef 
a d =fgf and a :f=^g : d» or a : ^ : :/ : d. 

418. Two proportions being given, we may always prodaco 
a new one, by separately multiplying the first term of the one 
by the first term of the other, the second by the second, and so 
on, with respect to the other terms. Thus, the proportions a : i 
= c : d and e :f=ig ; h will furnish this, a e : ft/= eg :dh. For 
the first giving ad=,bCf and the second giving e h ^fg, we have 
also a d e A = ft cfg. Now a d e A is the product of the es^tremes^ 
and ft efg is the product of the means in the new proportipn ; so 
that the two products being equal, the proportion is true« 
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419« Let the two proportions be^ for exanple» 6 : 4szt5 t 10 
and 9 : 12 = 15 : 20, their combiaation will give the proportion 
6X9:4X12 = 15X15 : 10 X 20, 

or 54 : 48 = 225 : 200, 
or 9 : 8 =: 9 : 8. 

420. We shall obterve lastly, that if two products are equal, 
ad = 6 c, we may reciprocally convert this equality into a geo- 
Vietrical i»*(^M>rtioi| ; for we shall always have one of the factors 
of the first product, in the same proportion to one of the factors 
of the second product, as the other factor of the second product 
is to the other factor of the first product ; that is, in the present 
case, a : c = ft : d, or a : b =s c : d. Let 3x8=4x6, and we 
may form from it this proportion, 8 : 4 = 6 : 3, or this, 3:4 = 
6 : 8. Likewise, if 3 x 5 = 1 X 15, we shall have 

3 : 15 = 1 : 5, or 5 : 1 = 15 : 3, or 3 : 1 = 15 : 5. 



CHAPTER VIIL 

Observations on the Rides of Proportion and their utility. 

421. This theory is so useful in the occurrences of common 
life, that scarcely any person can do without it. There Is always 
a proportion between prices and commodities ; and when differ- 
ent kinds of money are the subject of exchange, the whole con- 
sists in determining their mutual relations. The examples, 
furnished by these reflections, mil be very proper for fllustrating 
the principles of proportion^ and shewing their utOity by the 
application of them. 

422* If we wished to know, for example, the relation between 
two kinds of money ; suppose an old louis d'or and a ducat ; we 
Qiust first know the value of those pieces,^ when compared to 
others of the same kind. Thus, an old louis being, at Berlin, 
worth 5 rix dinars* and 8 drachms, and a ducat being worth 
3 rix dollars, we may reduce these two values to one denomina- 
tion ; either to rix dollars, which gives the proportion 1 L : 1 D 

* The rix dollar of Germany is valued at 92 cents 6 mills^ and a dracbm is 
•ne tventy-foortfa part of a rix dollar. 
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1= 5^ R : 3 By or = 16 : 9 ; or to drachms, in which case we 
have I L : 1 D = 128 : 7^ = 16 : 9. These proportions evi- 
dently give the true relation of the old louis to the ducat ; for 
the equality of the products of the extremes and the means gives^ 
in both, 9 louis = 16 ducats ; and, by means of this comparison, 
we may change any sum of old louis into ducats, and vice versa. 
Suppose it were required to tell how many ducats there ar^ in 
1000 old louis, we have this rule of three. If 9 louis are equal 
to 16 ducats, what are 1000 louis equal to ? The answer will bt 
1777^ durats. 

If, on tlie contrary, it were required to find how many old 
iDhis d'or there are in 1000 ducats, we have the following pro- 
portion. If 16 durats are equal to 9 louis ^ what are 1000 
ducats equal to? Jtnswerf 562| old louts d*ur. 

49.3. Here, (at Petersburg,) the value of th^ ducat varies^ 
■and depends on the course oC exchange. This couinse determines 
the value of the ruble in stivers, or Dutch half-pence, 105 of 
which make a ducat. 

So that ^hen the exchange is at 45 stivers, we have this pro- 
portion, 1 ruble : 1 ducat = 45 : L05 = 3 : 7 ; and hence this 
equality, 7 rubles = 3 ducats. 

By this we shall find the value of a ducat in rubles ; for 3 
ducats : 7 rubles = 1 ducat : • . • • • JtasweVf 2| rubles. 

If the exchange were at 50 stivers, we should have this pro- 
portion, 1 ruble : 1 ducat = 50: 105=10: 21, which %ould 
give 21 rubles = 10 ducats ; and we should have 1 ducat = 2^y 
rubles. Lastly, when the exchange is at 44 stivers, we have t 
ruble : 1 ducat = 44 : 105, and consequently 1 ducat = 2^ J 
rubles = 2 rubles 38^Tj. copecks.* 

424. It follows from this, that we may also compare different 
kinds of money, which we have frequently occasion to do ip bills 
of exchange. Suppose, for example, that a person of this place 
has 1000 rubles to be paid to him at Berlin, and that he wishes 
to known the value of this sum in ducats at Berlin. 

The exchange is here at 47^, that is to say, dne ruble makes 
47| stivers. In Holland, 20 stivers make a florin ; 2| Dutch 
florins make a Dutch dollar. Further, the exchange of Holland 

* A copeck IB -j-J^ part of a ruble, as is easily deduced from the above. 
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Vfiih Berlin is^t 142, that is to say, for 100 Dutch dollars, 14£ 
dollars are paid at Berlin. Lastly, the ducat is worth S dollars 
at Berlin* 

425. To resolve the questions proposed, let us proceed step 
by step. Beginning therefore with the stivers, since 1 ruble z=z 
47^ stivers, or £ rubles = 95 stivers* we shall have 2 rubles : 95 
stivers = 1000 : • • • • Answer^ 47500 stivers. If we go fur- 
ther and say £0 stivers : 1 florin ±= 47500 slivers : ••.. we shall 
have £375 florins* Further^ 2| florins = 1 Dutch dollar, or 5 
florins = 2 Dutch dollars ; we shall therefore have 5 florins: 2 
Dutch dollars = 2875 florins :••.. Ansuoeu 950 Dutch dollars. 

Then taking the dollars of Berlin, according to the exchange 
at 142, we shall have 100 Dutch dollars : 142 dollars = 950 : 
the fourth teraa, 1349 dollars of Berlin. Let us, lastly, past 
to the ducats, and say 3 dollars : 1 ducat = 1349 dollars : • . . . 
Answer^ 449| ducats. 

426. In order to render these calculations still more complete^ 
let us suppose that the Berlin banker refuses, under some pre- 
text or other, to pay this sum, and to accept the bill of exchange 
without five per cent, discount ; that is, paying only 100 instead 
of 105. In that case, we must make use of the following pro- 
portion ; 105 : 100 = 449| : a fourth term, which is 428J4 
ducats. 

427. We have shewn that six operations are necessary, in 
making use of the Rule of Three ; but we can greatly abridge 
those calculations^ by a rule, which is called the Rule of Beduc* 
Uon. To explain this rule, we shall first consider the two 
antecedents of each of the six operations. 

I. 2 rubles : 95 stivers. 

II. 20 stivers : 1 Dutch flor. 

lU. 5 Dutch flor. : 2 Dutch doll. 

IV. 100 Dutch doll. : 142 dollars. • 

y. 3 dollars : 1 Ducat. 

YI. 105 ducats : 100 ducats. 

If we now look over the preceding calculations, we shall ob- 
servof that we have always multiplied the given sum by the 
second terms, and that we have divided the products by the 
first ; it is evident therefore^ that we shall arrive at the same 
Eul. Alg. 18 
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reBttltSy bjr muUiplyingy at once^ the sum proposed by the pro- 
duct of all the second terms, and dividing by the product of all 
the first terms. Or, which amounts to the same things that we 
have only to make the following proportion $ as the product of 
all the first terms is to tlie product of all the second terms» so is 
the given number of rubles to the number of ducats payable at 
Berlin. 

428. This calculation is abridged still more, when amongst 
the first terms some are found that have common divisors with 
some of the second terms; for^Nin this case, we destroy those 
terms, and substitute the quotient arising from the division by 
that common divisor. The preceding example wiU^ in this 
manner, assume the following form.* 

l^^jf stiv. 1000 rubles* 
.1^ Dutch ftor. 
>e Dutch dollars. 
142 dollars. 

^ ducat. 
/,])yl/ ducats. ' 



Rubles /. 

/• 

100. 
3. 

;d^2i. 



63 



\^ : 2698 :=: lQf(fl i'-^ 

7) 26980. 



9) 3854 (2 

428 (2. Mswetf 428|-f ducats. 

429. The method, which must be observed, in using the rule 
of reduction, is this | we begin with the kind of money in ques- 
tion, and compare it with another, which is to begin the next 
relation, in which we compare this second kind with a third> 
and BO on. Each relation, therefore, begins with the same kind> 
as the preceding relation ended with. This operation is con- 
tinued, till we arrive at the kind of money which the answer 
requires i and, at the end, we reckon the fractional remainders. 

• Divide the Ist and 9th by 2, the 3d and 12th by 20, the 5th and 12th 
(which is now S) by S, also the 2d and 11th by $• . 
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430. Other examples are added to facilitate ilie practice of 
this calculation. 

If ducats gain at Hamburg 1 per cent, on two dollars banco ; 
that is to say, if 50 ducats are worth* not 100, but 101 dollars 
banco ; and if the exchange between Hamburg and Konigs- 
berg is 119 drachms of Poland ; that is, if 1 dollar banco gives 
119 Polish drachms, how many Polish florins will 1000 ducats 
give ? 

30 Polish drachms make 1 Polish florin. 
Ducat 1 : ^doH. B^ 1000 due. 

101 doll. B^ 
119 Pol. dr. 
I Pol. flor. 



#50 

1 
30 



ISjifj/ : 1S019 = 196)/ due. 



V 



3) 120190. 
5) 4O0t53 (1. 

•■^■^■■■■■■■•■■■■■■■■■iM 

8012 (3. Jlnswer, SOl^ P. fl. 

431. We may abridge a little further, by writing the number, 
which forms the third term, above the second row ; for then the 
product of the second row, divided by the product of the first 
row, will give the answer sought.' 

Question. Du6ats of Amsterdam are brought to Leipsick^ 
having in the former city the value of 5 flor. 4 stivers current j 
that is to say, 1 ducat is worth 104 stivera, and 5 ducats ane 
worth 26 Dutch florins. If, therefore, the agio of the bank^ at 
Amsterdam is 5 per cent., that is, if 105 currency are equal to 
100 banco, and if the exchange from Leipsick to Amsterdam, 
in bank money, is 33^ per cent that is, if for 100 dollars we 
pay at Leipsick 133^ dollars; lastly, 2 Dutch dollars making 
5 Dutch florins ; it is required to find how many dollars we 
must pay at Leipsick, according to these exchanges, for 1000 
ducats? 

* The difference of value between bink money and current money. 
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du^cats. 



£# 



Dueats 5^ : 26 flan Dutch curr. 

1^ £1 : 4, 9^ l^flDf. Dutch banco. 

^ ^' ^ 533 doll, of Leipsick. 

: ^ doU. banco. 



7 



21 : 3) 55432 (1, 



7) 16477(4. 
2639. 

Aiuwer, 2639^| doUars^ or 2639 dollars and 15 drachms. 

CHAPTER IX. 

m 

Of Compound Relations. 

432. CosiFotTKB KBI.ATIONS are obtained, by multiplying the 
terms of two or more relations, the antecedents by the antece-. 
dents, and the consequents by the consequents; vie say then, 
that the i*elation between those two products is compounded of 
the relations given. 

Thus, the relations aib, c : d, e : f, give the compound rela- 
tion ace : 6d/* 

433. A relation continuing always the sam^, when we divide 
both its terms by the same number, in order to abridge it, we 
may greatly facilitate the above composition by comparing the 
antecedents and the consequents, for the purpose of making 
sach reductions as we performed in the last chapter. 

For example, we find the compound relation of the following 
given relations, thus ; 

* Each of these three ratios is said to be one of the r§§u of the compound 
rati*. 
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Relations given. 
12 : 25, 28 : SS, and 55 -. 56» ' 

rf,)|$2 : 5,//. 

2 : 5. 
So that 2 : 5 is the compound relation required. 

434. The same operation is to be performed, when it is re- 
quired to calculate generally by letters ; and the most remark- 
able case is that, in which each antecedent is equal to the 
consequent of the preceding relation. If the given relations are 

a : b 

b : c 

c : d 

die 

e : a 
the compound relation is 1 : 1. 

4S5. The utility of these principles will be perceived, when 
it is observed, that the relation between two square fields is 
compounded of the relations of the lengths and the breadths. 

Let the two fields, fur example, be A and B ; let A have 500 
feet in length by 60 feet in breadth, and let the length of B be 
360 feet, and its breadth 100 feet ; the relation of the lengths 
will be 500 : 360, and that of the breadths 60 : 100. So that 
we have 

5 : 6,/i 




5:6/ 
Wherefore the field A is to the field B, as 5 to 6. 

436. Another example. Let the field A be 720 feet long, 88 
feet broad ; and let the field B be 660 feet long, and 90 feet 
broad ; the relations will be compounded in the following man- 
ner. 
Relation of the lengths, ///^^ • ^^f^^ 

Relation of the breadths, Jijt, ^,^ : pp 

Relation of the fields A and B, 16 : 15. 
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437. Further^ if il be required to compare two chambers with 
respect to the space, or contents, we observe that that relation 
is compounded of three relations ; namely, of that of the 
lengths, that of the breadths, and that of the heights. Let there 
be, for example, the chamber A, whose length =c 36 feet, breadth 
= 16 feet, and height ±= 14 feet, and the chamber B, whose 
length = 42 feet, breadth = M feet, and height = 10 feet ; we. 
shall have these three relations ; 

For the length ifj( ; f^^. 
For the breadth Tpf^^ : f,fj(. 
For the height 1^2 : 5, /jK 

4 : 5 

So that the contents of the chamber A : contents of the cham- 
ber B, as 4 : 5. 

438. When the relations, which we compound in this manner, 
are equal, there result multipllcate relations. Namely, two 
equal relations give a duplicate ratio or ratio of the squares; 
three equal relations produce the .triplicate ratio or ratio of the 
cubes, and so on, for example, the relations a : 6 and a : b give 
the compound relation aaibb; wherefore we say, that the 
squares are in the duplicate ratio of their roots. And the ratio 
a : b multiplied thrice, giving the ratio a' : 6^, we say that the 
cubes are in the triplicate ratio of their roots. 

439* Geometry teaches, that two circular spaces are in the 
duplicate relation of their diameters ; this means, that they are 
to each other as the squares of their diameters* 

Let A be a circular space having the diameter = 45 feet, and 
B another circular space, whose diameter = 30 feet; the first 
space will be to the second, as ji5 x 45 to 30 x 30 ; or^ com- 
pounding these two equal relations, 

9:4. 
Wherefore the two areas are to each other as 9 to 4, 

440. It is also demonstrated, that the solid Contents of spheres 
are in the ratio of the cubes of the dis^neters. Thusy the diame^ 
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^ ter of ft ^obe A, being 1 foot, and the diameter of a glo£e B^ 
being d feet, the solid contents of A will be to tl|^ of B^ as 
1* : 2» ; or, as 1 to 8. 

If therefore, the spheres are formed of the same substance^ 
the sphere B will weigh 8 times as much as the sphere A. 

441. It is evident, that we may, in this manner, find tbft 
weight of cannon balls, their diameters, and the weight of one^ 
being given. For example, let there be the ball A, whose 
diameter = 2 inches, and wtij^ht = 5 pounds ; and, if the 
weight of another ball he required^ whose diameter is 8 inches^ 
we have this proportioii, 2^ : 8^ ra 5 to the fourth term, 320 
pounds, which gives the weight of the ball B. For another ball 
C, whose diameter = 15 inches, we should have, 

2' : 15> = 5 : • . . .Mswer, 2]09| lb. 

a c • 

442. When the ratio of two fractions, ^ -r ^ 7-9 is rewire 

ed, we may always express it in integer numbers ; for we have 
only to multiply the fractions by b d, in order to obtain the 
ratio adibCf which is equal to the other ; from which results the 

proportion -7 : ^ = a d : b c. If, therefore, ad and b c have com- 
mon divisors, the ratio may be reduced to less terms. Thus, 
li • If = 1* >^ 36 : 24 X 25 = 9 : 10. 

443. If we wished to know the ratio of the fractions — and -? • 

a 

1 1 
it is evident, that we should have— : -r^ b la; which is ex- 

pressed by saying, that two fractions, which have unity for their 

numerator, are in the reciprocal, or inverse ratio of their d^omt- 

nators. The same may he said of two fractions, which have any 

c c* 
eammon numerator; for — : -7 = 6:0. But if two fractions have 

a h 
ihdr denominators equalf as — : —, they are in the direct ratio of 

c c 

the numerators ; namely, as a : fr. Thus, | : -/y = ^^^ : ^\. = 6 : 3 
= 2:1, and V *• V = ^^ '• 1^> or, = 2 : 3. 

444. It is observed, that in the free descent of bodies, a body 
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falls 16=t^ feet in a second, that in two seconds of time it falls 
64 feety and^ittiat in three seconds it falls 144 feet; hence it is 
eoncludedf that the heights are to one another as the squares 
of the times; and that, reciprocally, the times are in the sub- 
duplicate ratio of the heights, or as the square roots of the 
heiglits. 

If, therefore, it be required to find how long a stone must 
take to fall from the height of 2304 feet ; we hare 16 : 2304 = 1 
to the square of the time sought. So that the square of the time 
sought is 144; and, consequently, the time required is 12 seconds. 

445. It is required to find how far, or through what height, 
a stone will pass, by descending for the space of an hour ; that 
is, S600 seconds., We say, therefore, as the squares of the times, 
that is, 1* : 3600* ; so is the given height =16 feet, to the 
height required. 

1 : 12960000 =: 16 : • . • . £07360000 height required. 
16 



rrreoooo 

1296 



2073b0000 

If we now reckon 19200 feet for a league, we shall find this 
height to be 10800 ; and, consequently, nearly four times greater 
than the diameter of the earth. 

446. It is the same with regard to the price of precious stones, 
which are not sold in* the proportion of their weight; every 
body knows that their prices follow a much greater ratio. The 
rule for diamonds is, that the price is in the duplicate ratio of 
the weight, that is to say, the ratio of the prices is equal to the 
square of the ratio of the weights* The weight of diamonds is 
expressed in carats, and a carat is equivalent to 4 grains ; if, 
therefore, a diamond of one carat is worth 10 livres, a diamond 
of 100 carats will be worth as many times 10 livres, as the 
square of 100 contains 1 ; so that we shall have, according to 
the rule of three, 

* 15 is used in the original, as expressing the descent in Paris feet. It is 
here altered to English feet 
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1» : 100«=: lOlivrtSi 
OR 1 : lOOQiO =7 10 ; <» • . • MsU^er, 100000 livres. 
There is a diamond in PortugaU which weighs 1680 carats ; its 
price will be found, therefore, by making 
1« : 1680* = 10 liv : . . . . or 
1 : 38£2400 = 10 : 28224000 liv. 
447. The posts or mode of travelling in France furnish exam* 
pies of compound ratios, as the price is according to the com« 
pounfl ratio of the nuu^ber of horses^ and the number of leagues^ 
or postst For exaipple, one hoi*se costing 20 sous pi^r post, it 
is required to find how much is to be paid for 28 horses and 4^ 
posts. 

We write first the ratio of honses, 1 : 28^ 

Under this ratio we put thAt of the stages or posts, 2 : 9^ 



And, compounding the two ratios, we have 2 : 252, 

Or, 1 2*126 = ] livre to 126 francs or 42 crowns. 
Jhiother qitestUm. If I pay a ducat for eight horses, for d 

German miles, how much roust I pay for thirty horses for four 

miles 7 The calculation is as follows : 

/ - / . . 

1 : 5^ =: 1 ducat : the 4th term, which will be 

5 ducats. 
448. The same composition occurs, when workmen are to be 
paid, since those payments generaHy follow the ratio compound- 
ed of the number of workmen, and that of the days whijch they 
. have been employed. 

If, for example, 25 sous per day be given to one mason, and 
it is required to find what must be paid to 24 masons who have 
worked for 50 days ; we state this calculation ; 
1 : 24 
1 : 50 



1200 = 25 : . • • • 1500 francs. 
25 



fi0)S0000(1500. 

JStt/. Mg. 19 
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As, in such examples, five IhingB are gtveiif tlie ruk^ which 
serves to resolve tbem^ is sometimes called^ in books of arith- 
metic, The Rule of Five. 



CHAPTER X. 

Of Oeonutrical ProgresrioM* 

449. A sBUSs of numbers, which are always becoming a 
certain number of times greater or less, is called a geometrical 
progression, because each term is constantly to the following one in 
the same geometrical ratio. And the number which expresses 
how many times each term is greater than the prece^ng, is 
called the eoDp&nenU Thus, when the first term is 1 and the 
exponent = 2, the geometrical progression becomes. 

Terms 1834567 89 &c. 

Prog. 1,2, 4, 8, 16, S2, 64, 1£8, 256, &c. 
the numbersf 1, 2, 3, &c. always marking the place which each 
term holds*in the progression. 

450. If we suppose, in general, the first term = a, and the 
exponent = ft, we have the following geometrical progression ; 

1, 2, 3, 4, 5, 69 7, 8 • ... 91 
Prog, a, ab, a 6*, aft*, aft*, aft', aft*, a ft^ • . • • a ft*~^ 
So that, when this progression consists of n terms, the last 
term is = a ft"^^ We ^ust remark bene, that if the exponent ft 
be greater than unity, the terms increase continually ; if the ex- 
ponent ft = 1, the terms are all equal ; lastly^ if the exponent 6 
be less than 1, or a fraction, the terms continually decrease. 
Thus, when a =r 1 and ft = ^, we have this geometrical progres* 
sion ; 

11111 1 1 1. Aj*^ 

451. Here therefore we have to consider ; 

I. The first term, which we have called a. 
II. The exponent, which we call ft. 
III. The number of terms, which we have expressed by it. 
lY. The last term, which we have found = a ft"~'\ 
So that, when the three first of these are given, the last term is 
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fonnd, bj midtiplyiiig the n — 1 power otb, or t^\ by the first 
term a. 

It, therefore^ the 50th term of the geometrical progression 
I9 2f 4, B, &c. were required, we should have a s= 1, b = 2, and 
n = 50 ; consequentiy the 50th term = 2** *• Now £' being = 512 ; 
2*« will be = 1024. "Wherefore the square of 2*«, or 2««, =r 
1048576, and the square uf this number, or 1099511627776 = 
£*<>• Multiplying therefore this value of 2*** by 2», or by 512, 
we have d**' equal to 562949953421312. 

452. One of the principal questions, which occurs on this 
subject, is to find the sum of all the terms of a geometrical pro- 
gression ; we shall therefore explain the method of doing this* 
Let tfaene be given, first, the following progression, consisting of 
ten terms; 

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 

the sum of which we shall represent by s, so that 5 = 1 + 2 + 
4 + 8 + 16 + 32 + 64 + 128 + 256 + 512; doubling both sides, 
we shall have 2 5 = 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 + 
512 + 1024. Subtracting from this the progression represented 
by 8, there remains 8 = 1024 -^ 1 = 1023 j wherefore the sum 
required is 1023. 

453. Suppose now, in the same progression, that the number 
of terms is undetermined and = n, so that the sum in question, 
or », = 1 + 2 + 2» + 2« + 2* . . . • 2*-*. K we multifriy by 2, 
we have 2 s =: 2 + 2* +2^ + 2^ . • • • 2*, and subtracting from 
this equation the preceding one, we have s ss 2* •— .1 • We see, 
therefore, that the sum required is found, by multiplying the last 
term, 2 ^"^ by the exponent 2, in (u*der to have %% and subtract- 
ing unity from that product. 

454. This is made still more evident by the following exam- 
ples, in which we substitute successively, for n, the numbers 1, 2, 
3, 4, &c. 

l = ljl+2 = 3; 1+2+4 = 7; 1+2+4 + 8= 15; 
1+2 + 4+8 + 16 = 31; 1 + 2 +4 + 8 + 16 + 32 = 63, &c. 

455. On this subject the following question is generally pro- 
posed. A man offers to sell his horse by the nails in his shoes, 
which are in number 32 ; he demands 1 liard for the first naif. 
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8 for the secafM/4 for <^ thirds g for the foirrib, «iid b^ on, do- 
Biandiiig for each nail twice ttie price of t|ie preceding. It is 
required to find wiiat would be the price of <^ horse ? 

This question is evidently reduced to findi)^ the sum of aH 
the terms of the geometrical progression l, 2^ 4» 8, 16, &c. con« 
tiiMted to the 32d term. Now this last term is 2' ^ ; and» as we 
hare already found 2><> =: I0465r6, and S^o ss 1084, we shall 
haveS«<> X 2^« = 2«® equal to 1073741824^ and multiplytog 
again by 2^ the hist term 2^^ = 214748(^648 ; doubling there*^ 
fore this number^ and subtraoing unity from the product, the 
sam required becomes 4294967^95 Hards. These liaids maka 
107374 1823|soas^ and dividiv»gby 20, we have 53687091 livres^ 
3 SOU89 9 deniers for the sum required. 

456. i*et the exponent now be » 3, and let it be required to 
find the sum of the geometrical progression 1, 3, 9, 27,^19 243^ 
729^ consisting of 7 terms. Sup[)ose it = 3, so that 

S = 1 + 3 + 9 + 27 + 81 + 243 + 729 5 
we shall then have^ multiplying by 3> 

3 « = 3 + 9 + 27 + 81 + 243 + 729 + 21 87 ; 
and subtraoing the preceding series^ we have 2s = 2187— -1=^ 
£186. So that the double of the sum is 2186^ and consequently 
the sum required = 1093. 

457^ In the same progression, letthe number of terms =: 119 and 

the sum = s 5 so that s=i+3 + 3*+33 4.3* + . . . . S»-*. 

If we multiply by 3, we have 3 s = 3 + S> +3« +3* + . . . . 3\ 

Subtracting from this the value of s, as all the terms of it» 

except the first, destroy all the terms of the value of 3 s, except 

3"— •! 
the last, we shall have 2s=3" — 1: therefore $ = . So 

2 

that the sum required is found by multiplying the last term by 
3, subtracting 1 from the product, and dividing the remainder 
by 2. This will appear^ also^ from the following examples | 



1 = 1; 1 +3=^:1- =4; l+a+.Q.-^i- « 18 j 



1+3+9+27=3 ^^^I ^ = 40 J 1 + 3 + 9 + S7 + 81 = 

«2l!lzl = 121. 

2 
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458. Let us now suppose, gemmlljf the first Itiw ss a, the 
exponent = b, tbe number of tprms zs n, and their sum =iSfSO 
that 

9stia^ai+ai* +ab^ +ah^ +• • • .tsi"^* 
If we multi|4y by b^ we have 

h$ s= ab -f sbi' + afr^ -f* «A^ + ah' +. . •.uh*, and subtract- 
ing the above equation, there remains (6 — 1) sssai* — a; 

aft**— « a 
whence we easily deduce the sum required s = -^^ . Cotise^ 

qucnUyytke mm of any geometrical progression is fmnd by muUU 
piffii^ the iast term by tie exponent (f the progremon, snbtractif^ 
the first term from the product, and dividing the remainder by the 
exponent mims imity. 

450. Let there by a geometrical progression of seren terms, 
of which the first =: S; and let the exponent be s 2 ; we shall 
then have a =s 3, k =;: 2, and »sz7 ; wherefore the last term = 
3x2^,or3x64&= 192; and the whsle progression will be 

3, 6, 12, 24, 48, 96, 192. 

Further, if we multiply the last term 192 by the exponent 2, 
we have 384; subtracting the first term there remains 331 ; 
and dividing this by 6 — 1, or by J, we have 381 for the sum of 
the whole progression. 

460. Again, let there be a geometrical progression of six 
terms ; let 4 be the first, and let the exponent be = |. The 
progression is 

A ft Q %7 11243 

If we multiply tHis last term '4^ ^Y ^he exponent |, we shall 
have y/ ; the subtr action of the first term 4 leaves the remain- 
der ^^y', which divided by 6 -* 1 = |, gives •!* = 83| 

461. When the exponent is less than 1, and consequently, 

when the terms of the progression continually diminish, the sum 
of such a decreasing progression, which would go on to infinity, 
may be accurately expressed. 

For example, let the first term = 1, the exponent = ^9 and 
the sum = s, so that 

« = 1 + T + I + T + T ir + A + A + &c. 
ad infinitum. 
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If we mdtiidy by fi^ we have 

s « = B + i + J + 1 + tV + A + &c . 

ad infinituin. 

And, sabtracting the precedmg progregsidn, there remains 
s =c 2 for the gum of the proposed infinite progression. 

46£. If flie first term s= 1, the exponent = ^9 and the sum 
= s ; so that 

« = 1 + 1 + j 4. 3iV + TT + ^- ^^ infinitum. 
Multiplying the whole by S, we have 

3 « = 3 + 1 + 1 + » + ,V + &c. ad infinitum j 
and subtracting the value of s, there remains £ s = 3 ; wherefore 
the stiln 8 = 1^. 

463« Let there be a progression, whose sum = s, first term 
= S, and exponents I; so that«=: 2 +| + » + *| + ^y| + 
&c. ad infinitum. 

Multiplying by 4, we have 4 « = | + « + f + 1 + 1} + ,.% 
+ &c. ad infinitum, Subti*acting now the progression s, there 
remains | s = | ^ wherefore the sum required = 8* 

464. If we suppose^ in general, the first term « a, and the 

exponent of the progession = — , so that this fraction may he 

less than 1, and consequently c greater than b; the sum of the 

progression carried on, ad infinitum, will be found thus ; 

„ , . aft . aft* aft« aft* 

Make s = fl+— + — +_.+ _^ + &c. 

c cc ^^ c^ 

Multiplying by — , we shall have 

c 

b ab ah^ ab^ aft* ' , • ^ . 

~«= — +-^ + ^ + _ + &c. ad infinitum. 

And, subtracting this equation from the preceding, there re- 
mains ( 1 •— ^ ) s = a. 

Consequently 8 = r^ 

If we multiply both terms of this fraction by c, we have 
8=i — 7* The sum of the infinite geometrical progression 



Cha|i. 10* SoHn and FrcparHan* 15i 

proposed is^ therefore^ found by di?idiBg ilie first term a by 1 
minus the exponent^ or by multiplying the first term a by the 
denominator of the exponent^ and dividing the product by the 
same denominator diminished by the numerator of the exponent. 
465« In the same manner, we find the sums of progressions^ 
the terms of which are alternately affected by the signs + and 
— ^ Let for example, 

ab ah* aft* oft* ^ 
c c' c* ^ c* 

Multiplying by —, we have 

c 
ft ab ab* ab* flft* .^ 
c c c* e* c* 

And, adding to this equation to the preceding, we obtain (1 +— ) « 

a 

:= a. Whence we deduce the sum required • =s yIlV ^^ * = 
lie "c 



c + ft* 

466« We see, then, that if the first term a =: |, and the expo^ 
nent = |, that is to say » ft = d and c = 5, we shall find the sum 
of the progression | + ,«y + ^^j + ^y + &c. = 1 5 since, by 
subtracting the exponent from 1, there remains ^^ and by divid- 
ing the fii'st term by that remainder, the quotient is 1. 

Further, it is evident, if the terms be alternately positive and 
negative, and the progression assume this form ; 

r HT'r TIT ^ T J 7 + ^^' 
the sum will b6 



e 
467* Another eocampU. Let there be proposed the infinite 
progression. 

The first term is here ^'7, and the exponent is ^V. Subtract- 
ing this last from 1, there remains y'^, and, if we divide tlie 
first term by this fraction, we have ^ for the sum of the given 
progression. So that taking only one term of the progression^ 
namely j'^, the error would be -^V* 
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Taking two term fV + tIt = i%ir» ^^^^^ ^^^ ^^1 b« 
wanting ^ ^ to imke the sum = |» 

468. JInother eo^ampte. Let there be given the iofinito pro* 
gressioDf 

9 + tV + Tvir + ttVt + ttrvTir + &c. 
The first term is % tbe^^xponent is ^^. So that 1^ minies the 

9 

exponent^ = ^^ ; andX = 10 the sum required. 

This series is expressed by a decimal fraction^ thus 959999999f 



CHAPTER XI. 

Of Infinite Decimal Fradions. 

469. It will be very necessary to ahew how a vulgar fraction 
may be transformed into a decimal fraction ; and^ conversely^ 
how we may express the value of a decimal fraction by a vulgar 
fraction. 

a 

470. Let it he required^ in generdf to change thefracUon —^ into 

a decimal Jraction ; as this fraction eocpresses the quotient of the 
division of the numerator a by the denominator b, let us writCf 
instead of 9L,the quantity a»0000000> whose value does not at all 
differ from that of a^ since it contains neither tenth parts, nor hun- 
dredth parts f ^c. Let us iwrw divide this quantity by the number h, 
according to the common rules of division^ observing, to put the point 
in the proper place, which separates the dedmal and the integers. 
This is the whole operation^ which .we shall illustrate by some 
examples. 

Let there be given first the fraction ^^ the divisicm in deci- 
mals will assume this form^ 

&) 1,0000000 _ 1 
0.5000000 "" J* 

Hence it appears, that | is equal to 0,5000000 or to 0,5 ; 
which is sufficiently evident, since this decimal fractioi( repre- 
sents -Z^, which is equivalent to |. 



J 
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47U Let I be the given fraction^ and we bave^ 

9) 1,0000000 ^ _^ 
0,3333333 ^* ""S * 

This sbeWBy that the decimal fraction, whose yalae ia =3 1* 
cannot, strictly^ ever be discontinued, and that it goes on ad 
infinitum, repeating always the number 3. And, for this reason, 
it has been already shewn, that the fractions ^% + ^|^ 4. j^^ 
+ TvlTTir ^* ^d inflnitim, added together, make |. 

The decima) fraction, which expresses the value of |, is also 
continued ad infinitum; forwe h^e, 

3) £,€000000 ^ _£ 
0,6(k)6t)6() 3* 

And besides, this is evident from what we have just said, 
because f is the double of ^. 

472. If ^ be the fraction piroposed, we have 

4) 1,0000000 g^ _2 

0,2500000 ^ — T 

So that 4 is ^nal to 0,2500000, or to 0,25 ; and this is evi- 
dent, since ^V + t*t = tW = h 
In like manner, we should have for the fraction |, 

4) 3,0000000 _ 3 

0,7500000 "^4** ' 

So that I = 0,75 ; and in fact -^ + ^4^ = ^Vt =^ I- 

Tiie fraction ^ is changed into a decimal fraction, by making 

4) 5,0000000 _ 5 
1,2500000 '^ 4* 

Nowl+7VV=i- 

473. In the same manner, | will be found equal to 0,2 j | = 

0,4; 4 = 0,6; 1 = 0,8; | = 1; | = 1,2, &C. 
. When the denominator is 6, we find | = 0,1666666, &c. which 
is equal to 0,666666 — 0,5. Now 0,666666 = |, and 0,5 = |, 
wherefore 0,1666666 = | — | = j.. 

We find, also, f = 0,333333, &c. = ^ ; but | becomes 
0,5000000 = |. Further, | = 0,833333 = 0,333333 + 0,5, 
that is to say, 4 + 1 = |. 

474. When the denominator is 7, the decimal fractions be- 
come more complicated. For example, we find | = 0,142857, 
however it must be observed, that these six figures are repeated 

Evl. dig. 20 



154 Jllgelra. Sect. S. 

continually. To be convinced, therefore, tbat this decimal 
ft-action precisely expresses the value of ^f we may transform it 
into a geometrical progression, whose first term is = ^yy>*«/^ 
and the exponent = •nrirV?r77 9 ^°^» consequently, the sum 

(art. 464) = ■ I'oVoWo (niultiplying both terms by 1000000) 

— 149857 1 

475. We may prove, in a manner still more easy, that the 
decimal fraction which we have found is exactly = y ; for sub« 
9titut]ng for its value the letter s, we have 

8 = 0,142857142857 14285r, &C. 

10 S =; 1, 42857142857142857, &C. 

lOa S = 14, 2857142857142857, &C. 

1000 s = 142, 857142857142857, &C. 

10000 9 = 1428, 57142857142857, &C. 

100000 8 = 14285, 7142857142857, &C. 

1000000 8 = 142857, 142857142857, &C. 

Subtract s= 0, 142857142857, &c. 



999999 8 = 142857. 

And, dividing by 999999, we have 8 = i4||f|^ = |. Where- 
fore the decimal fraction, which was made = «, is = 4-* 

476. In the same manner | may be transformed into a deci. 
mal fraction, which will be 0,28571428, &c. and this enables us 
to find more easily the value of the decimal fraction which we 
have supposed = s ; because 0,28571428 &c. must be the double 
of it, and, consequently, == 2 s. For we have seen that 

100 8 = 14,28571428571 &c. 

So that subtracting 2 s = 0,28571428571 &c. 

there remains 98 s = 14 
wherefore s = || =i 4, 

We also find 4 == 0,42857142857 &c. which, according to our 
supposition, must be = 3 s j now we have found that 

10 « = 1,42857142857 &c. 
So that subtracting Ss=: 0,4285714f857 &c. 

we have 7 s = 1, wherefore « == |. 
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477. When a proposed fraction^ therefore5 has the donomina- 
tor 7, the decimal fraction is iufinite5 and 6 figures are con- 
tinually repeated. The reason is, as it is easy to perceive^ that 
vrhen we continue the division we must return, sooner or later, 
to a remainder which we have had already. Now, in this divis- 
ion, 6 different numbers only can form the remainder, namely, 
1, 2, 3, 4, 5,6; so that, after th6 sixth division, at furthest, the 
same figures must return ; but when the denominator is such as 
to lead to a division without remainder, these cases do not 
happen. 

478. Suppose, now, that 8 is the denominator of the fraction 
proposed ; we shall find the following decimal fractions ; 

i = 0,125 J I = 0,25 ; | = 0,375 ; 4 = 0,5 ; | = 0,625 ; 
fr= 0,75 ,• I = 0,875 ; &c. 

If the denominator be 9, we have ^ = 0,111 ice. J = 0,224 
&c. I = 0,333 &c. 

If the denominator be 10, we ^^ = ^>1 5 tV = ^>^ 9 tv = 
0,3. This is evident from the nature of the thing, as also that 
^^^ = 0,01 ; that yVV = 0,37; that ^%%% = 0,256 ; that „*^v 
= 0,0024 &c. 

479. If 11 be the denominator of the given fraction, we shall 
have ^ = 0,0909090 &c. Now, suppose it were required to 
find the value of this decimal fraction ; let us call it s, we shall 
haves= 0,090909, and 10 s = 00,909090} further, 100 s = 
9,09090. If, therefore, we subtract from the last the value of s, 
we shall have 99 « = 9, and consequently s = \\ = ^j. We 
shall have, also, ^\ = 0,181818 &c. ; ^\ = 0,272727 &c. ; ^\ = 
0,545454 &c. 

480. There is a great number of decimal fractions, therefore, 
in which one, two, or more figures constantly recur, and which 
continue thus to infinity. Such fractions are curious, and we 
shall shew how their values may be^easily found. 

Let us first suppose, that a single figure is constantly repeat- 
ed, and let us represent it by a, so that s = 0,aaaaaaa. We have 

10 5 = atoaaaaaa 
and subtracting s = O^aaaaaaa 



we have 9 < ss a ; wherefore « = -§• 
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When two figures are r^eated^ as a fr^ we have s =;= O/ibababa. 
Therefore 100 « «= abfObabab } and if we subtract s from it, ther« 

a h 

remains 99 s = a ft ; consequently s=i ^. 

Wben three figures^ as a 5 c^ are found repeated^ we have 

^ a Oydbcabcabc; consequently^ 1000 s::^aAc,abcabc; and sub- 

ifact s from .it, there remains 999 9 =iabc; wherefore «=? 

abe - 

§59 » and so on. 

Whenever, therefore, a decimal fraction of this kind occurs^ 
it is easy to find its value* Let there be given^ for example^ 
0,296296, its value will be f || = y^y» dividing both terms by £7^ 

This fraction ought to give again the decimal fraction pro- * 
posed ; and we may easily be convinced that this is the rea| 
^result, by dividing 8 by 9, and then that quotient by 3, because 
sr = 3 X 9. We have 

9) 8,0000000 
3) 0,8888888 

0,296296S, &c. 

which is the decimal fraction that was proposed. 

481. We shall give a curious example by changing the frac- 
tion 7— r — - — 7— ~ — s — ^ ' ^ ■■ ' ,; — ;7;tintoa depimal firaG«> 

1 X^X3x4x5x6x7x8x9x 10' 

tion* The opor^^tion is as follows. 

2) 1,00000060000000 



'F" ■ < ' 



3) 0,50000000000000 

4) 0,16666666666666 

5) 0,04166666666666 

6) 0,00833333333333 
r) 0,00138888888888 
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I B) 0^00019841269841 

9) 0,00002480158730 

10) 0,00000275573192 

0,00060027557319. 



SECTION IV. 



OF ALGEBRAIC EQUATIONS, AND OF THE RESOLUTION OF THOSE 

EQUATIONS. 



CHAPTER I. 

Ofiht Sclution of Problems in generaU 

ABTICUS 482. 

Jl HE principal object of Algebra^ as well as of all the parts 
of Mathematics, is to determine the value of quantities which 
were before unknown. This is obtained by considering atten- 
tively the conditions given^ which are always expressed in 
known numbers. For this reason Algebra has been defined, 
!I%e science which teaches how to detennine unknown quantities by 
means qf known quantities. 

483. The definition, which we have now given, agrees with all 
that has been hitherto laid down. We have always seen the 
knowledge of certain quantities lead to that of other quantities, 
which before might have been considered as unknown. 

Of this, addition will readily furnish an example. To find 
the sum of two or more given numbers, we had to seek for an 
unknown number which should be equal to those known num- 
bers taken together. 

In subtraction we sought for a number which should be equal 
to the difference of two known numbers. 

A multitude of other examples are presented by multiplica- 
tion, division, the involution of powers, and the extraction of 
roots. The question is always reduced to finding, by means 
of known quantities, another quantity till then unknown. 

484. In the last section also, different questions were resolved, 
in which it was required to determine a number, that could not 
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be deduced from the knowledge of other given nombers^ 'except 
under certain conditions. 

All those questions were reduced to finding, by the aid of 
some given numbers, a new number which should have a certidn 
connexion with them ; and this connexion was determined by 
certain conditions, or properties, which were to agree with the 
quantity sought. 

485. When we have a question to resolve, we represent the fmm- 
her sought by one of the last letters of the alphabet, and then con^ 
sider in what manner the given conditions can form an equality 
between two quantities. This equality, which is represented by 
a kind of formula, called an equation, enables us at last to deter- 
mine the value of the number sought, and consequently to resolve 
the question. Sometimes several numbers are sought; but 
they are found in the same manner by equations. 

486. Let us endeavour to explain this further by an example. 
Suppose the following question, or problem was proposed. 

Twenty persons, men and women, dine at a tavern ; the share 
of the reckoning for one man is 8 sous,"^ that for one woman Is 
7 sous, and the whole reckoning amounts to 7 livres 5 sous ; 
required, the number of men, and also of women 7 

In order to resolve this question, let us suppose that the num* 
her of men is = a? ; and now considering this number as known, 
we shall proceed in the same manner as if we wished to try 
whether it corresponded with the conditions of the .question. 
Now, the number of men being = x, and the men and women 
making together twenty persons, it is easy to determine the 
number of the women, having only to subtract that of the men 
from £0, that is to say, the number of women = 20—^0?. 

But each man spends 8 sous ; wherefore x men spend 8 x sous. 

And, since each woman spends 7 sous, flO-^x women must 
sp6nd 140 — Tx sous. 

So that adding together 8 x and 140 — 7x, we see that the 
whole £0 persons must spend 140-(-a? sous. Now, we know 
already how much they have spent; namely, 7 livres 5 sous, 
or 145 sous ; there must be an equality therefore between 140 

• A sous is 'Jj^ of a lirre ; a livrc J- of a crown, or 17 cents 6 mUU, 



160 Sgehra. Sect 4^ 

+ X and 145 ; that is to say, we have the equation 140 + op = 
145, and thence we easily deduce x=:5. 
So that the company consisted of 5 men and 15 women. 

487. Another question of the same kind. 

Twenty persons^ men and women, go to a tavern ; the men 
ipend S4 florins, and the women as much ; but it is found that 
each man has spent 1 florin more than each woman* Required^ 
the number of men and the number of women ? 

Let the number of men = a;. 

That of the women will be = 20 — x. 
T7ow these x men having spent £4 florins, the share of each 

man is — florins. 

X 

Further, the 20 — x women having also spent 24 florins^ the 

24 
share of each woman is florins. 

20 — it 

But we know that the share of each woman is one florin less 
than that of each man ; if, therefore, we subtract 1 from the 
share of a man, we must obtain that of a woman ; and conse* 

24 24 

quently 1 = ^r^^ • This, therefore, is the equation from 

^ 0? 20— J? 

which we are to deduce the value of x. This value is not found 

with the same ease as in the preceding question ; but we shall 

soon see that or = 8, which value corresponds to the equation ; 

for y i— . 1 = II includes the equality 2 = 2. 

488. It is evident how essential it is, in all problems, to con- 
sider the circumstances of the question attentively, in order to 
deduce from it an equation, that shall express by letters the 
numbers sought or unknown. After that, the whole art consists 
in resolvitig those equations, or deriving from them the values 
of the unknown numbers $ and this shall be the subject of the 
present section. 

489. We most remark, in the first place, the diversity which 
subsists among tlie questions themselves. In some, we seek 
only for one unknown quantiy i in others, we have to find two, 
or more ; and it is to be observed, with regard to this last case, 
that in order to determine them all, we must deduce from the 
cireums'tahces, or the conditions of the problem, as many equa- 
tions as there are unknown quantities. 
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. 490. It must have already been perceived, that an equation 
consists of two parts separated by the sign of equality, =, to 
shew that those two quantities are 'Cqual to one another. We 
are often obliged to perform a great number of transformations 
on those two parts, in order to deduce from them the value of 
the unknown quantity ; but these transformations must be all 
founded on the following principles ; that two quantities remain 
equal, whether we add to them, or subtract from them equal qiianti- 
ties ; whether we muUiply them, or divide them by the same num^ 
her ; wliether we raise them both to the same power, or extract 
their roots of the same degree. 

491. The equations, which are resolved most easily, are those 
in which the unknown quantity does not exceed the first power, 
after the terms of the equation have been properly arranged ; 
and we call them simple equations, or equations of the first degree. 
But if, after having reduced and ordered an equation, we find in 
it the square, or the second power of the unknown quantity, it 
may be called an equation of the second degree, which is more 
difficult to resolve. 



CHAPTER II. 

C^the Resolution of Simple Expiations, or Equations of the first 

degree. 

492. When the number sought, or the unknown quantity, is 
represented by the letter or, and the equation we have obtained 
is such, that one side contains only that x, and the other simply 
a known number, as for example, x = 25, the value of x is 
already found. We must always endeavour, therefore, to 
arrive at such a form, however complicated the equation may 
be when first formed. We shall give, in the course of this 
section, the rules which serve to facilitate these reductions. 

493. Let us begin with the simplest cases, and suppose, first, 
that we have arrived at the equation ar-(-9 = 16; we see imme- 
diately that 07 = 7. And, in general, if we have found x + a 
= b, where d and ( express any known numbers^ we have only 

Evl. Mg. 21 
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to sabtniet a from both sides^ to <ibtiiii the oqpiatioB a(c= ft-— a^ 
vhich indicates the value of x. 

494* If the equation which we have fbnnd isx-^a^si^ wo 
add a to both sides, and obtain the value of ar =s ft -f a. 

We proceed in the sane maunert if the eqaation has this 
Jbrni, 0?— asaa+1; for wo shall have immedialelj op ?= «a 

+ « + !• . , 

In this equation, OP — Sani£0 — 6a, weind a^s^SO— 6a 

-^ 8 a, or 0?= ao -f 2 a. 

And intbis, ap + 6a:=S0-f Sa, we haveap::3c90^3a—- 6a^ 

or a? = 30 — S «. * 

495. If the original eqnatbn has this form, x-^a + hsie, 
we may begin by adding m to both sides, which will give x + 
ft =3 c -fa; and then subtracting ft from both sides, we riiaH 
find x^c+a — ft« But we might also add +a — 6 at once to 
both sides ; by this we obtain immediately a? = e 4- a -— ft. 

So in the following examples. 
If a?-^!la-f SftsO, we have or s 2a-- 3 ft. 
If OCT — 3 a + 2 ft = 25 + a + 2 ft,, we have :r ss 25 -f 4 a. 
If a; — 9 +6a=:25 -|.2a, we havea; = 34 — *4a« 

496. When the equation which we have found has the form 

o a; as ft, we only divide the two sides by a, and we ha? e x = -. 

a 

Bat if the equation has the form aos-fft — c=:d, we must first 

make the terms that accompany ax vanish, by adding to both 

sides ^^b+c; and then dividing the new equation, ax=zd — 

ft -fc, by a, we shaU have x^ "^^ 

We should have found the same value by siMracting 4. ft--« c 
from the given equation ; that is, we shoaU have had, in the 

same form, aa;=:d-— ft + c, and x = "^ . Hence, 

If 2 a; + 5 =3 1 7, we have 2 a? =5 12». andt a? sb 6* 
If 3 0?—- 8 = 7, we have 3 a; s 15, and «=: 5» 
If 4ap«^5«^Sa=s 15 -f i^a, webav»4ar=(^0 4. 12fl^and^con- 
sequenfly, a? = 5 + 3 a. 

497. When the first equation has the form - s: ft^ we multiply 
both sides by a, in order to have or = a ft* 



i 



Butif wehave- a.(-.c = d, we miist first make ~ = d — ft 

-fc; after which, we find at = (d-— ft 4-e)a=rad— >o64-0te 
Let| r-^daB4, We bafe^^^^^T^' atidarsl4. 
Let ^«-^l+Sa^d 4. a^ we hare 4 oj as 4 -^ a, and « ss 

Let -.— «l = a9 we have— ^^^ — = a + ljandar=r aa — 1* 

fl — I « — 1 

498. When we hare arrived at such an equation as -r- = c^ 
We first multiply by ft* in order to have a a: s ft c» and then divid- 
ing by a, we find a? = — . 

If ^ .^ c = d, we begin by giving the equation thid (brai '-^ 
9 h 

s d + c, after which we obtain the value ofaarssftd-f-ftc^ and 
that of OP ±s — ^ii — • 

a 

Let US suppose \x — 4 s= 1, we shall have | or ss 5, and 3 x 
= 15 5 wherefore a:= y, or 7^. 

If I O!* ^^ = 5, we have |a: = 5 — 1 = |; wherefore 3 or s:t 
18^ and a; =s 6. 

409. Let us now consider the case, which may frequently 
occurf in which two or more terms contain the letter Xy either 
on one side of the equation or on both. 

If those terms are all on the same side* as in the equation x 4. 
|ar+5 = ll,we have a; + 1 a; = 6,or ^x^ 1£, and, lastly, x^4. 

Let x + \x + \ or =44, and let the value of x be required t 
if we first miiM^ by a^ we have Ax +| ar =± 133 ; then multi- 
plying by ^f we have 11 :vs= 264 ; wherefore 07= 24. We might 
have proceeded more shortly, beginning with the reduction of 
the three terms which contain oc, to the single term V^/ ^^'^ 
then dividing the equation yx = 44 by 11, we should have 
had \Xz=zAf wherefore a? = 24. 

Letf a?-^|A:4.|a;Kly we shall have, bysedactie^ ^^x 
= 1^ and X ss 2}. 



164 JUgebra^ Sect. 4. 

Let more generally^ a 0? — bx + ex=zd; tUsis the same as 

(a — b + c) x = d, whence we derive x = ■ . 

500. When there are terms containing x on both sides of the 
equation, we begin by making such terms vanish from the side 
from which it is most easily done ; that is to say, in which there 
ai*e fewest of tbem. 

If we have, for example, the equation Sx+2=sx + lO, we 
roust first subtract x from both sides, which gives 2 a? + £ = 10 ^ 
wherefore 2 x = 8, and a: = 4. 

Ijetx + ^^^^ — a;; it isevident that ^x + 4ssZ0; and 
consequently 2 a; = 16, and a; = 8. 

Let a? + 8 = 3£ — 3 a?, we shall have 4a? + 8 = 32 : then 4x 
7= £4, ^MmI a; = 6. 

Let 15 — or = £0 — 2x, we shall have 15 +x = 20, and 

X=z5. 

lietl+x = 5 — ^Qc, weshallhave 1 -(-|a? = 5; after fliat 

|a?=:4; 3a? = 8j lastly, a7 = |=:2|., 

J' ¥ — 7^ = "I — i^9 we must, add | x, which gives | = 1 + 
^^^ x; subtracting •^, there remains ^^ a? = ^, and multiplying by 
12, we obtain 07= £• 

If l| — |a; = J+|a:,weadd|x, which gives 1| =i + Jap. 
Subtracting^, we have J. ar= IJ, whence we deduce x = l-j-\f = 
i^9 hy multiplying by 6, and dividing by 7. 

501. If we have an equation, in which the unknown number 
ri^ is a denominator, we must make the fraction vanish, by multi- 
plying the whole equation by that denominator. 

Suppo30 that we have found — ... 8 = 12, we first add 8, and 

X 

^jave : — = 20 ; then multiplying by x, we have 100 = 20 a: ; 
and dividing by 20, we find x^5. 
Let^-^±J = r. 

0?— 1 

If we multiply by a? — 1, we have 5ii? + 3 = ra? — 7. 
Subtracting 5 x, there remains 3 = 2 a; — 7. 
Adding 7, we have 2 a? = 10. Whcsrefore x = $. 
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502* SometimeBy also, radical signs are found in equations of 
the first degree. For example, a number x below 100 is re- 
quired, and such, that the square root of 100 — x may be equal 
to 8, or V(ioo— ar) = 8 ; the ^uare of both sides will be 100 
•—1 0? = 64, and adding x we have 100:^64 -fa?; whence we 
obtain or = 100 — 64 = 36. 

Or, since 100 — a? = 64, we might have subtracted 100 From 
both sides ; and we should then have had — or = — ^ 36 ; whence 
multiplying by — hxi= 36. 



CHAPTER III. 

Qf the SduUm of Questions rdating to the pr^peding diopter* 

903. (pustiaii I. To divide 7 into two such parts, that the 
greater may exceed the less by 3» 

Let the greater part := x, the less will be = 7 — x; so that 
at: = 7 — a: + 3, or a? = 10 — a:; adding x, we have 2a?= 10; 
and, dividing by 2, the result is a? = 5. 

Answer. The greater part is therefore 5, and the less is 2. 

^esOon 11. It is required to divide a into two parts, so that 
the greater may exceed the less by h. 

Let the greater part = or, the other will be a — x; so' that 

0? = a — X + b ; adding x^ we have 2 a? = a -f fr ; and dividing 

, ^ a + ft 
by2,a: = 



■^. 



3 

Another Sdulion. Let the greater part = a? ; and, as it ex- 
ceeds the less by ft, it is evident that the less is smaller thsm the 
other by ft, and therefore must be = a? •— ft. Now these two 
parts, taken together, ought to make a ; so that ^x — ft = a ; 

adding 6, we have 2 a; = a + ft, wherefore x = j" f which is" 

the value of the greater part ; that of the less will be ^LZ^ _ h, 

a + b 2ft a — ft 
or -— —, or — - — • 

2 2 2 

504. (fuestion III. A father, who has three sons, leaves them 
1600 crowns. The will specifies, that the eldest shall have 200 
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crowns nwre than tbe 8econ4» and fhat ihe second akall ha?e 
100 crowns more than the youngest. Required the share of each ? 
Let the share of the third son = x ; then^ that of the second 
irill be = or -f IOO9 and that of the fi rst ::= x + 300. Now theso 
three shares make up together 1600 crowns. We bave> 
therefore. 

Sa; + 400=&:1600 
dopsidoo 
and X ^ 400. 
Jtnswer. The share of the younie^est is 400 crowns ; that of 
the second is- 500 crowns ; and that of the eldest is 700 crowns. 

505. (fuesHon IT. A lather leaves fimr sons, and 8600 livres; 
according to the will, the share of the eldest is to be doable that 
of the second, minns 1 00 livres ; the second is to receive three 
times as much as the third, minus iOO livrrs ; and the third is 
to receive four times as much as the fourth,' minus 300 livres^ 
Required, the respective portions of these four sons. 

Let us call x the portion of the youngest ; that of the third 
son will be = 4 or — 300 ; that of the second =sl£ai;-— 1100, and 
that of the eldest = ^ a? -<- S300. The sum of these four shares 
must make 8600 livres. We have, therefore, the equation 41 a? 
— 3700 = 8600, or 4 1 a; = 1£300, and « = 300. 

^Annoer. The youngest iMust have 300 lit res^ the third son 
900, the second 2500, and the eMei^ 4900* 

506. Question. Y. A man leaves 11000 crowns to be divided 
between his widow, two sons, and three daughters.. He intends 
that the mother should receive twice the share of a son, and each 
son to receive twice as much as a dw^hter. Requredf how 
mch each of them is to reeeive 2 

Suppose the share of a daughter =5 Wf that of a son is. conse* 
^uently =: fi«,and that of the widow =4 x^ the whole inheritance 
is therefore ^x,+ 4x + 4x $ so that U cc 2 1 1 000, and x = 1000. 

Jinswer, Each daughter receives 1000 crowns. 

So that the three receive in all 3000 

Each son receives 2000 crowns. 

So that both the sons receive 4000 

And the mother receives 4000 

Sum 11000 crowns. 
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507. ^UtofiYI. A fftther intends, hj h|s wiU» tbat his 
three sons should share bis proper^ in the following manner ; 
the eldest is to receive 1000 crowns less than half the whole 
fortune ; the second is to receive SOO crowns less than the third 
of the whole property ; and the third is to have 600 crowns less 
than the fourth of the prc^erty. Required, the sum of the whole 
fortune, and the portion of each son 2 
Let us express the fortune by x. 

The share of the first son is | x — 1000 
That of the second -f ^ — « 800 

That of the third |a?— 600. 

So fliat the three sons receive in M la^+^j^+^o?— ^2400, 
and this sum must be equal to cr. 
We have, therefore, the equation 41^*-* ^^0 = a?. 
Subtrating a?, there remains, -^f x -^ S400 = 0» 
Adding 2400, we have ^^ x = 2400. Lastly, multiplying by 
12, the product is x equal to 28S00. 
Answer. The fortune cousists of 28800 crowns, and 
The eldest of the sons receives 13400 crowns 
The second 8800 

The yoangest 6600 

28S00 crowns* 
IfOS. ^ues^ion TIL A fhther leaves four sons, who share his 
property in the following manner : 
The fifst takes the half of the fortune, mimis SOOO Itvres. 
The second takes the third, minus 1000 livres* 
The third takes exactly the fourth of the property. 
The fourth takes 600 livres, and the fifth part of the fH'oper^. 
What was the whole fortune, and how much did each son 
receive ? 
Let the whole fortune be =^x ; 

The eldest of the sons will have | a; — SOOO 
The second | of — 1000 

The third \x 

The youngest } ^ + ^0. 

The four will have received inall {a? + '|a? + Jaf + la?— 
S400, which must be equal to x* 
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Whence results the equation Hx^^ 3400 s ^ ; 
Subtracting cc, we have ^^ x — 3400 = ^ 
Adding 3400, we have \lxz=. 3400 ; 
Dividing by 17, we have ^^^ x = 200 ; 
Multiplying by 60, we have x = 12000« 
Mswer. The fortune consisted of 1£000 livres. 

The first son received SOOO 

The second 3000 

^ The third 3000 

The fourth 3000 

509. ((nestion VIII. To find a number such, that if we add 
to it its half, the sum exceeds 60 by as much as the number itself 
is less than 65. 

Let the number =^t then ^ -fix •—» 60 = 65 — x; that is to 
say |a?-— 60 = 65 — a?; 

Adding a?, we have | a? — 60 = 65 j 
Adding 60, we have | a? = 125 5 
Dividing by 5, we have -J a? = 25 ; 
Multiplying by 2, we have x = 50. 
Answer. The number sought is 50. 

510. Question IX. To divide 32 into two such parts, that if 
the less be divided by 6, and the greater by 5, the two quotients 
taken together may make 6. 

Let the less of the two parts sought = a?; the greater will be 

ss 32 — 2! ,* the first, divided by 6, gives ^ ; the second, divid- 
ed by 5, gives — ^I— 5 now, ~ -j '^— = 6. So that multiply- 

O O 3 

ing by 5, we have |.a? + 32 — a? = 30, or — |-a? + 32 = SO. 
Adding | Xy we have 32 = 30 + 1^ x. 
Subtracting 30, there remains 2 = |^ a?. 
Multiplying by 6, we have* a? = 12. 
Jinswer. The two parts are ; the less = 12, the greater = 20. 

511. Question X. To find such a number that if multiplied 
by 5, the product shall be as much less than 40, as the number 
itself is less than 12. 

Let us call this number x. It is less than 12 by IQ-^x. 
Taking the number x five times, we have 5 a?, which is less than 
40 by 40 — • 5 X, and this quantity must be equal to 12 —a?. 
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We have therefore 40-— 5 a? == 12 — a?. 
Adding 5 x, we have 40 = 12 +40?. 
Subtracting 12^ we have 2Sz=:4x. 
Dividing by 4, we have x = T, the number sought. 

512. ^stion XI. To divide 25 into two such parts/that the 
greater may contain the less 49 times* 

Let the less part be = Xf then the greater will be = 25 — x. 
The latter divided by the former ought to give the quotient 49 ; 

we have therefore — 1^1— =49# 

Multiplying by x, we have 25 — a? = 49 a?. 

Adding x 25 = 50 x. 

And dividing by 50 x sz^. 

JSnswer. The less of the two numbers sought is ^, and the 
greater is 24| ; dividing therefore the latter by ^^ or multiplying 
by 2^ we obtain 49. 

513. Question XII. To divide 48 into nine parts, so that 
every part may be always ^ greater than the part which pre- 
cedes it. 

Let the first and least part = a7| the second will hQ=zx + ^, 
the third = a? -f 1, &c. 

Now these parts form an arithmetical progression, whose 
first term = 07 ; therefore the ninth and last will be=a?+4» 
Adding those two terms together, we have 2x+4; multiplying 
this quantity by the number of terms, or by 9, we have lSx + 
56 ; and dividing this product by 2, we obtain the sum of all 
the nine parts = 9 07 + 18; which ought to be equal to 48. We 
have, therefore, 9 o? + 18 = 48. 

Subtracting 18, there remains 9'o? = 30: 

And dividing by 9, we have a? = 3^. 

Mswer, The first part is d|, and the nine parts succeed in 
the following order : 

123456789 

which together make 48. 

514. Quatiaih XIII. To find an arithmetical progression^ 
whose first term =: 5, last = 10, and sum = 60* 

Here, we know neither the difference^ nor the namber of 
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terms ; but we know that the first and the last term woaM ena- 
ble us to express the sum of the progression, provided only the 
number of terms was given. We AsiU Hierefore, suppose this 

15a? 
number = x, and express the siim of the progression by — - ; 



now we know also that this sum is 60 ; so that ^-^^ = 6t) ; \$^ 



15a? 

= Af and 0? = 8» 

Now, since the number of terms is 8, if we suppose the diflfer- 
ence = %9 we have only to seek for the eighth term upon this 
supposition, and to make it = 10. The second term is 5 -f »^ 
the third is 5 + t%9 and the ei^th \s5 + 7 %; so that 

5 + r«t=10 

r«= 5 

and %=i ^ 

Answer* The difference of the progression is f^ and tiie 

number of terms is 8 ; Consequently the progression is 

12345678 
5 + 54 + 6f + 7^ + 7^ + 8^ + 9^+10 

the sum of which = 60. 

515. ^estionXIY. To find such a number, that if 1 be 
subtracted from its double, and the remainder be doubled, then 
if £ be subtracted, and the remainder divided by 4, the number 
resulting from these operations shall be 1 less than the nunAer 
sought. 

Suppose this number = a; ; the double is 2 a; ; subtracting 1, 
t^ere remains 9,x — 1 ; doubling this^ we have 4 a? — * 2 ^ sub- 
tracting 2, there remains 4 a? — 4 ; dividing by 4^ we have 
X — 1 j and this must be one less than a? ; so that^ 

a: — 1=0? — 1. 

But this is what is called an identical equation ; and ahewsthat 
X is indeterminate j or that any number whatever may be sub- 
stituted for it« 

510. qiustion XV. I bought some dls of cloth at the rate of 
7 crowns for 5 ells, which I sold again at the rate of 11 cfoWns 
for 7 ells, and I gaiifed 100 crowns by the traflk* How much 
cloth was there ? ^ 

Stt]^)ose thtit there were x ells of it ; we most first see how 
much the cloth cost* This is found by the following proportion ; 



L 
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If five ells post 7 crowns ; what do a* ells cort l 

Answer, ^ x crowns. 

This was my expenditure. Let us now see .my receipt : wo 
must make the following proportion ; as 7 ells are to 11 crown% 
so are x elh to y x crowns. 

This receipt ought to exceed the ^xpeaditure hy 109 pri»wns } 
we have, therefore^ this equation* 

ya:=Eja? + 100| 

Subtracting ^ x^ there remains -ffXzz 100. 

Wherefore 6 or = S500, and x = SSS^. 

Answer. There wet*e 58d| ells, which were bought for 816| 
crowns, and sold again for 916| crowns, by which means thQ 
profit was 100 crowns. 

517. ^sUon XYI. A person buys 12 pieces of doth for 140 
crowns. Two are white, three are black, and seven are blue. 
A piece of the black cloth costs two crowns more than a piece of 
the white, and a piece of blue cloth costs three crown$ more thaii 
a piece of black* Required the price of each kind 7 

Let a white piece cost x crowns ; then the two pieces of this 
kind will cost 2 x. Further, a black piece costing a; 4- 2, the 
three pieces of this colour will cost 3ar-f 6, Lastly, .a Uu^ 
piece costs x + 5 i wherefore the seven blue pieces cost 7 ^ + 
35. So that the twelve pieces amount in all to 12 ar -f 41. 

Now, the actual and known price of these twelve pieces is 
140 crowns ^ we have, therefore, 12 a? + 41 s 140, and 19 a: s 
99 5 wherefore or = 8| 5 

So that a piece of white cloth costs 8^ crowns ; a piece cf black 
cloth costs 10^ crowns, and a piece of blue cloth costs 18^ crowns. 

518. ^fustion XyiL A man, having bought some nutmegs, 
says that three nuts cost as much more than one sous as four cost 
him more than ten liards : Required^ the price of thoi^e nuts ? 

We shall call x the excess of the price of three nuts above one 
sous, or four liards, and shall say ; If three nuts cost x +A 
liards, four will cost, by the condition of the question, x + lO 
liards. Now, the price of three nuts gives that of four nuts in 
another way also, namely, by the rule of three. We make d : x 

-f4=B4: Answer^ — ^ 



■*• . 
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Sothat — ^:^-i-.=sa? + 10; or,4a? + 16==Sa? + S05 where* 

fore 07 4- 16 ss S0« 
and X = 14. 

Answer* Three nuts cost 18 liards^ and four cost 6 sous; 
wherefore each cost 6 liards. 

51 9* ^uesHon XYIIL A certain person has two silyer cups^ 
and only one cover for both. The first cup weighs 12 ounces^ 
and if the cover be put on it^ it weighs twice as much as the 
other cup ; but if the other cup be covered, it weighs three times 
as much as the first : Required^ the weight of the second cup 
and that of the cover? 

Suppose the weight of the cover = a; ounces ; the first cup 
being covered will weigh or + 12 ounces. Now this weight 
being double that of the second cup, this cup must weigh ^ x-f- 6, 
If it be covered, it will weigh | a? -f 6 1 and this weight ought to 
be the triple of 12, that is, three times the weight of t|ie first 
cup. We shall therefore have the equation | ar+ 6 = 36, or | a? 
=: SO ; wherefore | a: = 10 and ;v = 20. 

Amw€t. The cover weighs 20 ounces^ and the second cup 
weigbs 16 ounces. 

520. ^ikestion XES^. A banker has two kinds of change i 
there must be a pieces of the first to make a crown ; and there 
must be h pieces of the second to make the same sum. A per- 
son wishes to have c pieces for a crown ; how many pieces of 
each kind must the banker give him l 

Suppose the banker gives x pieces of the first kind ; it is evi- 
dent that he wUl give c — x pieces of the other kind. Now^ the x 

SB 

pieces of the first are worth— crown^ by the proportion a : 1 = 
XI — ; and the c — or pieces of the second kind are worth — r-^ 

crown, because we have b: 1 = c — ar : T" • So that — + 

c — a? - hx > , - 

— — — =1^ or -^-^c-^x^zh; or oa;-fac — aa? = ao; or 

rather. ft«-— a OTssafr-^ae; whence we have or = —r-- — p or 



L 
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X = — ^ '-• Consequently, c*^xsi -^ = --^ \ 

b — a b — a b — a 

^^^ Answer. The banker will give ^^ '^ V ^cesofthe first kind, 

and \ "^^' pieces of the second kind. 

Bemark. These two numbers are easily found by the role of 
three, when it is required to apply the results which we have 

obtained. To find the first we say : b — a:h — c = g; ; "^^^ 

6 f c — «) 

The second number is found thus : b —-a:c — a = 6: —7 -m 

. b — a 

It ought to be observed also that a is less than b, and that e 

is also less than b ; but at the same time greater than a, as tho 

nature of the thing requires. 

521. Question XX* A banker has two kinds of change ; 10 
pieces of one make a crown, and £0 pieces of the other make a 
crown. Now, a person wishes to change a crown into 17 
pieces of money : How many of each must he have ? 

We have here a = 10, fr = 20, and c = lT ; which furnishes 
the following proportions ; 

I.' 10 : 5 = 10 : 3, so that the number of pieces of the first 
kind is 3. 

II. 10 : r = 20 : 14, and there are 14 pieces of the second 
kind. 

522. {fuesHon XXI. A father leaves at his death several 
children, who share his property in the following manner ^ 

The first receives a hundred crowns and the tenth part of the 
remainder. 

The second receives two hundred crowns and the tenth part of 
what remains. 

The third takes three hundred crowns and the tenth part of 
what remains. 

The fourth takes four hundred crowns and the tenth part of 
what then remains, and so on. 

Now it is found at the end, that the property has been divid- 
ed equally among all the children. Required, how much it was, 
how many children there were, and how much each received 7 
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This question is rather of a singular nature^ and therefore 
deserres particular attention. In order to resolve it more easily, 
we shall suppose the whole fortune = » crowns ; and since all 
the children receive the same sum, let the share of each = oc, by 

which means the number of children is expressed by — • This 

being laid down, we may proceed to the solution of the question, 
which will be as follows. 



Sam, or pro 
I pertytoDe 
divided. 



% — 5a? 

» — 4 X 
JJ5— . 5 a? 



Order of 

the 
duldren. 



3d. 

4th. 

6^ 



FortioB of ewh. 

V ' 



07=100 + 
X=^SQO + 

o: = 400 + 
X = 500 + 
X = 600 + 



100 



10 
«— %a? — 200 

10 
z — 2iP — 300 

10 
;i?-^a7-*-400 

iO 
»— 4aN— 500 

To 

x-^x — 600 
10 



Diflferencei« 



07—100 ^ 

100 j^=0 

100--j^=0 

ioo-^5=i!i? = o 



10 



and so on* 



We have inserted, in the last column, the differences which 
we obtain by subtracting each portion from that which follows. 
Now all the portions being equal, each of the differences must 
be = 0. And as it happens that all these differences are express- 
ed exactly alike, it will be sufficient to make one of them equal 

or— 100 
to nothing, and we shall have the equation 100 — ' ^-^ — =b 0. 

Multiplying by 10, we have 1000 — a? — 100 = Q, or 900 — x 
= ; consequently x = 900. 

We now know, therefore, that the share of each chUd was 
900 crowns ; so that taking any one of the equations of the 
third column, the first for example, it becomes, by substituting 

the value of or, 900 = 100 + ^ "^o^^^ ^ whence we immediately 

obtain the value of % } for we have 9000 = 1000 + »— 100, or 

9000 = 900 + » 5 wherefore » = 8100 j and consequently^ w > 
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Msrwer. So that the number of children = 9 ; the fortane 
left by the father = 8100 crowns ; and the share of each child 
sb 900 crowns. 



CHAPTER IV. 

Of the Sesdutions of two or more Equations o^ the First Degree. 

ftS3* It frequently faa^ns that we are obliged to introduce 
into algebraic calculations 4wo or more unknown quantities^ 
represented by the letters x,yfC6} and if the question is deter* 
minate^ we are brought to the same number of equations ; from 
whichy it is then required to deduce the unknown quantities*. 
As we consider^ at present, those equatians only which contain 
no powers of an unknown quantity higher than the first, and no 
products of two, or more unknown quantities, it is evident that 
these equations will all have the form a% + hy + cx=2d. 

524. Beginning, therefore, with two equations, we shall en- 
deavour to find from them the values of x and y. That we may 
consider this case in a general manner, let the two equations he, 
hax + byt=c, hniTl.fx+gy=ih,in which a, 6,c, MUf^g, 
h are known numbers. It is required, therefore, to obtain, from 
these two equations, the two unknown quantities x and y, 

525. The most natural method of proceeding will readily 
present itself to the mind ; which is to determine, from foolb 
equations, the value of one of the unknown quantities, x for 
example, and to consider the equality of those two values ; for 
then we shall have an equation, in which the unknown quantify 
y will be found by itself, and may be determined by the rules 
which we have already given. Knowing y, we have only to 
substitute its value in one of the quantities that express x. 

526. According to this rule, we obtain from the first equa* 

tion, X = lH-Jf, and from the second, x =r ""^^ • abating 

these two values equal to one another^ we have this new equa* 
tion : >. 

e-^by h—gy ^ 
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multiplying by a, the product is c — 6 y = ^^ j multiply- 

ing by/9 the product is/c — ^/fr y r= a ft -— a; y ; addisg ag y» we 
have fc — fb y + agy:=ah; subtracting fc, tliere remains 
^fby + agy=iah—fc} or(o|r--6/)y = aA~/cj lastly, 

dividing by a|^ — *)> we have y = ^ 

In order now to substitute this value of y in one of the two 
values which we have found of Xf as in the first, where ;v=s 

^-^^^^, we shall first have — Ji/=— ,/ : whencec— 6if 

abh+bef , aee — bcf'^abh +bcf 
= c . /, or c — 6 y = — 2 / — _ — Z — :! s= 

aeg — abh . ,. .;. . c — by eg — bh 

— 2 — ---- . and dividing by a, a? = ' = -^ — ;— > 

ag-^bf ° •" a ag — bf 

527. (fiffistiatt L To illustrate this method by examples let 
it be proposed to find two numbers, whose sum may be s 15, 
and difference = 7. 

Let us call the greater number x, and the less y. We shall 
have, 

4 I. a; + y =: 15, and IL x — y = 7. 

Tlie first equation gives 07= 15 — y, and the second 0?=: 7 
-fy; whence results the new equation 15 — y=7 + y. So 
that 15 = 7 + £yj 2y=8, and y = 4 ^ by which means we find 

X — rk* 

^ Answer. The less number is 4, and the grei^ter is 11. 

528*. ^esiion II. We may also generalize the preceding 
question, by requiring two numbers, whose sum may be = a, 
and the diSerence = ft. 

Let the greater of the two be = x, and the less =y. 

We shall have I. a? + y = a, and II. a; — y = 6 ; the first 
equation gives x^^a — y ;, and the second x = b + y. 

Whereforea — y = 6-fy; a = b + 2y; 2y = a—*5; lastly, 

fl— 6 , ^, a— b a + b 
y=— — , and consequently a? = a —y = a — = — - — . 

Answer. The greater number, or x, is = ---- — 9 and the less, 

er y, is = 'T , or which comes to tl^e same, a: =| a + 1 6, and 
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y ss I o — \hi find hence we derive the following theorem. 
When the sum of any two numbersrissi, and their difference is b, 
ihe greater (f the two n»i,mbers will be equal to ha^f the sum plus 
half the difference J and tl^ k$s,(if the two numbers will be equal 
to half the sum miiiiis half the differmce. ' 

5£9. We may also resolve the same question in the following 
manner; 

Since t^ two equations arex+^szOf MiX'^yz^i; if 
we add one to the other^ we hare 2iJCssa+b, 

Wherefore x == ^ . 
Lastly^ subtracting the same equation from the other^ we have 
^y=:a — -6; wherefore 9 = —^^^. 

530. (fuesiiofi III. A mule and an ass were carrying burdens 
amounting to some hundred weight. The ass complained of his^ 
and said to the mule^ I need only one hundred weight of your 
load* to make mine twice as heavy as yours. The mule answer^ 
eif Tes, but if you gave me a hundred weight of yours» I should 
be loaded three times as much as you would be. How many 
hundred weight did each carry 7 

Suppose the mule's load to be a hundred weighty and that of 
the ass to be y hundred weight. If the mule gives one hundred 
weight to the ass, the one will have y + 1, and there will remain 
for the other x — 1 ; and since, in thi? case, the ass is loaded 
twice as much as the mule, we have y + 1 = £ a; -— 2. 

Further, if the ass gives a hundred weight to the mule, the 
latter has a: + 1, and the ams retains y — 1 ; but the burden of 
the former being now three times that of the latter, we have 
a; + l = 3y— 3. 
' Our two equations will consequently be, 

I. y+l=2a: — g, II. a;+ I =3y — 3. 

The first gives x = ^ ■■, and the second gives a; = 3 y — . 4 ^ 

whence we have the new equation 2-i— = 3 y — -4, which gives 

y = V> and also determines the value of x, which becomes 2|. 

Answer. The mule carried ^ hundred weight, and the ass 
carried 2| hundred weight. 

Eful. Mg. 23 



SBl. Vnsm there ftr^ three mikftowtt iilimb(Br8» aM as mafiir 
equations J aat, for example, L» + jf— sJrsg, II.a?+«— ys9y 

III. y + « xss^O^me ht^n, bb before, by dedaciBg a valu* 

of X from each, and we have, from the V^, x km%+»^f j 
from the 11*, a[:i='9+y— «; and from the IIl*^ apr=|f + 9I 

— 10. 

Comparing the first of these valaes with the second, Und i^lef 

that with the third ais<>9 we have the followito^ equatiens $ 
h 8 + «— y = 9 + y— », II. 8+« — yesy + »— 10» 
Now, the first gives %% — 2j^=c:l, and the second gives 2 jf = 

18, or y =9 ; if therefore we substitute this value of y in 2 « — 

!^ys=l)we have fi* — ISsssi, and 2«3:19, so thati»ss d|; 

it remains therefore only to determine x, which is easily found 

Here it happens, that the letter » vanishes in the last equailoB^ 
and that the value of y is found immediately. If this had not 
been the case, we should have had two equations between % vnA 
y, to be resolved by the preceding rule. 

532. Suppose we had found the three fidfewing equations. 

1; dA? + Sy--4«=i25, II. 50?— 2y + 3!» = 46, 

III. 3y + 5*^^=62. 
If we deduce from each the value of rr> we shall have 

35-.5^4'4flJ Vr 46-f2y-^3» 

I. a; = 1 f II. a? = — — f 

llh Xa£By^5» — 62. 
Comparing these three values together, and first the third 

with the iSrst, we have 3y + 5cc — 63= 1- i mul* 

tiplying by 3, 9y + 1^»^~ lB6=:25^^5y 4.4a;; so that 

9y4.15« = 211— '5y+4«, and 14y + ll»=9£ll by the first 

and the third. Comparing also the third with the secend> we 

40 + 2v— »3« 
have3y + 5g!;~62=: ■ ■ ^ , or 46 +2y*-3« = 15 y 

^ 25% — 310, whioh when reduced is 356 s 13 y + 28 «• 
We sh^U now deduce^ from these two new equationsy the 

Value of y ; 
L 211 =i 14 y + 11 %i Wherefore 14 y s £11 ~ 11 9i, and 

211—11* 
2f— 14 * 



« 

Ih 9M9fstB^^M»i wherefore 15f stsSSe*— ^«i and 
_ 856— 98jc 

These two Tallies form the new equi^tion 

glj — ltg _ S66~a8g 
14 ■" 13 ' 

which becomes^ 2743 — 143 (« ss 4984 — $9^»,or^i9Xt=i SlMl, 
whence « s= 9. 

This value being substituted in one of the two equations of y 
«nd «9 we find ]f ^ B ; and lasdy a similar aqb^titatioUf in one of 
the three values of x, will give or =r r. 

533, If there were more than three unknown quantities to he 
determinedy and as many equations to be resolved, we should 
proceed in the same manner ; but tiie calculations would often 
prove very teclieus. 

It is proper, therefore, tp remarkt that, in each particular 
case, means may always be discovered of greatly facilitating its 
resolution. These means consist in introducing into the calcu* 
lation, beside the principal unknown quantities, a new unknown 
quantity arbitrarily assumed, such as, for example, the sum of 
all the rest ; and when a person is a little practised in such cal- 
culatioiis he easily perceives what is most proper to do. The 
following examples may serve to facilitate the application of 
these artifices. 

534. Question lY. Three persons play > together ; in the first 
game, the first loses to each of the other two, as much money 
as each of them has* In the next, the second person loses to 
each of the other two, as much money as they have already. 
Lastly, in the third game, the first and the second person gain 
each, from the third, as much money as they had before. They 
then leave off, and find that they have all an equal sum, namdy, 
£4 louis each* Required, with how much money each sat down 
to play ? 

Suppose that the stake of the first person was x louis, that of 
the seccmd y, and that of the third «. Further, let us make the 
6um of all the stakes, ov a:+y + » = $. Now, the first person 
losing in the first game as much money as the other two have^ 
/he loses $—X} (for be himself having had x, the two others 
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must havd bad s -^ ar) ; wherefore there will rem&in to him £ x 
•-^s; the second will have 2 y, and the third will have £ %. 

So that, after the first game, each will have as follows ; 
the h ZX'^s, 4he II. 2 y^ the III. ftcc. 

In the second game, the second person^ wito has now d y, loseil 
as much money as the other two have, that is to say 8 — 2 y ; so 
that he has left 4 y — s. With regard to the others, they wiH 
each have douMe what they bad ; so that after the second game, 
the three persons have ; 

the I. 4 07 -~ 2 8, the II. 4 j^ -^ ^9 the III. 4 %. 

In the third game, the third person, who has now 4 cSf is the 
loser ; he loses to the first 4 or — 2 5, and to the second 4 y — $ | 
consequently after this game the three persons will have ; 
thel. 8a; — 45, thell.8j( — 2s, the III. 6« — s. 

Now, each having at the end of this game 24 louis, we have 
three equations, the first of which immediately gives x, the 
second y, and the third % ; further, 8 is known to be =s 72, since 
the three persons have in all 72 louis at the end of the last game ; 
but it is not necessary to attend to this at first. We have 
L 8a?— i4s = 24, or 8a;=:24-{T45, ora? = 3+|s; 

II. 8 y — 2 5 = 24, or 8 y == 24 + 2 », or y.= 3 +| s ; 

III, 8«— » = 24, or8« = 24+», or« = 3-f|s^ 
Adding these three values, we have 

a: + y + » = 9 + |s. 

So that, since a? + y+« = s, we haves = 9 + |sj wherefore 
I s = 9, and 5 = 72. 

If we now substitute this value of s in the expressions which 
we have found for x, y, and »9 we shall 4nd that before they 
began to play, the first person had 39 louis ; the second 21 louis ; 
and the third 12 louts. 

This solution shews, that by means of an expression for the 
sum of the three unknown quantities, we may overcome the 
difficulties which occur in the ordinary method. 
' 535. Although the preceding question appears difficult at first, 
it may be resolved even without algebra. We have only to try 
to do it inversely. Since the players, when they left off, had 
each 24 louis, and, in the third game, the first and the second 
doubled the money, they must have had before that last game ; 
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The 1. 12« the II. 12| and the IIL 48* 
In the second game the first and the third doubled tlieur 
money ; cm) that before that game they had ; 

The I. 6, the 11. 42, and the IIL ^. 
Lastly^ in the flrat game* the second and the third gained 
each as mach money as they began with ; so that at first the 
ihree persons had ^ 

L 39, 11. SI, IIL 12. 
The same results we obtained by the former solution. 
'536. Question y. Two persons owe fi9 pistoles; they have* 
both money, but neither of them enough to enable himf singly to 
discharge this common debt : the first debtor sayii therefore to 
the second, if you give me | of your money, I singly will imme* 
diately pay the debt. The second answers, that he also could 
discharge the debt, if the other would give him | of his money. 
Required, how many pistoles each had 7 . . 

Suppose that the first has x pistoles, and that the second has 
jf pistoles. 

We shall first have, or + 1 j( = 29 ; 
then also, ^ -f I a? = 29. 
The first equation gives ;r= 29 — | y, and the second, xzz 

7* ^ J so that 29 — . I y = T— ^« From this equation, 

we get y = 14 J ; wherefore a? = 19^. , 

. ^nvwer. The first debtor had 19^ pistoles, and the second had 

14^ pistoles. 

537. ^ue$iion\h Three brothers bought a vineyard for a 
hundred louis. The yoij^est sa> s, that he could pay for it 
alone* if the second gave him half the money which he had ; the 
second says, that if the eldest would give him only the third of 
his money, he could pay for the vineyard singly ; lastly, the 
eldest asks only a fourth part of the money of the youngest, to 
pay for the vineyard himself. How much money had each ? 

Suppose the first had x louis ; the second, y louis i the third, 
% louis ; we shall then have the three following equations i 
!• ai?+|y=100. li. y + ^susslOO. 

IIL » + |a7s 100 ; twaof which only give the value of x. 
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samely, I. a? firs 100 •«- 1 y. III. «tt400«-4«. So that we 
liave the eqmtioiiy 

100 — 1 9 = 400-4-4 a(, w 4 o^-^^ysr 300, which must im 
combined with the second, in order to determine y and %, Now 
the second equation was y 4.^ s^s= 100; we therefore dedace 
from it y = 100 — 1 %; and the eqaation fonnd last being 4« 
— I y = 300^ we have y = 8 » — 600. Consequently the final 
equation is, 

100.^|»=s8»-^600; so that S^iSsroO^or y »^700, 
and % =: 84. Wherefore y = 100 — £8 ss 72, and x = 64. 

Answer. The youngest had 64 louis^ the second had 72 louis^ 
and the eldest had 84 touis. 

538. Asy in this example^ each equation contains only two 
unknown quantities^ we may obtain the solution required in an 
easier way* 

The first equation gives y=s200—- dor; so that y is deter- 
mined by ^ ;, and if we substitute this value in the second equa- 
tion, we have 200 — Qx + ^c6:=il00 ^ wherefore -^ ss =7 2 OP i-^ 
100, and!x; = 6a?-«300. 

So that % is also determined by a; ; and if we introduce this 
value into the third equation, we obtain 6 or — • 300 + ^x=^ 100, 
in which x stands alone, and which, when reduced to £5 a?-«- 
1600 = 0, gives x = 64. Consequently, y = 200 — 1 28 = 72, 
and s;; = 384 — < 300 = 84« 

539. We may follow the same method, when we have a greater 
number of equations. Suppose, for example, that we have in 
general ; 

I. it+^ = it, ll.x + ^rxn, HI. y^. ? = n, 

IV. « ^ _ = nj or, reducing the fractionei, 

I. au + x=zan^ IL &a;4-y = in, lU^ cy+»^cn, 

IV. d» + M=:in. ' 

Here, the first equation gives immediately a? z^ a n -^ a ti, 

and, this value being substituted in the second* we have a ft tt-— 

<ibu+y=:bn; so thaty = &ii — ahn + abu ; the substitution of 

this value, in the third equation, gives frcn— a be n-fabeu4-s;:; = 

. ^n; wherefore 29 s= c n — bcn+abcn^^a bcu^ substituting this 



jft the fllm^eqastkll^wB have cdii---» fredn 4.a&ciIiiiN»«oied« 

•r (•bail'-^l)iifi«aieiin-«6cilft*f edn— *dfi; whence we 

« ahcdn — ftcdn + cdn ^^ dm Caked --^ bed + td*^ d) 
have w= . . , =n ;< ^ rrrj-^ ^' 

CoDseqaentlyf we shall have^ 

__a5c<ln— -ceiift-^ adn^^an ^ (g>c<l-*« gerf + arf— q) 

ii6cefn — ahdn + aftn -^ bn {abed — a&^ -f. ^5 -^ 5) 



»= ^KS^ri =«^ 

abcdn — often + fteh— • en (abed — aftc 4. 6c r- c) 

— -r — , ssax ■ ' 4 ^ • 



(jibed — 1 ^ aftcd --. I 

-often +ben»^en 
oftcd — 1 ^ abed — I 



"*- 35Zn :— =«X abed^l • 

540. QuesHofi YII. A captain has three companies, one of 
Swiss, another of Swabians, and a third of Saxons. He wishes 
to storm with pat*t of these troops, and lie promises a reward of 
901 crowns, on the following condition ; 

That each soldier of the company^ which assaults, shall re- 
ceive 1 crown, and that the rest of the money shall l>e equally 
distributed among the two other companies. 

Now it is found, that if the Swiss make the assault, each sol- 
dier of the other companies receives | of a crown ; that, if the 
Swabians assault, each of the others receives -^ of a crown ; 
lastly, that if the Saxons make the assault, each of the others 
receives | of a crown. Required, the number of men in each 
company i 

htt m suiqpose the number of Swiss x ss , that of Swabians 
3sy, and that of. Saxons s=:«. And let us also makex + f+» 
S3 8f because it is easy to see, that by this, we abridge the cal- 
culation eonsiderab^. If, thwefore, the Swiss make the assault, 
their number being at, that ct tibe other will be « — • a: ; now^ the 
former receive 1 crown, and the latter half a crown ; ao that we 
triiall have, 

96 + ^8 — |a;=s90U 

TVe find in the same mannerf that if the Swabians make the 
assault, we have, 
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And lu&y, that^ if -fbe Saxoas mount the assaatt^ we hlnriB^ 

» + ^s — 1.!»==901. ^ 

Each of these three equtions will enable us to determine one 
of the unknown quantities Xf y^ $& ; 

For the first gives a? = 1 802 — s, 
the second gives 3 y ss d70S — s, 
the third gives S C6 s='3604 ^^8f 
If we now take the values of 6 or , 6 y, and 6 %, and write those 
values one ahove the other^ we shall ha vet 

6 07::=: 10812 — 689 

6{fs 8109 — 3 «9 
6»= 7208 — 2 8, 



and adding; 6^ :^26129 — U s, or 17 5 = 26129; so 

that s = 1537 ; this is the whole number of soldiers^ by which 
means we find, 

a: =1802—1537 = 265; 
2 y = 2703 — 1537 = 1166, or y = 583 ; 
S « = 3604 — 1 537 = 2067, or » = 689. 
Jtiswer. The company of Swiss consists of 265 men ; (hat of 
Swabians 583 ; and that of Saxons 689. 



CHAPTER V. 

Of the SesduUon of Pure ^adratk Equaiions. 

541. An equation is said to be of the second degree, when it con- 
kdns the square or the second power of the unknown quantityf with' 
out any of its higher powers. An equation, containing likewise 
the third power of the unknown quantity, belongs to cubic equa- 
tions, and its resolution requires particular rules. There are, 
, therefore, only three kinds of terms in an equation of the sec- 
ond degree. 

1. The terms in which the unknown quantity is not found at 
all, or which are composed only of known numbers. 

£. The terms in which we find only the first power of the 
unknown quantity. 

3. The terms which contain the square^ or the second power 
of the unknown quantity. 
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So that X ^pMying an unknowii quanttty, and the kttsns 0$ 
d, Cf dt &c. representing known numbers^ the terms of the 
first kind will have the form a, the terms of the second kind 
will have the form b x, and the terms of the third kind will have 
the form exx. 

542. We have already seen» how two or more terms of the 
same kind may be united together^ and conside^ as a single 
term* 

For example, we may consider the formula axX'^bxx + 
exx tiQ h single term^ representing it thus (ji'-^b + e) xx; 
since, in fact, (a -~ ft + c) is a known quantity. 

And also, when such terms are found on both sides of the 
sign =, we have seen how they may be brought to one side, and 
then reduced to a single term. Let us take^ for example^ the 
equation^ 

2xx — Sx + 4 = 5xx — 807 + 11; 
We first subtract Qxx, and there remains 

— 3a? + 4=:3a?a? — Saj + llj 
then adding Sx, we obtain, 

5^ + 4 = 307 07 4-11 ; 
Lastly, subtracting 1 1, there remains 3o;o? = 5o7— -7. 

543. We may also bring all the terms to one side of the sign 
=9 so as to leave only on the other. It must be remembered^ 
however, that when terms are transposed from one side to the 
other, their signs must be changed."*^ 

Thu8» the above equation will assume this form^ 3 o^o? — 5 o? -(. 
7 = 0; and, for this reason also, the foUawing general formula 
represents all equations of the second degree, 

axx ± bxdtc=sO, 
in which the sign db is read ^us or minuSf and indicates that 
such terms may be sometimes positive and sometimes negative* 

544. Whatever be the original form of a quadratic equation^ 
it may always be reduced to this formula of three terms. If we 
have, for example^ the equation 

a^ + b ^ex +/ 
c X + d gx +A' 

* That % the quantity thus transposed is added to or subtTRcted from eftch 
side of the equation. 
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we msM, tnU reduce the fraetions^ nmUi^ng, 4br this p«r- 

. - , cBaex + efx + edx+f4 
pose, by c 0? -f dy we have aa? + o = ;- — j-r 1-:^# 

then hj gx + h, we have agxx+bgao + abx+bh^ceooi^'i' 
cfx + edx +fd, which is an equation of the second degree, and 
v«iducible to the three following terms, which we shall tranfl|ioso 
by arras^ng them in the usual manner : 

Oz=iagxx + hgx + bhf 
^-^cexx + ahx — fd, 

— cdo?. 

We may exhibit this equation also in the foHowing fonn^ 
which is still more clear : 

0=:(ag — ce)xx + (bg + ah — c/—- ed)x + b k^-^fd, 

545. Equations of the second degree, in which all tite three 
kinds of terms are found, are called compktef and the resolution 
of them is attended with greater difficulties ; for which reason 
we shall first consider those, in which one of the terms is wanting. 

Now, if the term x x were not found in the equation, it would 
not be a quadratic, but would belong to those of which we have 
already treated. If the termftvhich contains only known numbers, 
were wanting^ the equation wovld harve this form, axxd:bx = 0, 
which being divisible by x, may be reduced ^o a x =1= b = 0, which 
is likewise a simple equatiofh and bdongs not to the present doss. 

546. But when the middle term, which contains the first power 
^ Xpis wanting, the equation assumes thisfitrm, axxdbc = 0, or 
axx:==f:c; as the sign of c may be either positive or negative. 

We shall call such an equation a pure equation of the second 
degree, since the resolution of it is attended with no difficulty ; for 

we have only to divide by a, whidi, gives xxss — ; and taking the 

square root of both sides, we find x 3= >\ - ; ^ meam (jfwMch th^ 

equation is resolved^ 
5^7. Bat there are three oases to be considered here. In the 

first, when — is a square number (of which we can therefore 

really assign the root)tpe obtain for the value rf KamHmti 



mtmber, wkkh y y be eiiher mtegtr erfracUaiiaU For oiaaifle^ 
tho eqaatioii ow = 144 gives x = 12» And a? a; = -/^ gives 

•I— 3. 



The second variety is when — is nof a square, in wbich case 

we must tlierefore he cawtenied with the sign \/, If^ for example^ 
4BX:izl^, we havei? = v^l29 the value of which may be deter* 
mined by approxiAation^ as we have already shown. 

TAe third case is that in rvhidi — becomes a negative number; 

then the valtte qf xis altogether impossible aitd imaginary ; amd this 
restdt prtroes that the qaestvoUf which leads to such an eqwition, is 
in itself impossible. 

548. We shall also observe before proceeding further^ tliat 
whenever it is required to extract the square root of a number^ 
that rooty as we have already remarked^ has always two values^ 
the one positive and the other negative. Suppose we have the 
equation xx = 499 thevalueofx'dfillbe notonly + Tfbut (dso^^T, 
which is expressed by x = =1= 7. So that all those questions ad- 
mit of a double a answer ; but it will be easily perceived that in 
several cases^ in those, for example, which relate to a certain 
number of men, the negative value cannot exist. 

549. In such equations, also, as axx=^bx, where the known 
quantity c is wanting, there may be two values of x, though we 
find only one if we divide by x. In the equation a; a; = 3 a;, for 
example, in which it is required to assign such a value of a?, thai 
XX may become eqtial to 3 x, this is done by supposing a? = 3, 
a value which is found by dividing the equation by a? ; but 
beside this value, there is also another, which is equally satis- 
factory, namely a? = ; for then a; a? = 0, and 3 or = 0» Equa" 
tianSy therefore, ^ the second degree, in general, admit of two sAu- 
iimSf whilst simple equations admit only of one. 

We shall now illustrate, by some examples, what we have 
said with regard to pure equations of the second degree. 

550. Question I. Required a number, the half of which mul- 
tiplied by the third may produce 24. 

Let this number s or ; \X9 multiplied by \ x, must give S4 ; 
"we bImA thtrefore have the equation J- ;v a? =b £4. 
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Mnltipljing by 69 we have xx:=. 144 ; and ike extraction rf 
the root gives 07=3 db Id. We put ±: ; forW a; » 4. 12, we 
have I a? 3= 6y and ^ a? s 4 ; now the product of these two num- 
bers is 24; andif ac? = — ISy we have ^ or = •— » 6^ and^a; = — 4, 
ihe product of which is likewise 24. 

551. ^utiiifm II. Required a number such, that by adding 
5 to xif and subtracting 5 from it^ the product of the sum by the 
difference would be 96. ^ 

Let tills number be X9 then a? 4- 5» multiplied by a? ^— 5^ must 
give 96 1 whence results the equation, a? jt — 25 = 96. 

Adding 25, we have 0:07=: 121 ; and extracting the root^ we 
havea;=ll. Thus a?-f 5=^169 also oc— -5 = 6; and lastly^ 
6x16 = 96. 

552. ^uesiiim III. Required a number such, that by adding 
it to 10, and subtracting it from 10, the sum> multiplied by the 
remainder^ or difference, will give 51. 

Let a; be this number; 10+ a;, multiplied by 10-— or, must 
make 51^ so that 100 — xx = 51. Adding XX9 and subtracting 
5U ^^ have a? j? = 49, the square root of which gives a; = 7. 

553. Question lY. Three persons^ who had been playingj 
leave off; the firsts with as many times 7 crowns, as the second 
has three crowns; and the second, with as many times 17 
crowns, as the third has 5 crowns. Further^ if we multiply the 
money of the first by the money of the second, and the money 
of the second by the money of the third, and lastly, the money 
of the third by that of the, first, the sum of these three products 
will be d8d0|. How much money has each ? 

Suppose that the first player has x crowns; and since he has 
as many times 7 crowns, as the second has 3 crowns, we know 
that his money is to that of the second, in the ratio of 7 : 3. 

We shall therefore make 7 : 3 = or^ to the money of the 
second player, which is therefore ^ x. 

Further^ as the money of the second player is to that of the 
third in the ratio of 17 : 5, we shall say^ 17 : 5 = f a; to the 
money of the third player, or to ^y^ ^* 

Multiplying or, or the money of the first player, by ^ x, the 
money of the second, we have the product ^x x. Then 4 ^9 the 
money of the second^ multiplycd by the money of the tiiird^ or 
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^y tVt ^* 8^^^ tVt ^ ^* Lastly, the money *of the third, or 
^y^ 07 multiplied by x, or the money of the first, gives ^y^ x au 
The sam of these three products is | a? a; + ^^ xx + f^-f^xx ; 
andy reducing these fractions to the same denominator, we find 
their sum m x x, which must be equal to the number SBdOf • 

We have, therefore, m xxs=i S8S0|. 

So that y^V^^ocr = 1 1492, and 1521 a? ^ being equal to 957£8d6, 
dividing by 1521, we have a? a? = *VtVt * > ^"^ taking its root^ 
we find 0?=: ^II-^. This fraction is reducible to lower terms if 
we divide by IS.; sothata?=*|' =^79^; and hence we con- 
clude, that ^ 07 = 34, and ^y^ a: = 10. 

Mswer. The first player has 79-| crowns, the second has 34 
crowns, and the third 10 crowns. 

Bemark. This calculation may be performed in an easier 
manner; namely, by taking the factors of the numbers which 
present themselves, and attending chiefly to the squares of those 
factors. 

It is evident, that 507 = 3 x 169, and that 169 is the square 
of 13 ; then, that 833 =7 X 119, and 119 = 7 X 17. Now we 
3 X 169 

have — — -g xx=i 3830|, and if we multiply by 3, we have 

9 X 1169 

--—-- 07 0? =11492. Let us resolve this number also into its 

17 X 49 

foctors ; we readily perceive, that the first is 4, that is to say, 

that 11492 = 4 X 2873 ,• further, 2873 is divisible by 17; so that 

2873 = 17x169. Consequently our equation will assume the 

9 X 169 
following form ; ,-- — —- a? a: = 4 x 17 X 169, which, divided by 

17 X 49 
9 

169, is reduced to — — ^ a? a? =4 x 17 j multiplying also by 17 X 

1/ X 4y 

4 X 389 X 49 
49, and dividing by 9, we have a? a? = 5 , in which all 

the factors are squares ; whence we have, without any further 

calculation, the root x = = -— = 79|, as before. 

554. Question Y. A company of merchants appoint a factor 
at Archangel. Each of them contributes for the trade, which 
they have in view^ ten times as many crowns as there are part- 
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sera. The profit of tbo foctor to fixed at twice a» mmy crowas 
f$r eentf as there partners. Farther, if we multiply tiie ^^ 
part of hio total gain by £}» the namber of partners will be 
found. Required^ what is tiiat nuoiber ? 

Let it be = x I and siMcef each partner has contributed 10 a:, 
the whole capital is = 10 a? d?* Now» for every hundred crowna» 
the factor gains iSop, so that witli the capital of iOxxhis profit 
witt be I or ^. The ^^^ part of this gain to f^-^x^ ; mokiplyiog 

hj 2$» or by V» ^"^ '^^'^ 7T7V ^'» ^ m ^^> ^^ ^^^ i^*^^ ^ 
equal to the number of partners, or x^ 

We haye> therefore, the equation -^-g x^ = Xf or x^ s £S5 3 1 
which appears, at first, to be of the third degree i bat as we may 
divide by a?, it to reduced to the quadratic xxsz 2&l^ whence 
x=15. 

JlHWwer* There are fifteen partnwSf and each contributed 159 
crowns* 



CHAPTER VI. 

Of the RtsduHon of Mixt Equatian9 of the Seconi Degree. 

555. _ An efMxiiem of the second degree ia said to be mixt, or com- 
jfLtte^* when three Idnds of terms are found in it, namely, thai 
which contains the square of the unkTuruon q^iantity, asnxT; that, 
in which the unknown quantity is found oidy of the first power, as 
b X ; lasUy, the kind of terms which is composed only of known 
quantities. And since we may unite two or more terms of the 
same kind into one, and bring all the terms to one side of the 
fiign =, the general form of a mixt equation of the second de- 
gree will be 

axx::phx=pe=:Q. 
in thto chapter, we shall show, how the value of x to derived 
from such equations. It will be seen that there are two methods 
of obtaining it. 

556. A» equation of t^e kind that we are now considering 
nay be reduced, by division, to such a form, that the first term 

eontaio enly the square or or of the unknown quantity or. We 

* Sometimes ciJled alto afiected. 
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•ball lesve ihe tMCond term an the same side with x, and trans- 
pose the known term to the other side of the sign s • By theso 
means our equation will assume the form anx dipxssztqf 
in which p and q represent any known numbers, positive or 
negative ; and the whcde is at present reduced to determining 
flie true value of a?. We shall begin with remarking, that itxx 
+px were a real square, the resolution would be attended with 
BO difictdty, because it would only be required te take the square 
root of both sides. 

657. But it is evident that or x+p at cannot be a square; 
ainoe we have already seen, that if a root conHsts of two terms, 
for tscampUf x + n, its square always anvtains three terms, 
iMMftely, twice the product of the two partSf besides the square ofeaA 
part$ fftaf is to say, the squaretfx -fntsxx-f2nx-fnn. Now 
we have already on one side xx + px; we may, therefore, eou* 
sider s,xasihe square of the first part of the root, and in this case 
p X must represent twice the product of x, thefirBt part of the rootf 
5y the second part ; consequently 9 this second part must ie | p, and 
infaetthesquareof x + i^fisfoundtobexx + px + ^pp. 

558. Mnv xx + px-f|pp being a real square, which has for its 
roo^x + 4p, if we resun^e our equation xx+px = q, we have 
only to add ^ p p to both sides, which gives t^xx + px-f^ppsq 
-f I pp, the first side being actually a square, and the other contoin- 
ing only known quantities. If, therefinre, we take the square root 
tf both sides, we find x + ^ p == V(ipp-fq) ; and subtracting | p, 
weobtain x = — Jp + \/(ipp+q)5 ond, as every square ro(d 
maybe takeneither affirmatipdy or neguUvdy^we shaUhtnefovx 
two values expressed thus$ 

x = — 5p=bjipp + q. 

559* This formula contains the rule by which all quadratic 
equations may be resolved^ and it will be proper to commit it ta 
memory, that it may not be necessary to repeat, every time, the 
whole operation which we have gone through* We may always 
arrange the equation^ in such a manner, that the pure square 
X X may be found on one side, and the above equation have the 
form xx+pxssqf where we see immediately that 



a? = ^ii)=bjipp + j. 
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560. The fifenera] role, therefore, which we dedoce from Ws^ 
in order to resolve the equation a? or =: — p a? 4- 9, is founded on 
this consideration : 

That the unknown quantity or is equal to half the coeflBcien^ 
or multiplier of x on the other side of the equation, plus or. minus 
the square root of the square of this number, and the known 
quantity which forms the third terra of the equation. 

Thus if we had the equation or or = 6 a; 4. r, we sliould imme- 
diately say, that a? = 3 d= vSTr = 3 d= 4, whence we have 
these two values of or, L or = 7 ; IL a? = — 1. In the same 
manner, the equation 070^=1007 — 9, would give x^5±: 
\/2S^ = 5 db 4, that is to say, the two values of x are 9 and !• 

561. This rule will be still better understood, by distinguish- 
ing the following cases. L when p is an even number ; II. 
when p is an odd number; and III. when p is a fractional 
number. 

L Let p be an even number, and the equation such, that ^ x 
= Zpx 4. 9 ; we shall, in this case, have x=.p± y/pp'^q. 
U. Let p be an odd number, and the equation xxz^px + q; 

we shall here have x^\p± \—pp + i9 ^^^ since IPI^ + 9 ac 

kJLIZ — 2y we may extract the square root of the denominator^ and 
write a; = 4 p ± i:^^^Hi = L^v^Hii. 

III. Lastly, if j9 be a fraction, the equation may be resolved 
in the following manner ; let the equation be a a; or = (or -f c, or 

9 'v c b 

a?a?= -li + —, and we shall have by the rule, x = --— zb 



4 



bb . c J.J bb , c hb + 4ae .^ ^ . . ^ 

+ -. Now, -T — + — = — 1 » the denominator of 



4 aa a 4a a a 4aa 

which IS a square ; so that x = ~ — > 

562. The other method of resolving mixt quadratic equations^ 
is to transform them into pure equations. This is done by sub- 
stitution ; for example, in the equation xx=^px+qs instead of 
the unknown quantity x, we may write another unknown quan- 
tity y, such, that x^y+ip; by which means, when we have 
determined y, we may immediately find the value of x. 






^ 



K\MetiiiA:e Ais mAsfitatioiiof y-t-ip ttts(e»d4ir ^^ we have 
^jpsryy+py + ^pf, And pa?t=:py +:^pp; etmaR^mUj mv 
^mtioii will become yy+py +TPP^py + \pp'¥ g> whiohis 
first reduced, by subtracting p 9* to 9 j^ + 1 p p =s ^pp + q; and 
tben, by subtracting J p p> to y y = J p p + g. Ttis is a pure 



J 



Now, 8ince<a? = y + |p, wehavear = |p=b ]-pp^j, as we 

found it before* « We luiye only, iherefar^, to illustrato tiiis rule 
liy some examples. 

56S. ^s/iiMt I. There ere tw^ nmnhers ^ one exceeds (he 
other by 6, and their product is 91« What Are tfaoae immbers 7 

If the less ts a?, the other is a? + 6, and their product xx+6x 
= 91. Subtracting .6 x, there remains xxzsSl —6 a?, and the 
rule gives a: = — 3 ± v'sTSTas— S * 10 j so Ihat Xsz7, and 

jf lut&er. The question admits #f two solutions ; 

By one, the less number ar is =s 7, and the greater a? + 6 s 13, 

By the other, the less number ar = — 13, and th^ greater 

.a? + 6=— r. 

S64. ^i»ntion II. To fiad a number auch, that if $ be taken 
from its square, the remainder may be a number, as many units 
greater than 100, as the number sought is less than £3, 

Let the nuiaber soi^ght = a: ; we know, that 4? a; •— 9 exceeds 
100 by 07 a? — 109. And since x is less than 23 by S3 -— a^ wo 
liave this equation ; a: a? -^ 109 = 23 — a?. 

Wherefore a? ir = -f- a? -f 1 32, and, by the rule. 
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So that ara= 11, and a; = — 12. ' 

Jimwer. When only a positive number is required, that 
number will be 11, the square of which intuits 9 is 112, and 
consequently greater than 100 by 12, in the same manner as 11 
is less than 23 by 12. 

565. ^siim III. To find a number such, that if we multi- 
ply its half by its third, and to the product add half the number 
required, the result will be 30* 

Evl, Mg. 25 



« 
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Suppose that number s x, its bidf, multiplied by its tlHrd^ 
. will make ^ x a? ; so that | a? a? + 1 a: = 80. Multiplying by 6, 
urehuTe a:a: + 3a:= 180, ora:a?=s — ^Sop + lSO, which gives 
S 1 9 3 ST" 

Consequently x is cither = 12, or — 15. 

566. ^esthn IV. To find t^o numbers in a double ratio to 
each other, and such that if we add their sum to their product^ 
we may obtain 90. 

Let one of the numbers s or, then the other will be ^ S rr ; 
their product also :=Qxx, and if we add to this 3 x, or their 
sum, the new sum ought to make 90. So that Sa?ar-f3a:=:90; 
2 aro? = 90 -— 3 or ; ara; = ^- 1 a; -f 45, whence we obtain 

1 9 3 2T 

Consequently a? = 6, or — 7|. 

567. Question Y. A horse dealer, who bought a horse for a 
certain number of crowns, sells it again for 119 ci*owns,and his 
profit is as much per cent, as the horse cost him. Required^ 
what he gave for it ? 

Suppose the horse cost or crowns ; then as the horse dealer 
gains X per cent, we shall say, if 100 give the profit x ; what 

a? a? a? a? 

does X give ? Answer, — ■• Since, therefore, he has gained -— 

and the horse originally cost him x crownis, he must have sold 

X X X X 

it for X + TJJJ7 J wherefore x + ^55 = 119. Subtracting a?, 

a? a? 
wehavor— = — a? + 119; and multiplying by 100, we have 

xx^ — 100 a? + 1 1 900. Applying the rule, we find a? s= '— • 

50 =h \/3500 -f 11900 ;= — 50 d= VHioo" = — 50 d= 120. 
. Ansrwcr. The hoilto^ cost 70 crowns, and since the horse 
dealer gained 70 per cent, when he sold it again, the profit must 
lave been 49 crowns. The horse must have been, therefore, 
sold again for 70 +49, that is to say, for 1 19 crowns. 

568. I^uestton YI. A person buys a certain number of pieces 
of cloth ; he pays, for the first, 2 crowns ; for the second, 4 
crowns ; for the third, 6 crowns^ and in tho^same manner always 
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d crowns mon for each feUowing piece* NoWf all flie pieces 
together cost him llO. How many pieces had he! 

Let the number soaght = x. By the question the purchaser 
paid for the diflferent pieces of cloth in the following manner ; 

for the 1, 2, Sy 4, 5 . • • . a; 

he pays £9 4» 6, 8, 10 . • • • 2 a: crowns. 
It is therefore required to find tlie sum of the arithmetical 
progression £-f4<f6-|-8-f 10 +•••••• 2 or^ which consists of 

X terms, that we may deduce from it the price of all the pieces 
of cloth taken together* The rule which we have already given 
for this operation, requires us to add the last term and the first ; 
the ^um of which is 207 + 2 $ if we multiply .this sum l^y the 
number of terms Xt the product will be 2 a? a? + 2 a; \ if we lastly 
divide by the difiTerence 2, the quotient will htxx + xt which 
is the sum of the progression i so that we have xx + x:= 1 10 ; 
wherefore ara? = —- or + llO, 

Answer. The number of pieces of cloth is 10. 

569. Question YIL A person bought several pieces of cloth, 
for 180 crowns. If he had received for the same sum S pieces 
more, he would have paid three crowns less for each piece ; 
How many pieces did he buy ? 

Let us make the number sought = zr ; then each piece will 

180 
have cost him — crowns. Now, if the purchaser had had or -f 3 

X 

180 
pieces for 1 80 crowns, each piece would have cost crowns ; 

and, since this price is less than the real price by three crowns, 
we have this equation, 

180 180 



0? + S X 

4 

ISiOx 
Multiplying bya?, we have ^-7-^=1 80 — S^j dividing by 

60 X 

3, we have — —z = 60 — a? ; multiplying hjx + S we have 
60afssl^0 + 57x^^xx; addtng^or, we shall have ir 47 4- 60 at 



196 Mg^fU* Sict 4«. 

The rule, coiweqirently gives 

dnswer. He bought for ISO crowns Id pieces of cloth at 15 
crowns the piece^ and if he ha* got 3 pieces more, namely 15 
pieces for ISO crowns, each piece would bare cost only 1& 
crowns, that is tb say, 5 crowns less. 

570. ((uestim VIII. Two merchants enter into partncrehip^ 
with a stock of 100 crowns | one leaves h\e money in the part- 
nership for three monthsr the other leaves his for two months^ 
and each takes oat 99 erowns of capital and profit, Wh&l prO'- 
portidii of the stock did each furnish ? 

Suppose the fti*st partner contributed x crowne, the other wiH 
have contributed 100^ or. Now, the forn^r receiving 99 
crowns, his proftt is 99-^^ ;r, which he has gained in three 
months with the principal or ; and since th^ second receives also- 
99 crowns, hii& pr^ifit is ^ -^ 1^ whkh he has gained in two 
months widi ,th« principal 100 -^of^ it is evident also, that the 

profit of this second partner would have been — ^ — , if he had 

remained three months in the partnerships Now, as fhe pndU» 
gained in the same time are in proportion to the principais, we 

have the following proportion^ ^ ^ 99 -^o^ s 100 — or ; — r — • 

The equality of the product of the extremes to thatof thi» 
nieans, gives the equation, 

■ ^ = 9900 — 199 07 + 0? 0? ; 

Multiplying by 2, we have 3> a? — * 3 a? = 19800 — 398 or 
+ 2 .T 07 5 subtracting « a? or» we have xx — 3 o?^ 1980a— 398 x 
adding 3 xy we have xx-rz 19800 — 395 x. 

Wlierefore by the mle, 

395 (156025 79200 [395 A"^^ 90 

Amww. The firat partner oontribi^ed 45 crowns, and the 
other 55 crowns. The firsts having gained ^^ crowns in tliree 



I 

f 
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iHrnp wwM kftre gtined in one 111911th 18 crowns ; and the 
second having gained 44 crowns in two months, would have 
gained £2 crowns in one nonth : now these protits agree ; for, 
if with 45 crowns 19 crowns are gained in one month, 2S 
erowns will be gained in the same time with 55 crowns. 

571. ^estion IX. Two girls carry 100 eggs to market ; one 
had more than the other, and yet the sum which they both re- 
ceived for them was the same. The first says to the second, it 
I had had your eggSi I should have received 15 sous. The 
other answera, if I had had yours, I should have received 6| 
sous. How many eggs did each carry to market ? 

Suppose the first h^id x eggs; then the second must have had 
100 — a?. 

Since therefore the former would have sold 100 ^^ or eggs for 
15 sous, we have the'lbllowing proportion ; 

100-— jr : ISs^ • • • •to— r;; sons. • 

iOO— -or 

Also, since the second would have sold a: eggs for 6<| sous, we 

find how much she got for 100 — ^ eggs, by saying 

20 2000 — .:0 a? 
XI -x-^ 100— dr.... to ■ > 

3 Sx 

Now both the girls received the same money ; we have con-- 
•eqoently the equation, ^^^^^ = — — ^ which becomw 

this, 

25 dp 0? == 200000 --4000 a? ; 
and lastly this, 

a?a? = — 160^ + 8000; 
whence we obtain 

0? = — 80 +V6400+8000 = — 80 + 120 = 40» 

Mswer. The first girl Imd 40 eggs, the second had 60, and 
each received 10 sous. 

57^. qustwn X. Two merchants sell each a certain quantity 
of stuff; the second sells 3 eUs more than the first, and they 
received together 55 crowns* The first stgrs to the second, I 
should l^ve got 24 crowns for your stuff; the other answers, 
and I should have got for yours 12 crowns and a half. How 
many ells had each ? 

Suppose the first had a? ells ; then the second must have had 
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X + S dis. N0W9 since the first would have sold co+Z ells for 

24 crowns, be must have received — r—i crowns for his x ells. 
And with regard to the second, since he would have sold x ells 

for I2i crowns, he must have sold his a? + S ells for ; 

/»x 

^4 X 25 ar + 75 

SO that the whole sum they received was — r-ri + — r-r- — = S5 

" a? + 3 2 .;& 

crowns. '' 

Ibis equation becomes xx=:QOx — 75, whence we have 
ar= 10 d= %/ioo — 75 = 10 =b 5. 

.^rrer. The question admits of two solutions ; according to 
the first, the first merchant had 15 ells, and the second had 18 ; 
and since the former would have sold 18 ells for 24 crowns, he 
must have sold his 15 ells for 20 crowns ; the second, who would 
have sold 15 ells for 12 crowns and a half, must have sold his 
18 ells for 15 crowns; so that they actually received S5 crowns 
for their commodity. 

According to the second solution, the first merchant had 5 
ells, and the other 8 ells ; so that, since the first would have 
sold 8 ells for 24 crowns, he must have received 15 crowns for 
his 5 ells ; and since the second would have sold 5 ells for 12 
crowns and a half, his 8 ells must have produced him 20 crowns. 
The «um is, as before^ 35 crowns. 



CHAPTER TU. 

Of the JiTature tf Equatums of the Second Degree. « 

573. What we have already said sufficiently shows, that 
equations of the second degree admit of two solutions ; and this 
property ought to be examined in every point of view, because 
the nature of equations of a higher degree will be very much 
illustrated by such an examination. We shall therefore retrace, 
with more attention, tlie reasons which render an equation of m 

the second degree capable of a double solution ; since they un- 
doubtedly will exhibit an essential property of those equations* 



I 
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574* We have already seen, it is true^ that this double sola-, 
tion arises from the circumstance that the square root of any 
number may be taken either positively, or negatively ; however^ 
as this principle will not easily apply to equations of higher 
degrees, it may be proper, to illpstrate it by a distinct analysis. 
Takings for an example, the quadratic equation, or or = 12 x — 35, 
we shall give a new reason for this equation being resolvible in 
two ways, by admitting for a: the values 5 and 7^ both of which 
satisfy the terms of the equation. 

575, For this purpose it is most convenient to begin with 
transposing the terms of the equation, so that one of the sides 
may become 0; this equation consequently takes the form or a? 
-^ ISO? -1-35 = 0; and it Is now required to find a number 
such, that, if we substitute it for or, the quantity x^^^1^jp + S5 
may be really equal to nothing ; after this, we shall have to 
show how this may be done in two ways. 

576, Now, the whole of this consists in showing clearly, that 
a quantity of the form x x •— 12 x + 35 may he considered as the 
product of two factors; thus, in fact, the quantity of which we 
speak is composed of the two factors (x — 5) x (j? — 7). For, 
since this quantity must become 0, we must also have the pro- 
duct (07 «- 5) X (^ — 7) = ; but a produd, of whatever number 
of factors it is composed, becomes = 0, only when one of those faC' 
tors is reduced to ; this is a fundamental principle to which we 
must pay particular attention, especially when equations of sev- 
eral degrees are treated of. 

577. It is therefore easily understood, that the product (x — ^ 5) 

X (x — 7) may become in two waysi: one, when the first factor 

X — . 5 = ; tlie others when the second factor x — 7 = 0. In the 

firti case xszS, in the other, x = 7. The reason is, therefore, 

very evident, why such an equation xx — 12 or + 35 = 0, ad- 
mits of two solutions, that Is to say, why we can assign two 
values of a?, both of which equally satisfy the terms of the equa* 
tion. This fundamental principle consists in this, that the 
quantity xx — 12x + $5 may,be represented by the product of 
two factors. 

578. The same circumstances ^are found in all equations of 
the s^ond degree. For^ after having brought all the terms to 
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•lie side, we always find an equation of the following form xx 
—-ax 4.4 = 0, and this formula may be always considered as 
(be product of two factors, which we shall represent by (x «^ p) 
X (x — f), without concerning oorselfea what numbers the 
letters p and q represent. Now^ as this product mast be = 0, 
from the nature of our equation it is evident tliat this may bap- 
pen in two ways ; in the first place^ whenx=p; and in the 
«econd place, when or = 9; and these are the two values of x 
which satisfy the terms of the equation. 

579. Let us now consider the nature of tliese two factors, in 
order that the multiplication or the one by the other mkj exactly 
produce xx^^ax+b. By actually multiplying them, we get 
XX — {p +q) X -f p q ; now this quantity must be the same as 
XX — ax-^hy wherefore we have evidently p + 9 s= a, and p f 
= b. So that we have deduced this very remarkable property, 
that in every equation cf the form xx«^ax-fb = 0, tke two 
vakiesqf x aremeh, thatiheir sum it equtd to a, and their product 
^tqualtah; whence itfiUoivs thai, if roe kmno one rf thevdues, 
4he other also is easily found. 

580. We have considered the case in which the two values 
of X are positive, and which requires the second term of the 
equation to have the sign — «, and the third term to have the 
-sign 4-. Let us also consider the cases in which either one or 
both values of x become negative. Tiie first takes place when 
^e two factors of the equation give a product of this form 
Qx: — p) X (x + 9) ; for then the two values of x are x =:p, and 

^s=:^- 9 ; tlie equation itself becomes x x + (^ «*.p) x — p 93= ; 
^he second term has the sign -f , when q is greater than p, and 
4he sign •— , when q is less than p ; lastly, the third term ia 
lalways negative. # 

The second case, in which both values of x are negative, 
^occurs, when the two factors are (x +p) x (x + 9) ; fer we 
•shall then havex = — pandx = — q; the equation itsetf be- 
«omesxx4.(p4-9)x4p9=:0, in which both the second and 
third terms are affected by the sign -f .^ 

581. The signs of the second and the third term consequently || 
show us the nature of the roots of any equation of the second 
degree. Let the equation bexx*...ax«,.«tx:0^ifthe . 



feecond an^ third terms have the sign +, the two values of x arc 
both negative ; if the second term has the sign — » and the third 
term has 4-9 both values are positive ; lastly^ if the third term 
also has the sign —9 one of the values in question is positive* 
But in all casesy whatever^ the second term contains the sum 
of the two values, and the third term contains their product* 

5Sd. After what has been said, it will be very easy to form 
equations of the second degree containing any two given values 
Let there be required, for example^ an equation such, that one 
of the values of x may be 7, and the other — 3. We first form 
the simple equations a? = 7 and x^ — 3 ; thence these, ar -^ f 
= and 0? -f- S = 0, which gives us, in this manner, the factors of 
the equation required, which consequently hecome«» xx — 4x — 
21 = 0. Applying here, also, the above rule, we find the two 
given values of ar; forif a? a? = 4 or + £1, wehavea;=2 d= ^2S 
s= S dr 5, that is to say, or = 7, or ar =2 — 3* 

583. The values of x may also happen to be equal. Let there 
be sought, for example, an equation, in which both values may 
be = 5. The two factors will be (a: — 5) x (a: — 5), and the 
equation sought will be a? a; — 10 a? + 25 = 0. In this equation, 
X appears to have only one value ; but it is because x is twice 
found = 5, as the common method of resolution shows; for we 
have a:a?= 10 a? — 25 ; wherefore a?= 5 db ^0*= 5 ± 0, that 
is to say, x is in two ways = 5. 

584. A very remarkable case, in which both values of a? be* 
come imaginary, or impossible, sometimes occurs ; and it is 
then wholly impossible to assign any value for x, that would 
satisfy the terms of the equation. Let it be proposed, for ex- 
ample, to divide the number 10 into two parts, such, that their 
product may be 30. If we call one of those parts ar, the other 
will be = 10 — Xt and their product will be 10 a? — a; ar = 30 ; 
wherefore a^ars 10a:— -30, and ar = 5d=\Ar^ which being 
en imi^nary ntimkr, shews that the question is impossible. 

585. It is very important, therefore, to discover some sign, 
by means of which we may immediately know, whether an 
equation of the second degree is possible or not. 

Let us resume the general equation ax^^xx + hzzOl 
BuLJBg. 26 
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We shall have xxszax — b, and 



4 



This fihowsy tliat if 6 is greater than laOfOrAb greater than a Op 
the two valacs of x are always imaginary, since it would be 
required to extract the square root of a negative quantity ; on 
the contraryt if 6 is less than ^ a a, or even less than 0, that is to 
say, is a negative number, both values will be possible or real. 
But whether they be real or imaginary, it is no less true, that 
they are stUl exprefi»ible, and always have this property, that 
their sum is = a, and their product = h. In the equation x x 
— 6 iT + 10 = 0, for example* the sum of the two values of a? must 
be = 6, and the product of these two values must be = 10; now 
we find, I. xz=S+\/ZZil and IL x =3— \/— -i, quantities 
whose sum = 6, and the product = 10. 

586. The expression, which we have just found, may be 
represented in a manner more general, and so as to be applied 
to equations of this form,/a: x±:gx +h:=0; for>tfais equation 



N4/J 



or 



X = — 5 — ^§£ JL ; whence we conclude that the two values 

are imaginary, and consequently the equation impossible, when 
4/ A IS greater than gg; that is to say, when, in the equation 

fee X — gx + hz=iO^ four times the product of the first and tiie 
last term exceeds the square of the second term : for the product 
of the first and the last term, taken four times, is 4fhxx, and 
the square of the middle term isggxx; now, if 4/A a? a? is greater 
th9Lnggxx9 4fh is also greater than |r;, and in that case, the 
equation is evidently impossible* In all other cases the equa- 
tion is possible, and two real values of x may be assigned. 
It is true they are often irrational ; but we have already seen, 
that, in such cases, we may always find them by approxima- 
tion ; whereas no approximations can take place with regard to 
imaginary expressions, such asv-'-T; for 100 is as far from 
being the value of that root, as 1, or any other number. 

587. We have further to observe, that any quantUif oj the 
second degree^ x x db a x d= b, must always be resoMUe into tw9 

factors, such as (a; d= ji) x (^ db 9). For^ if we took three* 
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factors^ such as these, we should come to a quantity of the third 
degree, and taking only one such factor, we should not exceed 
the first degree. 

It is therefore certain that every equation oj the second degru 
necesearU/g contains two values of x, and that it can neither have 
more nor less^ 

588* We have already seen, that when the two factors are 
founds the two values of x are also known, since each factor 
gives one of those values, when it is supposed to be = 0. The 
converse also is true, vi»» that when we have found one value of 
x, we know also one of the factors of the equation ; {or\(x=p 
represents one of the values of Xf in any equation of the second 
degree, (t — *p is one of the factors of that equation ; that is to 
say, all the terms having been brought to one side, the equation 
is divisible by OP— ji; and further, the quotient expresses the 
other fiactor. 

589* In order to illustrate what we have now said, let there 
be given the equation ^ a? + 4 a? — Sl=sO, in which we know 
that X = 3 is one of the values of a?, because TxT] + TxT) 
— £1 =0; this shows, that a?—* 3 is one of the factors of the 
equation, or that xx + 4x — 21 is divisible by x — S, which 
the actual division proves. 

/r— *S) a?a?+4a? — 21 (a? + 7 
«ap — 3^ 



ra? — 21 

To? — 21 



0. 

So that the other factor isx + 7, and our equation is repre- 
sented by the product (a;— 3) x (or + 7) = ; whence the two 
values of x immediately follow^ the first factor giving xsz 3, 
and the other xzs-^7. 
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FracHons. 



SBCFrKlN* I. CHAiPTER 9. 

1. Redace — and — to a common denominator. 
a c 



Jins^ - " ■■ aiia — » 
ac a c 

S« Beduce 4 and ^ - ■■ to a comnon denominator. 

c 

Aw* -J— and — r — • 
be be 

3. Reduce - — , —, and d to fractions having a common de« 

, . rt 9tfjp 4aft , 6acd 

nominator. JUns. ^—-9 ^rrz and -^ • 

o a c Qa e oae 

4. Reduce -r^ -^r- and a + -^ to a common denominator. 

4 S a 

9a Sax , 12fl» + 24ar 

•*^- iT5' Ti7^*^^ laT— • 

1 a^ x^ ^^ o' 

5* Reduce r^ ^ f and — ; — to a common denominator. 

2 3 X + a 

Sx + Sa 2a^ x + Qa^ 6jr» + 6a* 

.6. Reduce -r— r-^ -r"> ai^^ "7» *<> *^ common denominator. 

' ^2a«62a«c ,4o»d 

4 a* ' 4 a* 4 «* 
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9AVXXVA Mm %}tiAjrrsH 1U« 

7. Required the product of ^ and -^. jflns. ^. 

8« Required the product of -, -r-, and —7-. •tfns. — --. 

9. Required the product of ~ and , ^ > Aw. ^> , 

^ '^ a a + c a* + ac 

10* Required the product of -^- and -7^. Jim^ — ^. 

11. Required the product of -r— and -^. JSns. -^. 
^ o %a 5 a 

18. Required the product of -— , , and -r^. Ms. 9 ax. 

a e 2 

13. Required the product of 5 + ^ and A Ms. tLtlf,^ 

ax X 

^s MM 6* X* -I- 6^ 

14. Required the product of — t and -t-~ — . 

•flu*, rr — n— ?• 

IB^ Required the product of Xf ^"^ .. and ■^"" ^ 

a a -f- ^ 

16. Required flic quotient of -| divided by ^. jjiw. 1 -1, 

ir. Required the quotient of y divided by ^. Aw. ^. 

la. Required the quotient of J^ "*" % divided by -f-l-L 

»^ — Jsfr "^ 5 jp + a* 

5a?« + 6a x + 

"^ 3ar>-26» 



19. Required the quotient of --^-^—- divided by ■ "^ , 

Ms. -T— ^^ . 

20. Required the quotient of — divided by i?. .Ans. — . 

*^ 13 60 

«1. Required the quotient .f ~ divided by 5 *. Jbu, ~. * 

* 35 
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£2. Requiped the quotient of ^JtJ divided by ^. Ans. ^^Jtl. 

25. Required the quotient of ^^ divided by -^r- ^ns. %^. 

* oca *4(* OC*X 

£4. Required the quotient of ^i_ok^xk% divided by 

lignite Series. 

SECTION II. CUAFTEB 5. 

S5. Resolve into an infinite series* 

a— X 

26. Resolve -*-; — - into an infinite series. 

a + X 

Alls. r + — 1 Z^ + &c. 

or resolved into factors, 

--X(l h -r S+&C.) 

a* 
sr» Resolve — —r into an infinite series. 

X -j- o 

Ans. - x(l + -- 3+ &c.) 

X ^ X x^ x^ ^ ^ 

1 4- ^ 

28. Resolve :; into an infinite series. 

1 X 

Ans. l + Qx + 2x^ +^x^+2x^,lix. 

29. Resolve , — \ — rr into an infinite series. 

9.x Sar» 4 :r» p 
Ms. 1-— + _— _,&c. 
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Shirds or Irrational J^Tumbers. 

SECTION I* CHAPTERS 12, 19 ; and SECTION U. CKAPTKB S, &C4 

do. Reduce 6 to the form of \/T* Jlns» \/36* 

31. Reduce a+bto the form of \/Tc. Jim* \/aa-^2ab+Ab. 

32. Reduce ; ^ ^ to the form of \/d. Jins. ^ ""* 



33. Reduce a' and fr to the common exponent -r. 



u o^i 



Jm. a F. and l^ 



X 



34. Reduce ^48 to its simplest form. Ans. 4 y^3~. 

35 Reduce Va'^ — «*«?« to its simplest form. 

JiUS* a ^a x-'^x X* 

36. Reduce . \ f^ ^ to its simplest form. 



3 



39. Add -^ » and 4 



37. Add v^g" to 2 v^g"; and vi" to \/50« .^ns. 3 ve"; and ySs. 
3S. Add x/H and \/a^ together. Jlns. (a 4- 2) ^^ 

* 

Ixjii. ^ bb + ce 

' together. An. , __ . 

40. Subtract via from Va^* .fliw. (a — 2)\/a.* 

* from 3^. Ans. ttzl^ JX 

42. Multiply V^by >/?I^. Ans. V^. 

43. Multiply vd by \/« * • Ans. Vfl* ^* rf^- 

44. Multiply v'4a — 3a? by 2 a. ^ns. Vl6o»_i2a«x. 

45. Multiply -~ \/7:i7 by (c — d) v^ ' 

lie — a(2 



41. Subtract -r 



.ans. — ^^ — Vd*ic— aa:». 



r 



» 



i 
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46 Multiply Vfl*— VJ"— \/3" by Va 4- VT— vr^ 

t 1 .XX s _ m—n 



mit 



47. Divide a^ by a^ ; and a" by a"*« jShs. a'"^ and a 

48. DiTide — ^pr — va«a?— aa7» by -^r \/o— «• 

49. Ditideo' — ad— t+dyTby a— v*^ 

50. What 18 the cube of vF? Ms. x/s. 

3 3 

51. What is the square of 3 v ft c* 7 Ms. 9 o viST* 

52. What is the fourth power of -^ V4ri ^ 



JmS. 



a^ 



4 6*^c»— 26c-|-6»)* 

53. What is the square of 3 + x/T ? Jins. 14 + 6 v^iT 

54. What is the square root of a' ? Jlns. cfl ; or v^as. 

1 3 

55« What is the cube root of a 6' ? Ms. abb"^ ; or \/ab 6. 

56. What is the cube root of \/a^ — x^ ? Ms. v'i*— ^» 

57. What is the cube root of a* — \/a x — a?« ? 



58a What multiplier will render a 4- V3* rational i 

Ms. a — v^a". 

59. What multiplier will render vS" — \/r rational ? 

Ms. Vo" + VS"* 

60. What multiplier will render the denominator of the frac- 

Ays' 
tion -~- — =• rational ? Ms. s/T — v/a 

SECTIOir II. CHAFTEB 12. 

61. Resolve \/a^ + x* into an infinite series* 

jc* a:-* JT* 5j:' ft_ 

^ 2a ba' l6«t^ I28a^ 



< 
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62* Resolve \/TTi into an infinite series. 

63, Resolve \a*— -or* into an infinite series. 

^S /w»4 /y>6 

. dins, a— r ^—5 — r^-^f &ci 

64. Resolve \l-- jit' into an infinite series. 

65« Resolve \r* ^>x* into an infinite series. 

or* a?* a?* 5x* j, 

Jim. r~— -— q^ — j^, — jjg:^, &c. 

66. Resolve — r==: into an infinite series. 

a ^ »a* ^ 8a' ^ 48a^ ' 
67m Resolve (a* — - x*Y into an infinite series. 

^ oa* 25 a* 125 a« 



|a* + 0?* I 
-V «* — "»• 



. 68. Resolve r "^^ into an infinite series. 



*r* ir* A*' 
^ a» ^ 2 a* ^3a*' 

69. Resolve J , ^ , ^^^ into an infinite series. 

. ^ 1 ,^ 2a?» 5a?* 40a?« - 

j^ummation of .dn/Anieftciil Progressians, 

SECTION III. CHAFTEB 4« 

» 

70.* RsquntED ' the sum of an increasing arithmetical pro- 
gression, having 3 for its first term, 2 for the common difference^ 
and the number of terms SO. Jlns. 440. 

71. Required the sum of a decreasing arithmetical progress 

EuL Jilg. $,7 



V 1 

»0f 



8ioii» having 10 for ite fint tonii» \ for tile comiiiQii diObr^nee^ 
and the number of terms 21. M^ 140. 

73»* Required the number of all the strokes of a dock in 
twelve hdursy that is^ a complete revolution of the index. 

73, The ck>cks of Italy go on to 24 hours ; how many strokes 
do they strike in a complete revolution of the index ? Ma. 300« 

r4« One hundred stones being placed on the ground» in a 
straight line^ at the distance of a yard from each othert how far 
will a person travel who shall bring them one by one to a 
basket^ which is placed one yard from the first stone. 

•4iM« ff mifeii and isbo %m4A. 

The greatest Commcn Divisor. • 

SECTIOir m. CHAPTBB 6. — SECTION I. GHAFTBB B. 

75. Reduce — r*-; — 5— to its lowest terms. ' Ms. -y. 

car + a* X a' 

76. Reduce ^ , , ? — r-rr to its lowest terms. Jin$. ^ , ■ • 

a** — 6* X* + 6* 

77. Reduce -r — jr — = to its lowest terms. Ms. — -3 — • 

x' -^h* X* x^ 

78. Reduce -2 — ^ to its lowest termau M&. ^ , ■■ ' ■. 

79. Reduce -5- — f "7^ > r to its lowest terms. Jtns. 21if . 

80. Reduce ^s^^ +L>,r>H^aa^» + ar^ *^ **• ^^^^* *^"^ 

5aM:5o»jr 

fi^mntoHon ^ Oeametrieal Progressions. 

SEOTIOK III. CHAFT&E 10, 

81. A SBEVAKT agreed with a master to serve him eleven 
years without any other reward for his service than the pro- 
duce of one wheat com .for the first year ; and that product to 
be sown the second year^ and so on from year to year till the 
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end of the fimef allowing the increase to be only fai a tenfold 
proportion. What was the sum of the whole produce ? 

^ns. lUllllllllO wheat corns. 

N. B. It is fiirther required, to reduce this number of corns 

to the proper measures of capacity , and then by supposing an 

average price of wheat to compute the value of the corns in 

money* 

82. A servant agreed with a gentleman to serve him* twelve 
montlis, provided he would give him a farthing for his first 
month's service, a penny for the second, ' and 4d. for the third, 
&G. What did his wages amount to ? Ans. SSH^Sl. %$. 5^^. 

83. j9S»sa, an Indian, having invented the game of chess^ 
showed it to his prince, who was so delighted with it, that he 
promised him any reward he sSiouId ask ; upon which Sessa 
requested that he might be allowed one grain of wheat for the 
first square on the chess board, two for the second, and so on^ 
doubling continually, to 64, the whole number of squares ; now 
supposing a pint to contain 7680 of those grains, and one quar- 
ter to be worth 1/. 78. 6d. it is required to compute the value of 
the whole sum of grains. Jlns. £ 644014002 9 6 . 

BimpU Equations. 

SBCTIOir IV. OHAPTER 2. 

84- If a: — 4 + 6 = 8, then willar = 6. ^ 

85. If 4 07 — 8 = 3 or -f 20, then wHl X = 28. 

86. If aas = a6— «a, then will a? s= fr --• 1. 
8r. If 2 a; 4. 4 = 16, then will j; = 6. 

88. If aa?-t-2(as:dc', then will 0?= — — •2ift. 

89. If ^= 5 + 3, then will ar= 16. 

90. If -^ — 2 = 6 + 4, then will ir = 18. 

h h 

91. If a^^—^C9 then will op =: . 

92. If 5 or — 15 = 2 a? 4. 6, then will or ssT. 

93. If 40 — 6a;-^16sl20-— Har^thenwiUxs: 



31ft MgehrtL. 

94. If -f — ^ + :^ =10, then wUl x = 24. 

<w o 4 

95. If -^— + -^ = 20 — ^, then will a? = 23|. 

96. If pa? + 5=:r,then willa? = 6. 

97. If a? + Va^ + a?» = ^ : » then will a: = a fi... 

Va*4-a7* \ip 

^_ ft <3 /y 

98. If 3aa?+ — — 32=*ar — «, then will a? = ^ ^^^ . 

99. If Vi3+^ = 2 + v]^ then wUl a? = 4. 

1' 2 a* 1 

100. If y + \a* + y* = J, then will y == - o yS 

101. If2±i. + ^^==16-^i,thenwiUj( = 13. 

102. If \/x + Va + ^ = -7==» then will a? = -. 



*i f ^^ — «^ 

103. If \ o» + a?« =\6* + a?^ then willa?=^ g^j . 

a^ +x V6^ + a?' — fl, then will ^ = 4^ — ^• 

128 216 

103. If 37^;i:4 = Jjzr& then wifl «= 12. 

^ _- 42a? 35a? ,, .,, . 

106, If - — 5 = - — -„, then will a; — 8. 

45 57 

10^- " sTTTs = 4^=:5' *^*'" '''"«'=^- 

108. If ^^-— = —r~» ^^^^ "^^^ X:=i^. 

109. If 615 a?— 7 a:» = 4S x, then will a: = 9. 

SECTION TV* CHAPTER 3. 

110. To find a number, to which, if there be added a half, a 
third, and a fourth of itself, the sum will be 50. M$^ 24. 

111. A person being asked what his age was, rq)lied that | 
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of his age multiplied by ^^ of his i»ge gives a product equal to 
his age. . ^hat was bis age ? ' Jns. 16. 

112. The sum of 660/. was nosed for a particular purpose by 
four persons^ A, B, C, and D ; B advanced twice as much A ; 
C as much as A and B' together; and D as much as B andC. 
What did each contribute ? Ms. 601, ISOZ, 1802^ and SOOl. 

lis. To find that number whose ^ part exceeds its ^part 
by 12. dns. 144. 

114. What sum of money is that^ whose ^ part^ | part, and •} 
part added together, amount to 94 pounds ? Jhis. 120/. 

115. In a mixture of copper, tin, and lead, one half of the 
whole — 1616. was copper ; ^ ^^ ^^ whole — 12A* tin ; and ^ 
of the whole + 4K. lead : what quantity of each was there in the 
composition?' 

Ms. 128I&. of coppery 84ifr. of tin, and 76lb. of lead. 

116. What number is that, whose <^'part exceeds its -| by 72 ? 

Ms. 540. 

J 17. To find two numbers in the proportion of £ to 1, so that 

if 4 be added to each, the two sums shall be in the proportion of 

S to 2. Jins. 8 and 4. 

118. There. are two numbers such that ^ of the greater added 
to 4 of the less is 13, and if | of the less be taken from -I of the 
greater, the remainder is nothing ; what are the numbers ? 

Jtns. 18 and 12, 

1 19. In the composition of a certain quantity of gunpowder | 
of the whole plus 10 was nilre; | of the whole minus 41 was 
sulphur, and the diarcoal was | of the nitre — 2* How many 
pounds of gunpowder Were there ? Ms. 69. 

120. A person has a lease for 99 years; and being asked 
how much of it was already expire^, answered, that two thirds 
of the time past was equal to four fifths of the time to come : 
required the time past. Ms. 54 years. 

121. It is required to divide the number 48 into two such 
parts, that the one part majrbe three times as much above 20 
as the other wants of 20. Ms. 32 and 16. 

1^2. A person rents 25 acres of land at 7 pounds 12 shillings 
per annum ; this land consisting of two sorts^ he rents the better 
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sort at 8 shUlii^ p^ acre, and the worse at 5 : required the 
attmber of acres of the better sort. Jlns. 9. 

IfiS. A certain cistern, which would be filled in 12 minutes 
by two pipes running into it, would be filled in £0 minutes by 
one alone. Reqaired^ in what time it would be filled by the 
other alone. Jns. SO minutes. 

1£4. Required two numbers^ whose sum may be 89 and their 

proportion as a to 6. wJn«. — r-r and — —=-• 

125. A privateer, running at the rate of 10 miles an hour» 
discovers a ship 18 miles off making way at the rate of 8 miles 
an hour ; it is dentaaded how many miles the ship can run be« 
fore she will be overtaken.? dfiu. 72. 

126. A gentleman distributing money among some poor 
pec^Ie, found he wanted 105. to be able to give 58. to each ; 
therefore he gives 48. only, and finds that he has 5s. left : re- 
quired the number of shillings and of poor people. 

Jim. 1 5 poor people, and 65 shillings. 

12r. Th^peare two numbers whose sum is the 6tbpartof 
their product, and the greater is to the less as 3 to 2. RequireA 
those numbers. Jlns. 15 and 10. 

JV*. A This question may be solved likewise by means of one 
unknown letter. 

128. To find three numbers, such that the first, with half the 
ether two, the second with one third of the other two, and the 
third vrith one fourth of the other two, may be equal to 34. 

M8. 26, 22, and 10. 

129. 1V» find a number consisting of three places, whose 
digits av)} in arithmetical progression ; if this number be divided 
by the sum of its digits, the quotient will be 48 ; and if from 
the number be subtracted 198, the digits will be inverted. 

Jm. 432. 
130« To find three numbers such, that | the first, 4 of the se« 
v^ond, and | of the third, shall be e^I to 62 ; ^ of the first, | of 
the second, and •} of the third, equal to 47 ; and ^ of the firsts 
,^ of the second, and | of the third, equal to 38. 

Ms. 24, 60, ^20. 

131. To find three numbers such, that the first with | of the 
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sum of the second and third shall be 120^ the second with | of 
the difference of the third and first shall be 70^ and | of the sutoi 
of the three numbers shall be 95. ^ns* 60, 63, 75* 

132. What is that fraction which will become equal to ^, if 
an unit be added to the numerator ; but on the contrary^ if an 
unit be added to the denominator^ it wiU be equal to ^ 7 

Jlns. -j^ 

133. The dimensions of a certain rectangular floor are such^ 
that if it had been 2 feet broader, and 3 feet longer^ it would 
have been 64 square feet larger ; but if it had been 3 feet broad- 
er and 2 feet longer, it would then have been 68 square feet larg- 
er ; required the length and breadth of thenAoor. 

Ms. Length 14 fef^ and breadth 10 feet. 

134. A person found that upon beginning the study of his 
profession | of his life hitherto had passed before he commenced 
his education, ^ under a private teacher, and the same time at a 
public schooU and four years at the university. What was his 
age ? •flfi^. £1 years. 

135* To find a number such that whether it be divided into 
two or three equal parts the continued product of the parts shall 
be equal to the same quantity. wSns. 6|. 

136. There is a certain number, consisting of two digits. 
The sum of these digits is 5, and if 9 be added to the nnmber 
itself the digits will be inverted. What is the number 2 

Jlns. 23. 

137. What number is that^ to which if I add 20 and from | of 
this sum I subtract 12^ the remainder shall be 10 i Jins^ IS. 

SECTION IV. CHAPTER 5. 

138. To find that number to which 20 being added, and from 
which 10 being subtracted^ the square of the sum^ added to 
twice the square of the remainder, shall be 17475. A'ws. 75. 

139. What two numbers are those, which are to one another 
in the ratio of 3 to 5^ and whose squsu*es> added together, make 
1666 7 • Anjs. 21 and ^5* 
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140. The sum S a^ and the sum of the squares 2 fr> of two num- 
bers being given ; to find the numbers. 

•Ais. a — \/h — a* anda-f-\/6 a* • 

141. To divide the number 100 into two such parts, that the 
sum of their square roots may be 14. An^. 64 and 36. 

142. To find three such numbers^ that the sum of the first 
and second multiplied into the thirds may be equal to 63 ; and 
the sum of the second and third, multiplied into the first equal 
to 28 ; also, that the sum of the first and thirds multiplied into 
the second, may be equal to ^5. Ais^ 2, 5, 9* 

143. What two numbers are those, whose sum is to the 
greater as 11 to 7 ; the difference of their squares being 132? 

Jns, 14 and 8. 
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